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ON CERTAIN CLASSES OF P-VALENT
FUNCTIONS DEFINED BY
MULTIPLIER TRANSFORMATION
AND DIFFERENTIAL OPERATOR
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Abstract. In this paper, we discuss the p-valent functions that satisfy the differen-

z s =) E+n a+(a — z
Up(r2) F (=) — +(aB+(A—B)6) . We also obtain coefficient
(P—)UIp(r, M) f(2) ) a(1+5z)

inequalities, extreme points, integral representation and arithmetic mean. Further we

tial subordinations

investigate some interesting properties of operators defined on A, (r,j,3,a, A, B).

1. INTRODUCTION

Denote by A the class of functions f(z) = 2 — Y .2, a,2" analytic in D =
{#z € C :|z| < 1}. Also denote A, the class of all analytic functions of the form

2p—1
f(z) = k2P + Z tnpi12" PTE — S (a,b5c;2), |2 <1 (1)
n=p—1
where
o e (@n)(,n)
oFi(a,b;c;2) = ZWZ
n=0
r
(a,n) = W:a(a—kl,n—l), c>b>0,c>a+b and
a
— 1)(b,n — 1
—_— (a,n—p+1)(b,n—p+1) k0.

(c,cn—p+1)(n—p+ 1)
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These functions are analytic in the unit disk D (For details see [1], [5]).

Definition 1.1. A function f € Ay is said to be in the class Sy () , p-valently

starlike functions of order «, if it satisfies Re { z}”ég)} >a, (0<a<p, z€D).
We note that S;(O) = S, the class of p-valently starlike functions in D. A function
f € A, is said to be in the class Cp(cr) of p-valently convex of order a, if it satisfies

Re{l—i— z}c,(g)} >a, 0<a<p,z€D).

Let h(z) be analytic and h(0) = 1. A function f € A, is in the class Sj(h) if

2f'(2)
f(2)
The class S;(h) and a corresponding convex class Cy(h) are defined by Ma and

Minda [6]. But results about the convex class can be obtained easily from the
corresponding result of functions in Sy (h). If

< h(z), z€A. (2)

71+z
1=z

h(z) 3)

then the classes reduce to the usual classes of starlike and convex functions. If

h(z) = w, 0 < a < p, then the classes reduce to the usual classes of starlike

and convex functions of order a. If h(z) = %igz, —1< B < A <1, then the

classes reduce to the class of Janowski starlike function S;[A, B] defined by

. B czff 14+ Az
SHAJﬂ{feAp.f <1+Bf

1§B<A§1,26D}. (4)

If h(z) = (HZ) 0 < a < 1, then the classes reduce to the classes of strongly

1—2 ’
starlike and convex function of order « that consists of univalent functions f € A
satisfying

arg<2}t;$)>’<o;7r, O0<a<lzeA

or equivalently we have

1+ =2
1—2

SS*(OC):{fEAp;fo/_<(

Obradovi¢ and Owa [8], Silverman [11], Obradovi¢ and Tuneski [9] and Tuneski [12]

have studied the properties of classes of functions defined in terms of the ratio of

2F(2) 2f'(2)
1+ "y and Ty

) ,O<a§1,z€A}. (5)
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Definition 1.2. A function f € A, is said to be p-valent Bazilevic of type n and
order « if there exists a function g € Sy such that

2F1(2) L
l%{flnwwﬂd}:>’ (z€8) ©)

for some n(n > 0) and (0 < a < p). We denote by B,(n,a), the subclass of A,
consisting of all such functions. In particular, a function in By(1,a) = Bp(a) is
said to be p-valently close-to-convex of order o in A.

Definition 1.3. [7] For two functions f and g, analytic in A we say f is sub-
ordinate to g denoted by f < g if there exists a Schwarz function w(z), analytic
in A with w(0) =1 and |w(z)| < 1, such that f(z) = g(w(z)),z € A. In partic-
ular, if the function g is univalent in A, the above subordination is equivalent to
£(0) = g(0), f(A) C g(A). Also, we say that g is superordinate to f.

Using the techniques of Cho and Srivastava[4],Cho and Kim[3] and Uralegadi
and Somanatha[l12] we define the following transformation.

Definition 1.4. We define the multiplier transformation operator I,(r,\) on the

o0
infinite series f(z) = 2P — 3. anz" as
n=p+1

L) =2 — 3 (”“) anz", (A= 0). (7)

neTip P+ A

We note that Salagean derivative operators [9] is closely related to the op-
erators I,(r, \) when the coefficient of f(z) is positive. Also note that the class
Ii(r,1) = I, [12] ,I1(r, \) = I} the classes studied in [4] and [3].

Definition 1.5. For each f(z) =2 — Y a,z" we have

n=p+1
, p! . e n! iy
f9(z) = — 2P — Z 2" (8)
(i) e =)

where n,p € N,p > j, and j € Ny = {0} UN. For j = 0 we have f(¥)(2) = f(2).
Definition 1.6. A function f € A, is said to be in the class Ap(r, j; h) if it satisfies

2(Iy(r, ) f(2))U+Y

b-)Lrneno M) )
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where A-B 3
- z
Mz) =1+ — =15

and -1 < B<A<1,0< 8 <p,a>0, wedenote Ay(r,j;h) = Ap(r,4,5,a, A, B).

z € A,

We say that f(z) is superordinate to h(z) if f(z) satisfies the following
2(Ip(r, A) f(2)) VY
(p = 3)Up(r, ) f(2))0)
where h(z) is analytic in A and h(0) = 1.
We note that if

AL NI (o= j)la+ (@B + (4 B)B):
L N F (=)0 a(1+ B2)

h(z) <

so h(0) = 1 by choosing j = r = 0,p = 1, then f(z) € S;(h). Alsoa=A=p
L,B = —1,f(2) € S;(1). Butifa=p=1and -1 < B < A <1 then f(2)
S*[A, B], class of Janowski starlike function. f weputp=a=0=A4A=1,B=—
then f(z) € S5*(1) classes of strongly starlike.

By Definition 1.2., if g(z) € S*, univalent starlike and j =r=0and p=a =
A=p=1,B=—1andif Re {%} > 1, then f(z) € B(2,1) class Bazilevic
function of type n = 2 and order a = 1.

= m |l

2. MAIN RESULTS

In this section we obtain sharp coefficient estimates for functions in
Ap(rajaﬁaaaAaB)'

Theorem 2.1. Let f(z) be of the form (1). Then f € A,(r,j,8,a,A, B) if and
only if

= a(1+ B)(8(m,j)(p—j) —6(m,j+1))  8(m,j)(p—J)
"(m, - - , km <1
PR N7 e cerss w3003 + 1)
(10)
where
m+A\"
r — > N
" (m, p) (p-l—)\) , A>0, p,re
and
m!
d(m,j)=——, —1<B<A<]1 0<f<p, j<p.
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Proof. The function f(z) of the form (1) can be expressed as f(z) = kzP —

> kn—p+lzn7p+1a or

n=2p
f(z) = k2P — Z kmz™ (11)
_p+1
where m =n—p+1 and k,, %()brf), and also we have for all 7, j € Ny
. Kkp! . > m+A\"  m! .
L(r A\ f(z)9) = — 2P — < ) — k2™
(Ip(r X £(2)) oo~ 2 ea) mon
= W) = S p)Sm, Yk (12)
m=p-+1

Let f(z) € Ay(r,j,a,0, A, B) then

az(Ly(r, \) f(2))9+Y — ap = j) Uy (r, ) f(2))V)
R(p — §)(Ip(r, \) f(2))@) — Baz(Iy(r, ) f(2))G+1)

where R = aB + (A — B)3. Now, we can write

<1 (13)

o0
a Y, A" (m,p)(6(m,5)(p—5) — 6(m,j+ 1)) kmz™"I
m=p+1
Re = < 1.

BA=B)s(p,j + 1kzP=3 — 37 47 (m,p)(6(m, j)(p — j)R — 8(m, j + 1) Ba)kpmzm~3
m=p-+1

We choose the values of z on the real axis and letting z — 1~ then we have

a Z (m,p)(8(m, §)(p — §) — 8(m, j + 1)) km

m=p+1
<1,

oo

Br(A = B)s(p,j+1) = > ~"(m,p)(aB(8(m,j)(p—j) — §(m,j+ 1)) = 6(m,j)(A = B)B(p = j))km

m=p+1

and

oo

Sy (mp)a(l + B)(S(m, 5)(p — )

m=p+1
—0(m,j +1)) = 6(m, j)(A = B)B(p — 5)lkm < Br(A = B)d(p,j+1)

Conversely, we assume that the condition (10) holds true. Hence it is sufficient
to show that f € A,(r,j,5,a, A, B), that is to prove that

az(I(r, ) f(2)) 9D — a(p — §)(Lp(r, \) f ()

u <L
(p = R(Ip(r, N) f(2))@ — Baz(Iy(r,A) f(2)) 0+
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But we have

az(Iy(r, M) f(2) 9D — alp — )(Iy(r ) ()9
(b — J)RI(r. N (D — Baz(I,(r, 1) f(z))G+D

o0

=lla > A" (m,p)(E(m,j)(p = 5) = 8(m,j + 1)kmz""7]/

m=p+1
[B(A = B)d(p,j +1)w2P"7

oo

= S A p)@BO(m, ) (p - §) — (m,j+ 1)) -
m=p+1
6(m, j)(A—B)B(p — j)kml|
< {[CL Z ’yr(m,p)((S(m,j)(p _.7) - 5(’/71,] + 1))km]/
m=p+1

[Br(A = B)é(p,j + 1)

oo

m=p+1

d(m, j)(A—B)B(p—j))km|} <1
and so proof is complete.
The inequality (10) is sharp for the function
Br(A - B)d(p,j +1)
7" (g, p)la(1 + B)(6(q,5)(p — j) — 6(q,5 +1)) = 6(q,4)(A = B)B(p — j)]

with ¢ > 1+ p.

fz) =2~

29,

Corollary 2.2. Let f € Ay(r,j,5,a, A, B) then we have

kB(A—B)3(p.it1)
km < S p T BBt ) (-3 3(m. + 1) —sm ) (A-BIBG— 7’ (14)

withm >p+1

In the next theorem we prove that the class A,(r, 4, 3, «, A, B) is closed under
linear combination.

Theorem 2.3. Let f,(2) = kzP— > kmq2™(¢=1,2,---,t) be in Ay(r, 7, 8,a,A, B).
m=p+1

t t
Then the function F(z) = 3 dqfy(z) where > dq =1, is also in Ay(r, §, 8, a, A, B).
q=1 q=1
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Proof. We have

q t [e’s}
F(z) = Z (FLZP Z kg2 ):ﬁzp—qu( Z km’qzm>
k=1 m=1+p g=1 m=1+p
(o) t
- 3 (k)
m=1+p

Hence we obtain

— . a(1+ B)(S(m,j)(p—4) = 8(m,j + 1) 8(m,j)(p - j)
> Aomn | Br(A — B)3(p.j + 1) PR ESY } <Zd dm, )

m=14p

,Z Z ) {a(l-"—B)((S(m,j)(p—j)—(5(m,j+1)) B 5(m,j)(p—j):| i .
Br(A = B)d(p,j + 1) Wt 1) | e ]

m=14p

< qu =1
q=1

Now we prove that the class A,(r, 4, 3,a, A, B) is closed under arithmetic mean.

Theorem 2.4. Let f;j(2) = kzP— > kg™ (¢=1,2,---,5) arein Ap(r, 7, 3,a, A, B).
m=14p
(o] S
Then the function F(z) = k2P — 3 byz™ where by, = 23 ki q, is also in
m=1+p g=1

AP(Tajvﬁva»AvB)'
Proof. Since f;(z) € Ay(r,j,08,a, A, B), then by (10) we have

i " (m, p) [a(1+3)(5(m,j)(p—j)—5(m7j+1)) 5(m7j)(p—j)}

m=1+p 5’€(A - B)(S(p,] + 1) H(S(p,] + 1)

kmg<1l,¢g=1,2,3,---s.

Therefore
Sty ) |GG g ) SRl [
= o1y, p) | 2RI AN ) S DD | (L570 Kog)
< X0 (o (mog) [P EEGIED ) — S | k)
< 22:1 % =1

and this completes the proof.

Theorem 2.5. (Extreme Points) Let f,(z) = 2P and form >1+p

Br(A—B)é(p,j+1) m

() = A+ B i) — ) = 3(mg + 1)) = 3 A= BB =]
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Then the function f(z) € Ay(r, 4,8, a, A, B) if and only if it can be expressed in the

form
o0

f(z) = Z o fm (2) (15)

m=p

where o, >0 and > piym = 1.

m=p

Proof. Suppose that f can be expressed in the form (15) then we have
f@) = ) pnfm(2)

m=p

oo

= ppfp(z) + Z B fm (2)

m=p-+1

= ppra® + Z pom (k2P —
m=p+1
Br(A = B)3(p, + 1) .
v (m, p)[a(l + B)(6(m, j)(p — j) = 6(m, j + 1)) = 6(m, j)(A = B)B(p — j)]
S Br(A = B)S(p,j +1) o
7" (m, p)la(l + B)(6(m, j)(p — j) — 6(m,j + 1)) — 6(m, j)(A = B)B(p — j)]

™)

(oo}

m=1+p
Consequently
i " (m, p) {a(l + B)(¢(m,j)(p —j) —6(m,j+ 1))  d(m,5)(p —j)}
TR Br(A = B)S(p,j +1) K6(p,j + 1)

Br(A = B)S(p,j +1) u
7" (m, p)la(l + B)(8(m, j)(p — 5) — 6(m,j + 1)) = §(m, j)(A - B)B(p — )]

oo
= Z pm =1—pp < 1.

m=1+p

Therefore we conclude the result.
Conversely, let f € Ay(r, 7, 5,a, A, B) since by (10) we may set

a1+ B)(6(m,5)(p = j) = 6(m,j + 1)) = 6(m, 5)(A = B)B(p — J)
Br(A—B)s(p,j +1) 7

pm =" (M, p)km

o0
with m > 1 4 p. Therefore p,, > 0 and if we set pp, =1— > p, then we can
m=1+p
write
f(z) = rP-— Z kmz™
m=1+4+p

ﬂ"’i(A - B)é(p,] + 1) 1 Lm

k2P —
mzzl-l—p ’Yr(mvp)[a(l + B)((S(m,])(p _.7) - 6(m7‘7 + 1)) - 6(m7])(A - B)ﬁ(p—])]
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= k2P — Z pm (27 = fm(2))

m=1+p
oo oo
= KFA= Y wm)— Y pmfm(2)
m=1+p m=1+4p

= D Hmdm2).

Remark 2.6. The extreme points of the class A, (r, j, 5, a, A, B) are the function
fp(2), fmtp(2),m > 1+ p as in Theorem 2.1.

In the following theorem, we obtain the integral representation for
Ap(rajaﬁaaaAaB)'

Theorem 2.7. Let f(z) € A,(r,j,0,a, A, B) then

e = | [ HEOT

where [(z)| < 1,2 € U and R=aB + (A— B)j. Also

p(A—B)B

f(z) = 2Pexp {/ log(l — Bxz)™ aB d,u(x)]
X
where fi(g is the probability measure on X = {x : |z| = 1}.

Proof. Set

AL NI
NS I

a(Q(zx)-1)

Since f(Z) € Ap(r7j,/87a7A7B) S0 R—aBQ(z)

Consequently we put % =1(2),[¢¥(2)] < L.

Y(z)R+a
a+aBi(z)

Up(r, V() (p—5)((2)R +a)
(Ip(r; A) ()9 az(1+ Bi(2))

< 1 where R=aB + (A— B)g.

Finally we can write Q(z) = or

Then we have

p—J)W(t)R+a)
t(1+ Bi(t))

(1 (r: V1) = [ ! dt

o = HEHR+a)
(Ip(r,A)f(Z))“eXP[/O {1+ Bu)
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for r = j = 0 we have

TR+ a)
sy = | [ 5 Cpn ]

For obtaining the second representation let X = {x : |z| = 1} then we have
% = xz,z € A and then we conclude that

(LENUED o ez ta) _(p-d)  #p- A= B)
(I, (r, \) f(2))) az(1 + Bzz) z a(l+ Bzz)

o= (3 + 2

log(L,(r, N f(2))9 = (p = j) (log 2+ (A;TFW log(1 + sz>>

o OO _ 0= DA=B

U VN = 2 exp | [ tog(t = By “H7 2,
X

where fi(5) is probability measure on X. For j = r = 0 we have

o B p(A-B)
f(z) =2Pexp log(1 — Bzz) dpi(z) | -
X

Now, we introduce an integral operator due to Bernardi [2]

L(f(z)) = PE€ / Cf@etdr (o> —p)

z

and we study the effect of this operator on class A,(r, 7, 3,a, A, B).

Theorem 2.8. If f € A,(r,7,3,a,A, B) then L.(f(2)) is also in Ay(r, J, 8, a, A, B).

Proof. If f(2) = k2P — Y. kpz™ then

m=1+p

L) = 22 (mﬂ— > kmtm> £t

m=1+p

oo

p+c
= kP - g k2™
m+c m
m=1+p
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PH¢ < 1 50 we have
m-+tc

Since m > p then

S (. p) {a<1+B>(6(m7j><p—j>—5<m,j+1>> _ fs(m,j)(p—j)} <p+c ) .

m=1+p Br(A—B)d(p,j+1) ®3(p,j+1) m+c
) r a(1+B)(6(m,7)(p—37)—6(m,j+1 d(m,j)(p—j
< Ym=14p 7 (M, P) [ e (né(fo,)ﬁn])} P < L.

Thus L.(f(2)) € Ap(r, 4, 6,a, A, B).
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