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Abstract. We discuss the concepts of strong and weak convergence in n-Hilbert
spaces and study their properties. Some examples are given to illustrate the con-
cepts. In particular, we prove an analogue of Banach-Saks-Mazur theorem and

Radon-Riesz property in the case of n-Hilbert space.
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Abstrak. Makalah ini menjelaskan konsep konvergensi kuat dan lemah dalam
ruang n-Hilbert dan mempelajari sifat-sifatnya. Beberapa contoh diberikan untuk
menjelaskan konsep-konsep tersebut. Khususnya, teorema analog dari Banach-Saks-

Mazur dan sifat Radon-Riesz dibuktikan untuk kasus ruang n-Hilbert..

Kata kunci: Konvergensi kuat dan lemah, ruang n-Hilbert.

1. INTRODUCTION AND PRELIMINARIES

The notion of n-normed spaces was introduced by Géhler ([4]) as a gener-
alization of normed spaces. It was initially suggested by the area function of a
triangle determined by a triple in Euclidean space. The corresponding theory of
n-inner product spaces was then established by Misiak ([10]). Since then, various
aspects of the theory have been studied, for instance the study of Mazur-Ulam
theorem and Aleksandrov problem in n-normed spaces are done in [1, 2], the study
of operators in n-Banach space is done in [5, 11], and many others.

In this paper, we will generalize the notion of weak convergence in Hilbert
space to the case of n-Hilbert space and study its properties. In particular, we will
expand on the results in [6]. We will also give an analogue of Radon-Riesz property
(on conditions relating strong and weak convergence) in the case of n-Hilbert space.
Furthermore, an analogue of the well-known Banach-Saks-Mazur theorem (on the

2000 Mathematics Subject Classification: Primary 40A05; Secondary 46C99.
Received: 17-07-2012, revised: 31-03-2013, accepted: 05-06-2013.

79



80 A.L. SOENJAYA

strong convergence of a convex combination of a weakly convergent sequence) will
be given.

We begin with some preliminary results. Let X be a real vector space with
dim(X) > n, where n is a positive integer. We allow dim(X) to be infinite. A
real-valued function ||-,..., || : X™ — R is called an n-norm on X™ if the following
conditions hold:

(1) ||lz1,..., 2| = 0if and only if #1, ..., z, are linearly dependent;
(2) ||z1,. .., x| is invariant under permutations of 1, ..., Zy;
(3) |laxy, xa, ..., xn| = |a|||z1, 22, ..., 2n] for all @ € R and 24, ..., 2, € X;
(4) ||lxo + 21,22, - -, Tl < ||To, T2, -, Tnl| + |21, 22, - - ., yp ]|, for all
L0, T1,..., Ty € X.
The pair (X,]|,...,-||) is then called an n-normed space. It also follows from the

definition that an nm-norm is always non-negative.

Let X be a real vector space with dim(X) > n, where n is a positive integer.
A real-valued function (-,-|-,...,-) : X"*! — R is called an n-inner product on X
if the following conditions hold:

(1) (z1,21]22,...,2n) > 0, with equality if and only if 21, 22, . .., 2z, are linearly
dependent;

(2) (z1,21]22, -y 2n) = (Ziy, Ziy | Zigs - - - 24, ) TOr every permutation (i1,...,%,)
of (1,...,n);

(3) (@,ylz2,... 2n) = (Y, 2|22, . .o, 20);3

(4) (ax,ylza,...,2n) = oz, y|z2, ..., 2,) for every a € R;

(5) (x+a',ylza,. .., 2n) = {x,yl22,. .., 2n) + (&, ylz2, . .., 20).

The pair (X, {(-,+|,...,-)) is then called an n-inner product space.

Observe that any inner product space (X, (-,-)) can be equipped with the
standard n-inner product:

(X, y|z9, ..., 2n) = 22;y 22’:22 22’:% (1)
(Zn,y)  (2ny22) -+ (2, 2n)

where |A| denotes the determinant of A.
In that case, the induced standard n-norm on X is given by

lz1,. .. znlls == y/det[{z;, z;)] (2)

Note that the value of ||z1, ..., z,||s is just the volume of the n-dimensional paral-
lelepiped spanned by x1,...,%,.

Further examples and results on n-normed space can be found in [8, 9]. In
particular, for the standard case, completeness in the norm is equivalent to that in
the induced standard n-norm.

Every n-inner product space is an n-normed space with the induced n-norm:

lz1, ..., znl = <x1,x1|x2,...,xn>1/2 (3)
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An analogue of Cauchy-Schwarz inequality also holds for n-inner product
space, i.e. for all z,y, 29,...,2, € X, we have

|<x,y\22, oo 7Zn>| < ||$, 225t ,Zn”Hya 22y e Zn” (4)
The following definitions are taken and inspired from [12].

Definition 1.1. A sequence {z} in an n-normed space (X, ||-,...,||) is said to
converge to x € X if ||xx — x,29,...,25]| = 0 as k — oo for all z,...,2, € X.

Definition 1.2. A sequence {z1} in an n-normed space (X, ||-,...,-||) is a Cauchy
sequence if ||xg — 2y, 22,...,2n]| — 0 as k,l — oo for all z5,...,2, € X.

Definition 1.3. If every Cauchy sequence in an n-normed space (X, |- ...,|)
converges to an x € X, then X is said to be complete. A complete n-inner product
space is called an n-Banach space. A complete n-inner product space is called an
n-Hilbert space.

2. STRONG AND WEAK CONVERGENCE

In this section, we will consider the notions of strong and weak convergence
in n-Hilbert space. The notion of (strong) convergence in 2-normed space has been
studied extensively in [12]. Here, we will focus more on the weak convergence and
the relationships between the two concepts. Let (X, (-,-|,...,-)) be an n-Hilbert
space and ||, ..., || be the induced n-norm.

Definition 2.1 (Strong convergence). A sequence (zy) in X is said to converge
strongly to a point x € X if ||zx—x, 29, ..., 2,|| = 0 ask — oo for every zo, ..., 2z, €
X. In this case, we write xp — x.

Definition 2.2 (Weak convergence). A sequence () in X is said to converge
weakly to a point x € X if {xp — x,yl2z2,...,2n) — 0 as k — oo for every
Y,22,---,2n € X. In this case, we write x, — .

The following proposition is immediate from the definition.

Proposition 2.3. If (x) and (yx) converges strongly (resp. weakly) to x and y
respectively, then (axy + Byr) converges strongly (resp. weakly) to ax + By.

Here we mention some of the basic properties, the proofs of which can be
found in [6].

Proposition 2.4 (Continuity). The following results hold:

(1) The n-norm is continuous in each variable.
(2) The n-inner product is continuous in the first two variables.

Proposition 2.5. If (zy) converges strongly (resp. weakly) to x and z', then
/
x=a.

Note that strong convergence implies weak convergence.

Proposition 2.6. If (xx) converges strongly to x, then it converges weakly to x.
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PROOF. Refer to [6]. |

However, the converse is not true in general. The following highlights some
of the way a sequence can fail to converge strongly.

Example 2.7. Let X = L?[0,1] which is a Hilbert space with the usual inner
product. Equip X with the standard 2-inner product. Define a sequence (fy) by

fu(x) = sinnmx. Then for all g,h € X,
(Frsglh) = (fn, g) (s ) = (fns h)(hs 9)
< ‘( / g(x) sinnrr ) i+ (| h(a) sinnre iz ) el
so that f, — 0, w/(z)ere we used the Riemann—LebesOgue lemma. However,
1 2ll = (1 I3NAI3 = (fus)?) 72

Asn — oo, ||fn, bl — %Hh”g, which is not zero as long as h # 0 a.e., showing

_|_

that f, does not converge strongly to the zero function.

Example 2.8. Let (X, (-,-)) be a separable infinite-dimensional Hilbert space with
(er)72, as an orthonormal basis. Equip X with the standard n-inner product. In
[6], it is proven that (er) converges weakly, but not strongly to 0.

Remark 2.9. More generally, if X is a separable Hilbert space and {¢x} is an
orthonormal sequence in X. Then ¢ — 0 in the induced standard n-inner product.

Example 2.10. Let X = L%(R), equipped with the standard 2-inner product. De-
fine a sequence (fn) by fn(T) = X(nn+1)(x), where x is the characteristic function.
Then one can check that (f,) converges weakly, but not strongly, to zero in X.

Remark 2.11. In [6], it is observed that in standard, finite-dimensional n-Hilbert
spaces, the notions of strong and weak convergence are equivalent.

We will now give an extension of Radon-Riesz property for n-Hilbert space.

Theorem 2.12. If x; — x, then

|z, 22, . .., zn|| < lminf ||zg, 22, ..., 25| (5)
k—oo
If, in addition,
Hm ||zg, 22, .., 20| = ||z, 22, - .., 25|
k—oo
forall zo,..., 2z, € X, then x — x.

ProoF. Using weak convergence of (x) and Cauchy-Schwarz inequality,

llz, z2, .. ., anz = (z,x|22,...,2n) = lim (x,xk|22,...,2,)
k—oo
< ||z, 22, ..., zp|| iminf ||zk, 29, . .., 2, ||
k—oco

proving (5). Next, by expanding the n-norm,

|xk —ac7z2,...,zn||2 = ||:1:k722,...,zn||2 — 2(xk, |29, ..y 2n) + ||$,227...72n||2 —0
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using the assumptions given. Hence z; — . |

Next, we give an analogue of Banach-Saks-Mazur theorem for the case of
n-Hilbert spaces.

Theorem 2.13. If v, — x in X and

. 1 2
mlgnooWEHxi_x’ZQ"”’Z"” =0 (6)
i=
forallza,. .., z, € X, then there exists a sequence (yi) of finite convex combinations

of (xx) such that y — x (strongly).

PROOF. Replacing = by xp — z, we may assume z; — 0. Pick k1 = 1 and choose

ko > ky such that (xg,,Tk,|22,...,2,) < 1 for all z9,...,2,. Inductively, given
ki,..., km, pick k41 > ky, such that
1 1
|<Ik1,l‘km+1|227 e 7ZTL> = E 3yt |<kaaka+1|225 e aZTL> S %
which is possible since by the weak convergence of (xy), (xg,, k|22, .., 2,) — 0 as

k — oo for1<i<m. Let

1
Ym = E(zkl +...+zk,)

Then we have

1 m 2 m Jj—1
Hym7227"'azn”2:TZ||xni7227"‘,zn||2+TZZ<$ni7xnj|22a"'vzn>
it s

1 & 2 I 1
S D] LT D D) Dl s
m= 4 me e~ 4~ 4 —1
i=1 j=11i=1
1 & 2
zmznmm,zg,...,anQ—i—E
=1
so that y,, — 0 strongly as m — oo as required. |

Corollary 2.14. Let X be an Hilbert space equipped with the standard n-inner
product. Suppose x, — x in X and ||z;|| < M for all i, where M is a constant and
I - || is the norm induced by the inner product on X. Then there exists a sequence
(yx) of finite convex combinations of (xy) such that yr — x (strongly).

PROOF. It suffices to check that (6) holds in this case. Clearly, ||z; — z||? is also
bounded in norm, say ||z; — z||* < M’. By Hadamard’s inequality,

1 & M|z ... ||zall?
WZ||xi_x’Z27'.'7zn”2§ || 2” H Tb” N
i=1

m
as m — oo for all zs,...,2, € X, hence the statement is proven. |
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3. APPLICATIONS

In this section, we apply the theorems deduced earlier to L?-space, L?(X, ),
where (X, i) is a measure space, equipped with the usual inner product

(f.9) = /X f(@)g(x) du(z)

We then equip L?(X) with the standard n-inner product. Note that when n = 1,
the following reduce to the familiar cases. Subsequently, |A| = det(A).

Proposition 3.1. Let f, € L?(X, ), k= 1,2,..., be such that

fxfzfdﬂ fxfk’th:u fxfkhndp’
fX ha fi dp fX h% dp fX haohy, dp
klirn . . ) . =0
Jxhofrdp [ hnhodp - [ b3 dp
for all ha,. .., h, € L*(X,u). Then
fxfkgdu fxfkth;u' fxfkhndM
. Jxhegdu [y h3dp o [ haha dp
khm . . . . =0
Jxhngdp [ hnhadp - [ 3 dp
for all g,ha, ... h, € L*(X,p).
PRrOOF. This follows from Proposition 2.6. |

Proposition 3.2. Let f, € L2(X,u), k=1,2,..., be such that
fx(fk_f)gdﬂ fx(fk_f)hQ dp - fx(fk_f)hn du

. Jx hag dp [ b2 dp S
khm : : . . =0
Jx hng du [y hnhodp - [y B2 dps
fO'f' allgahQa--~,hn€L2(X,,u). Then
[ef2du [y fhadp - [y fhy dp
thQf dp thg dp - thghn du
folgdl‘ fokhz dp - fokhnd,u
N Sxhefdn [ Rdp e [ hohy dp
< hkmmf . ) ' -
S hnfedu [y hohodp - [ b2 dp

for all ha,... h, € L*(X,u).
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If, in addition,

fxflg dp fokhQ dp fokhn du
i Jxhafudw [ h3dp [y hahy du
Jx hnfidp [y hnho du [ P2 dp
fozdlu fohQ du fohnd,u
_ Jxhafdu [ h3 dp Jx hahn dp
thnf dp fX hynho dp th% du
for all ha, ..., h, € L*(X,u), then

[x(fe =2 du [ (fx — fho dp

lim thZ(fk*f) dp thS dp
k—oo : :
Jx h(fx = f) dp Jx hnha dp
for all ha, ... h, € L*(X, ).

PRrROOF. This follows from Theorem 2.12.

Proposition 3.3. Let f, € L2(X,u), k=1,2,..

fx(fk' - f)hn du
thghn du

Jx hy, dp

., be such that

fxfkgdu fxfkth2 d,U fxfkhn d,u
I Jx hag dp [ B3 dp I hahn dp
Jx hng dp [ hnha dp Jx i du
for all g,ha, ... h, € L*(X, ), and there exists a constant M such that
fxflg d/J/ fxfk:h2d:u/ fxfkhndu

N e Jxhafedn [ h3dp Jx hohn dp |
e 2 Z : : : -

=1 : : :

for all ho, ..
combinations of (fi), such that

Ixgidp [y gihs du
. Jx hagidp [ h3 dp
khnolo ) .

for all ha, ... h, € L*(X, ).

PROOF. This follows from Theorem 2.13.

. hn € L2(X, ). Then there exists a sequence (gi) of finite convex

Jx 9ehn dp
I hahn dp

fx hy, dy
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Remark 3.4. Note that we also have another equivalent formula for the standard
n-inner product and n-norm in L?(X) as follows (see [3, 9])

(Frglhan. . B n,// /det ) det(@) du(ar) . . dp(n)

where
flx)  fl@2) - flzn)
ho(z1) ho(ze) -+ he(zy)
det(F): : : . .
ho(1) Fn(ws) - ho(an)
and
};C/(Il) é](xz) e é/(xn)
ey = || M el el
hn(.$1) hn(.@) e hn(xn)

The standard n-norm is therefore

£, hay s hall = m// /det 2 dp(ay) ... dp(a,)

n tlmes

1/2

The above propositions hold accordingly using this form of n-inner product and
n-norm.

Similarly, we can get other results concerning weak and strong convergence
in other n-Hilbert spaces. For instance, we mention the Sobolev space W*?2(Q) =
H?#(£), which is a Hilbert space with inner product

g>=/9f(x) dx+Z/Df Dig(x) da

We can equip H*(Q)) with the standard n-inner product (1), and all the above
convergence results will hold accordingly.
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