
www.ejgta.org

Electronic Journal of Graph Theory and Applications 3 (2) (2015), 127–132

On the Independent Set Interdiction Problem

Gholam Hassan Shirdela, Nasrin Kahkeshania

aDepartment of Mathematics, Faculty of Basic Sciences, University of Qom, Qom, I. R. Iran

g.h.shirdel@qom.ac.ir, nasrinkahkeshani@yahoo.com

Abstract

The purpose of the independent set interdiction problem in the weighted graph G is to determine

a set of vertices R∗ such that the weight of the maximum independent set in G−R∗ is minimized.

We define an approximate solution for this problem. Then, an upper bound for the relative error

of this problem is obtained. We show that the limit of the relative error of the independent set

interdiction problem in some subclasses of the generalized Petersen graphs is zero as the number

of vertices tends to infinity.
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1. Introduction

Two different forces, the follower and interdictor, compete in the interdiction problems. The

follower tries to optimize the objective of problem, but the interdictor attempts to limit the fol-

lower’s action. In other words, the interdictor wants to change the optimal value of problem. The

interdictor does this act by deleting the vertices or edges of the problem. The interdiction problem

has discussed on some basic problems such as the maximum flow network, shortest path and so

on [2, 4]. This problem has received some attention in recent years and has expressed on the prob-

lems of graph theory such as the vertex cover, independent set, connectivity, matching and so on

[1, 5, 6]. Shen et al. [5] introduced an interdiction problem that disconnectivity of a graph is max-

imized by deleting a subset of vertices. The connectivity of graph is measured by three metrics.

This problem with three metrics can be formulated as a linear programming problem. Zenklusen
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[6] considered the matching interdiction problem by removing the vertices and edges of a graph.

Consider a graph G that each edge has a positive weight. The purpose of this problem is to find

a subset of vertices (edges) such that the weight of the maximum matching in G without these

vertices (edges) is minimized and the deletion cost of these vertices (edges) does not exceed the

interdiction budget. Zenkluen [6] considered the complexity of this problem on some graphs. He

introduced an approximate solution for this problem. Also, an algorithm for the matching interdic-

tion problem on graphs with bounded treewidth was presented. The independent set interdiction

problem is a combinatorial optimization problem that was introduced by Bazgan et al. [1]. This

problem is expressed as follows. Consider a graph G where each vertex has a positive weight. The

purpose is to find a subset of vertices whose removal from G results in the greatest decrease in the

weight of the maximum independent set. Bazgan et al. [1] show that this problem is NP-hard on

the bipartite graphs and is polynomial on the unweighted bipartite graphs.

In this paper, we consider the independent set interdiction problem and present an approximate

solution for it. Then, an upper bound for the relative error of this problem is obtained. Using the

upper bound of the relative error, we can conclude that the approximate and optimal solutions of

the independent set interdiction problem in some subclasses of the generalized Petersen graphs are

equal when the number of vertices increases.

2. Basic facts

Let G = (V,E) be an undirected graph such that V and E are the sets of vertices and edges,

respectively. An independent set of the graph G is a subset of vertices such that no two vertices

have a common edge. Suppose

α(G) = max{|A||A is an independent set of G},

where |A| is the cardinality of A. The independent set with cardinality α(G) is denoted by S and

α(G) is called the independence number of G. Now, consider the graph G with vertex weights

w : V → N. We define the independence number of the weighted graph G as follows:

αw(G) = max{w(A)|A is an independent set of G},

where w(A) =
∑

v∈A w(v). The set Sw with the independence number αw(G) is called the maxi-

mum independent set of the weighted graph G. For a fixed B ∈ N, the independent set interdiction

problem is defined as follows:

αw(G−R∗) = min{αw(G−R)|R ⊆ V, |R| = B}

The set R∗ is the solution of the independent set interdiction problem and is called the optimal

interdiction set of G. Let {a1, . . . , ak} be the maximum independent set of the weighted graph

G such that w(a1) ≥ · · · ≥ w(ak). Let B ≤ k. We define the set R = {a1, . . . , aB} as the

approximate solution of the problem. The relative error of the independent set interdiction problem

is defined as follows:

δG =
αw(G−R)− αw(G−R∗)

αw(G−R∗)
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In this paper, we use asymptotic notation ∼ which is defined as follows. Let f(n) and g(n) be

two positive functions. If limn→∞

f(n)
g(n)

= 1, then f(n) ∼ g(n). It is said that f(n) and g(n) are

asymptotically equivalent.

3. Main results

Theorem 3.1. For the weighted graph G, we have:

δG ≤

∑B
i=1 w(ai)

αw(G)−
∑B

i=1 w(ai)
(1)

Proof. The set S −R is an independent set of the graph G−R. Therefore, we have the following

relation:

αw(G−R) ≥ w(S −R)

= αw(G)−
B∑

i=1

w(ai)

It results:

αw(G)− αw(G−R) ≤
B∑

i=1

w(ai) (2)

Since the maximum independent set of the graph G− R is an independent set of the graph G and

αw(G−R) ≤ αw(G), we have:

αw(G−R)− αw(G−R∗) ≤ αw(G)− αw(G−R∗) (3)

Since the maximum independent set of the graph G − R∗ is an independent set of the graph G,

αw(G−R∗) ≤ αw(G). Notice that αw(G−R)−αw(G−R∗) ≥ 0 and αw(G)−αw(G−R∗) ≥ 0.

Let S̃ = S\R∗. Therefore,

αw(G)− w(S̃) ≤
B∑

i=1

w(ai) (4)

Since the set S̃ is an independent set of the graph G−R∗, we have the following relation:

αw(G−R∗) ≥ w(S̃) (5)

According to the relations (4) and (5), we obtain the following inequality:

αw(G)− αw(G−R∗) ≤
B∑

i=1

w(ai) (6)
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By the relations (3) and (6), we have:

αw(G−R)− αw(G−R∗) ≤
B∑

i=1

w(ai) (7)

The following relation is derived by the relations (6) and (7):

αw(G−R)− αw(G−R∗)

αw(G−R∗)
≤

∑B
i=1 w(ai)

αw(G)−
∑B

i=1 w(ai)

This completes the proof.

Definition 3.1. The generalized Petersen graph P (n, k), where 1 ≤ k ≤ [n−1
2
] and n ≥ 3, is the

graph with vertex set {vi, ui|1 ≤ i ≤ n} and edge set

{(vi, vi+1), (vi, ui), (ui, ui+k)|1 ≤ i ≤ n},

where the subscripts are expressed as integers modulo n. This graph has 2n vertices and 3n edges.

Theorem 3.2. There is a function w : V → N such that

1. αw(P (n, k)−R) ∼ αw(P (n, k)−R∗) for even n and odd k.

2. Let B ≤ n−1
2

and k = 1, 3, 5. Then, αw(P (n, k)−R) ∼ αw(P (n, k)−R∗) for odd n.

Proof. (1) Suppose that n is even and k is odd. Consider the following two independent sets in the

graph P (n, k):
S1 = {u2, u4, . . . , un, v1, v3, . . . , vn−1}

S2 = {u1, u3, . . . , un−1, v2, v4, . . . , vn}

By [3], we have α(P (n, k)) = n. Then, S = S1 = S2. Let w(ui) = wi for each 1 ≤ i ≤ n and

w(vi) = w2n−i+1 for each 1 ≤ i ≤ n such that w1 ≤ w2 ≤ · · · ≤ wn < wn+1 < · · · < w2n. By the

weights of vertices in P (n, k), Sw = S1. The weight of the maximum independent set in the graph

P (n, k) is equal to:

αw(P (n, k)) =
n∑

i=1

w2i (8)

By the relations (1) and (8), we have:

δP (n,k) ≤

∑n
i=n−B+1 w2i∑n−B

i=1 w2i

(9)

Let wi = i for each 1 ≤ i ≤ 2n. Using this in (9) yields:

δP (n,k) ≤

∑n
i=n−B+1 i∑n−B

i=1 i

=
2Bn+ (B − B2)

n2 + (1− 2B)n+ (B2 − B)
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If B is constant, then limn→∞ δP (n,k) = 0. Therefore,

lim
n→∞

αw(P (n, k)−R)

αw(P (n, k)−R∗)
= 1

(2) Let n be odd and k = 1, 3, 5. By [3], we have:

α(P (n, k)) =





n− 1 k = 1

n− 2 k = 3

n− 3 k = 5

In this case, the set S contains n−1
2

vertices from the set {v1, v2, . . . , vn} and α(P (n, k)) − n−1
2

vertices from the set {u1, u2, . . . , un}. Let

w(ui) = w ∀i, 1 ≤ i ≤ n

w(vi) = wi ∀i, 1 ≤ i ≤ n

such that w ≤ w1 < w2 < · · · < wn. Therefore, Sw contains the vertices v3, v5, . . . , vn and

α(P (n, k))− n−1
2

vertices from the set {u1, u2, . . . , un}. The weight of the maximum independent

set in the graph P (n, k) is equal to:

αw(P (n, k)) = (α(P (n, k))−
n− 1

2
)w +

(n−1)/2∑

i=1

w2i+1

Since B ≤ n−1
2

, the upper bound of δP (n,k) is obtained as follows:

δP (n,k) ≤

∑(n−1)/2
i=(n−2B+1)/2 w2i+1

n−k
2
w +

∑(n−2B−1)/2
i=1 w2i+1

(10)

Let wi = i for every 1 ≤ i ≤ n and w = 1. In this case, the relation (10) is derived as follows:

δP (n,k) ≤

∑(n−1)/2
i=(n−2B+1)/2 (2i+ 1)

n−k
2

+
∑(n−2B−1)/2

i=1 (2i+ 1)

=
4Bn− 4B2 + 4B

n2 + (4− 4B)n+ 4B2 − 4B − 2k − 3

If B is constant, then limn→∞ δP (n,k) = 0. According to the relation (1), we have:

lim
n→∞

αw(P (n, k)−R)

αw(P (n, k)−R∗)
= 1

The Theorem follows.

By Theorem 3.2, we can conclude that the sets R and R∗ in some subclasses of the generalized

Petersen graphs can be equal when n is large.
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