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Tém tit - Trong bai bao [1], tic gia da x4y dung metric Harnack
trong khong gian R™ va nghién ciru tinh bat bién bao gidc va mdi
quan h¢ gilta cdc metric Harnack, metric Bergman, metric
Carathéodory v6i nhau. Trong bai bdo nay, nhém tic gia xay dung
khoéng céch Harnack trén mién D trong C, tir 46 xay dung metric
Harnack khi D 14 mién bi chin. Cdc két qué chinh cua bai bdo
khéng dinh réng, metric Harnack trén mién bi chan D 1a metric
déy du va to pd sinh béi metric d6 twong duong vdi to pd sinh boi
metric thong thuong trén D. Ngoai ra, dya vao ly thuyét anh xa
bao giac trén C va tinh bit bién ciia khoang cach Harnack qua anh
xa bdo giac, nhom tac gia ciing xay dung cong thirc tinh khoang
cach Harnack giita hai diém tily ¥ trén mot s6 mién cu thé trong
mit phing phirc.

Tw kh()p - Hém didu hoa; khoang cach Harnack; metric Harnack;
ly thuyét the vi; giai tich phirc

1. Giéi thi¢u

Ly thuyét cac ham diéu hoa va diéu hoa dudi trong Iy
thuyét thé vi thuong dugc trinh bay trong khong gian R™
(xem [2, 3, 4]). Piéu nay c6 uu diém la st dung duoc cac ky
hiéu vé cac phép toan vi phan, tich phan ctia ham nhiéu bién
da kha quen thugc. Tuy nhién, lai khong tan dung dugc cac
wu diém cua 1y thuyét s6 phirc va ly thuyet ham bién phurc.
Va kho mé rong cac két qua sang 1y thuyét da thé vi (nghién
ctru cac ham da diéu hoa dudi trong C*). Trong bai bdo nay,
nhom téc gia s& trinh bay mot sb két qua ciia ham diéu hoa
duong trong C. Va st dung cac két qua d6 dé nghién ciru
mdt s6 két qua vé metric Harnack. Nhu di biét, két qua dep
nhét ctia ham diéu hoa duong 1a bat déng thirc Harnack ([2,
4]). Két qua nay 1a co so dé dinh nghia khoang cach Harnack
va xay dung metric Harnack.

Vé metric Harnack, Herron [1] da xay dung va nghién
ctru moi quan h¢ cta né véi cac metric Bergman, metric
Carathéodory. Két qua chinh cua bai bao nay la chimg
minh sy twong dwong gilta metric Harnack voi metric
thong thuong trén mot mién bi chin trong C. Va dya vao
tinh chét bit bién ciia metric Harnack qua 4nh xa bao gidc,
xdy dung cong thic khoang cdch Harnack gilra hai diém
tuy ¥ trong mot s0 mién cu thé trong € nhu dia don vi, nira
mit phing Im(z) > 0 trong C.

Véi cac két qua dat dwoc trong bai bao ndy, nhém téc
gia ky vong y tuong xdy dung metric ¢ day s¢ dugc vén
dung dé xay dung cac metric trén cac 16p ham duoc nghién
cuu trong cac tai liéu [5, 6, 7].

2. Mt s6 kién thirc chuén bij
Ta ky hiéu tap cac s6 phirc (con goi 1a mét phang phirc)

Abstract - In [1], the author has constructed the Harnack metric
on the space R™ and studied the conformal invariant as well as
relations among the Harnack metric, the Bergman metric and the
Carathéodory metric. In this paper, the authors obtain the Harnack
distance on the domain D in C. Then we construct the Harnack
metric when D is a bounded domain. The main results of the paper
show that, the Harnack metric on the bounded domain is complete
and the topology induced by that metric is equivalent to the
topology that is induced by the normal metric on D. Moreover, by
applying the conformal mapping theory and the conformal
invariant of the Harnack distance, the authors obtain some
formulas of the Harnack distance between two arbitrary points in
some specific domains in the complex plane.

Key words - Harmonic functions; Harnack distance; Harnack
metric; potential theory; complex analysis

1a C va mit phang phirc mo rong 1a Co,. Ta goi mién 1a mot
tap ma, lién thong va khac rdng trong C hoic C,,. Ta ky hiéu
A(w, p) 1a dia mo tam o, ban kinh p trong C, tuc la:
Alw,p) ={z€C|z—w| <p}.
Cho ( 1a tap mé trong C. Ham h: QO - R duoc goi la
ham diéu hoa néu h € C?(Q) va théa man phuong trinh
Laplace, tic la voimoi z = x + iy € Q taco:

2h 0%h
—2(2) +—2(Z) =0.

Ta ky hiéu tap cac ham diéu hoa trén Q 12 H(Q) va tap
céc ham diéu hoa khong am (va thuong goi 1a cac ham diéu
hoa duong) 1a H, (Q).

Trong [2, 4] d4 phat biéu va chimg minh bat ding thirc
Harnack trong R™. Sau ddy, nhom tac gia phat biéu bét
dang thire d6 trong C.

Ah(z) =

Pinh Iy 2.1 Cho h 1a mot ham didu hoa duong trén dia

A(w, p). Khi @6, véimoir < pva0 <t < 2w ta c6:

-7 ; +r
p—h(w) < h(w +re’t) < p—h(w).
p+r p—r

Chirng minh: (Pinh 1y 2.14 [4])

Biét déng thirc Harnack la co so dé dinh nghia khoang
cach Harnack sau day. V€ khoang cach Harnack xem thém
[1]. Trudce hét, ta s€ ching minh mot bd dé dé lam co s&
dinh nghia khoang cach Harnack.

B6 dé 2.2 Cho D 1a mot mién trong Co, va z.w € D.
Khi d6, ton tai so T sao cho v4i moi ham di¢u hoa duong h
trén D ta c6:

7 h(w) < h(z) < th(w). (%)
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Ching minh: Ta xét quan h¢ hai ng6i trén D nhu sau:
zZ,w € D, ta n6i z~w néu ton tai sO T sao cho v4i moi
h € H,(D) thi (*) dugc thoa man.

Ta s& chiing minh quan hé¢ ~ la mdt quan h¢ tuong
duong trén D. That vdy: Véi z € D, khi do chont =1ta
c6: z~z (thda man tinh phan xa). Gia st z~w, khi d6 vdi
moi h € H, (D) ta co:

17 h(w) < h(z) < th(w).
Tu day suy ra:
17 h(2) < h(w) < 1h(2),
tirc 1a w~z (thoa mén tinh d6i xung). Gid st z~w va w~v,
khi d6 ton tai cdc s6 T va p sao cho véimoi h € H, (D) ta ¢6:
17 h(z) < h(w) < Th(2),
p th(w) < h(v) < ph(w).
™ 1p7h(z) < h(v) < tph(2),
tic 12 z~v (thoa mén tinh chét béic cau).

Suy ra

Goi [z] 1a mot 16p twong duong. Ta s€ ching minh [z]
1a tip mé trong D. That vay: Ly w € [z]. Chon p > 0 sao
cho dia A(w,p) c D. Lay v € A(w, p), dat r = |[v — w].
Khi d6 v6i moi h € H, (D) ta ¢6: h|yw,py € Hi(A(w, p)).
Ap dung Pinh 1y 2.1 ta c6:

2T hw) < h(w) < 2L ).
p+r p—r

Ttrc 1a (*) dugc thda man voi T = z—J_r:. Tu day suy ra
v~w. Béi tinh béc cau ta suy ra v~z, tirc 1a v € [z]. Vay
ta c6: A(w, p) c [z]. N6i céch khdc [z] 1a tdp mé trong D.

Do D 1a lién thong va cédc 16p tuong duong tao thanh
mot phan hoach mé cua D nén suy ra trén D chi c6 mot 16p
twong duong duy nhat, tirc 1a [z] = D. Tu day suy ra diéu
phai chirng minh trong bo de.

Nhén xét: Tu B dé 2.2 ta suy ra v6i moi z.w € D thi
ton tai sO T sao cho (*) dugc théa man. Tu () vado h la
duong nén suy ra T = 1. Nhu vay, tap hop céc so 7 thoa
mian (%) 1a khac réng va bi chin dudi nén s& ton tai can
dudi ding ma ta s€ goi la khoang cach Harnack nhu dinh
nghia sau day.

Pinh nghia 2.1 Cho D 1a mot mién trong C,,. Cho trudc
z,w € D. Ta goi khoang cach Harnack gifra z va w, ky hi¢u
7p (2, ), dugc xac dinh nhu sau:

15(z,w) = inf {1t € R:77 h(w) < h(2) < th(w)},
& day, inf dwoc 1dy qua tit ca cdc ham h 13 didu hoa duong
trén D, tic 1a voi moi h € H, (D).

Sau déy, s€ trinh bay mot s6 két qua cua khoang cach.
Cac két qua nay thuong dugce trinh bay khi ham di€u hoa
xac dinh trong R™. D€ thuén tién cho viéc theo ddi, nhém
tac gia s€ trinh bay cac chimg minh trong trudng hop ham
diéu hoa xac dinh trong C.

Pinh Iy 2.2 Néu A= A(w, p) thi

p+lz—wl

p—lz—-w|
Chimg minh: Véi z € A, béi bit déng thirc Harnack ta c6:

polzmol oy < <2279l o,
p—lz—wl|

Ta(z, ) = ,Vz € A.

—w
p+lz—wl )

p+|z—w|

véimoi h € H,(A). Tur day suy ra 1,(z, w) < Pt (1)

Mat khéc, véi || = 1 ta xét ham hg trén A nhu sau:

¢ ddy, P 1a nhan Poisson (xem [3]). B&i tinh chét cta nhén
Poisson (B6 dé 2.2.1 [3]) ta suy ra h; 1a ham dicu hoa
duong trén A. Ta c6: he(w) = 1. Néu dit z = w + re't,
V6ir = |z — w| va & = e thita cé:

p2 _ r2

) — R pe®® +reit\
¢§\2) = e pe —reit ] p2 —2rpcos(t — Q) +r?
Theo dinh nghia ctia 7, (z, w) ta c6:
75 (2, )he () < he(2) < T2(2, w)he (w).

Tuong duong voi:

_ p2-r2
‘L'Al(z, w)hg(w) < 7 2rp cost—0) 1% < 15(z, w)h;(w),

voimoi 0 < 0 < 2. Chon 8 = t ta cé:
. pT
75 (z, whg(w) < pTr < 175(z, w)he (w).

Do hg(w) = 1 nén ta cé:
p+r _ ptl|z-ow|

72(2z, w) = o = ozl (2)
Tir (1) va (2) ta suy ra diéu phai chimg minh.

Sau day ta s& phat biéu va chimg minh nguyén ly giam
cua khoang cach Harnack qua anh xa phan hinh. Dac biét
la bat bién qua anh xa bao giac. V€ anh xa phan hinh va
anh xa bao giac xem thém [8].

Pinh Iy 2.3 Cho f: D; = D, la anh xa phan hinh gilra
cac mién D; va D, trong C,. Khi d6 ta cé:

5, (f(2), fW)) < 1, (z, W) (z,w € Dy).

Ding thic xay ra néu va chi néu f 1a anh xa bao giac
cua D, 1én D,.

Chung minh: Liy z,w € D;. Néu h 1a mot ham diéu
hoa duong trén D, thi h e f cling la mdt ham diéu hoa
duong trén D;. Theo dinh nghia cua 7p, (2, w) ta c6:

5, (Z Wh((fW)) < h(f(2)) < 7p, (2, Wh(f (W)).

Panh gia trén dung voi moi ham diéu hoa dwong h trén

D,. Do do, theo dinh nghia ctia 7, (f (2), f (W)) ta suy ra:
15,(f(2), f(W)) < 1p,(2z,w) (z,w € Dy).

Cudi ciing, néu f 1a mot anh xa bao giac cua D, 1én D,
thi ton tai =1 va f~1: D, > D; ciing 1a mdt anh xa chinh
hinh. Ap dung két qua vira ching minh ta c6:

o, (1 (F @), (FW))) < 10, (F (@, FW)),
75, (2,w) < 75, (F(2), F(W)).

Vay ta cé:
Tp, (z,w) = Tp, (f(Z)‘f(W))-

Pinh Iy 2.4 Néu D 1a mot mién con cia C,, thi logT,
la mét ntra metric lién tuc trén D.

hay

Chitng minh:
Trudc hét, ta ching minh logt, 1a nira metric:
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- T dinh nghia ta cé: tp(z,w) = 1va1,(z,2z) = 1nén
ta suy ra logtp(z,w) = 0 valogty(z,2z) = 0.
- Tt dinh nghia ta c6: 7, (z, w) = 75(W, z) nén suy ra
logty(z,w) = logtp(w, 2).
- Lay z,w,u € D. Khi d6 véi moi ham diéu hoa duong
h trén D ta cé:
52z, w)h(w) < h(2) < 1p(z,Ww)h(W),
5 (w, wh(u) < h(w) < 15,(w, w)h(w).
Twr d6 suy ra
5 (z, W)t (w, u)h(u) < h(z)
< 1p(z, w)tp (W, u)h(u).
Suy ra
tp(z,u) < 1p(z, W)ty (W, w).
logty(z,u) < logtp(z,w) + logTa(w, w).
Vay logtp 1a mt nira metric trén D.
Dé ching minh logtp 1a lién tyc trén D X D, truée hét
ta s€ chiing minh khang dinh sau
lim logtp(z,w) = 0.
zZ-W
That vdy. vo6i weD. Chon p>0 sao cho
A:= A(w, p) € D. Khi d6, véi moi z € A, boi Dinh 1y 2.2
va DPinh 1y 2.3 ta c6:
p+lz— W|)
p—lz—wl|)
Cho z - w ta suy ra lim logtp(z,w) = 0.
VAd'4

0 <logtp(z,w) < logta(z,w) = log(

Lay (2o, w,) € D x D. Khi d6, boi bat ding thirc tam
gidc, ta c6:
logtp(z,w) < logTp(z,20) + logTp (2o, wo)
+ logtp(zo, w).
LAy gi6i han hai vé khi (z,w) = (25, W,) va ap dung
két qua viura chiing minh & trén ta c6:

lim logtp(z,w) < logtp (2, Wp)- 3)
(z,w)—=(zo,Wo)

Tiép tuc 4p dung bat ding thirc tam gidc ta c6:
logTp (29, wy) < logtp(20,2) + logty (2, W)
+ logtp(w, wy).
Ly gi6i han hai vé khi (z,w) -
ket qua vira ching minh & trén ta c6:

(20, Wo) va ap dung

lim logtp(z,w) = logtp (2, Wp)- 4)
(zw)—=(zo,Wo)

Tu (3) va(4) tasuyra
lim logtp(z,w) = logtp (24, Wy),
(zw)=(20,Wo)

tuc 1a logtp lién tuc tai (zy, wy). Do (zg, wy) duoc chon
béat ky trén D x D nén suy ra logty, lién tuc trén D X D.

Chii ¥ 2.5 Khi D 1a mot mién trong C,, thi logTp néi
chung khong khéng phai 1a mot metric, tirc 1 c6 thé xay ra
logT,(z,w) = 0 nhung z # w. Chéng han khi D = C. Do
moi ham diéu hoa dwong trén C déu 1 hang s6 (Pinh ly
Liouville [2]) nén ta c6: logtc(z, w) = 0 véi moi z,w € C.

3. Cac két qua chinh

By gio, sir dung céc két qua & trén dé chimg minh mot
s0 ket qua lién quan dén khoang cach Harnack. Ta s€ ching

minh ring logty, 12 metric khi D 12 mién bi chan va chi ra
metric nay tuong duong véi metric thong thudong trén D.

Ngoai ra, ta cling xay dung cong thirc tinh khoang Harnack
giita hai diém bat ky trén dia va 4p dung Iy thuyét 4nh xa bao
gidc xdy dung cong thirc tinh khoang cach Harnack gitra hai
diém bat ky trong mot mién trong C,,

Pinh 1y 3.1 Néu D 1a mot mién bi chan trong C thi
logtp la mot metric. Hon nita, t6 p6 sinh bdi metric do
twong duong voi to pd thong thuong trén D.

Chung minh: Liy z,w € D. Khi d6, boi D 12 mién bi
chan nén ton tai R > 0 sao cho D © A= A(z,R). Ap dung
Dbinh ly 2.2 va Dinh 1y 2.3 ta c6:

R+ |z—w|
R—|z—w|’ Q)

bat d; = logtp. Khi d6, boi Pinh ly 2.4, d; 1a ntra
metric trén D. Ta s€ chiing minh né 1a mgt metric trén D.
That vay: gia st d,(z, w) = 0. B6i danh gia (*) ta suy ra

R+ |z—- w|
—lz—w| ™

tp(z,w) = 1Az, W) =

<lelz-w|<0ez=w.

GQI d la metric thong thuong trén D, tic la
d(z,w) = |z — w| v6i moi z,w € D. P& chitng minh t6 pd
trén D sinh bdi d va d; 1a twong duong ta s€ chung minh
anh xa dong nhat sau

ld (D, d) - (Dl dl)l
1a mot song anh lién tuc. That vay:

- Ta chimg minh id lién tuc: Liy z, € D. Chon & > 0

sao cho
A(zy, ) ={z € D:d(z,z5) < €} c D.

Lay day (z,) < D sao cho z,, = z, khi n - co. Khong
mat tinh tong quat ta c6: thé gia sir (z,) € A(z2o, €). Khi d6
ta co:

dy (2, 29) = 10gTp(2n, 20) < 10GTa(z,e)(Zns Z0)

£+ |Zn - ZOl
<lopg——— - 0,n - .
€= |zn — 2o

Tuc la z,, = z, theo metric d;. Va suy ra id 1a lién tuc.

- Ta chitng minh id~* 13 lién tuc. Liy diy (z,) € D ma
Z, = Z, theo metric d,. Tur () ta co:

dy(2y, 20) = lo M>O
w o gR |n_ZO|_ .
Tu do suy ra
R+ |z, -z
loguﬁORhin—)w.
R— |Zn_ZO|

Diéu nay tuong duong vdi |z,
Tac 1a id~* lién tuc.

Pinh ly 3.2 Gia st D 1a mién bi chin trong C. Khi do,
khong gian metric (D, logtp) 1a mot khong gian metric day.

— Zy| = 0 khi n — oo.

Dé chimg minh Dinh 1y 3.2 ta can b dé sau day
Bo dé 3.3 Gia sa D 1a mién bi chan. Véi w € D va
& € 0D. Khi d6 ta c6:
limty(z,w) = .
z-¢

Chung minh: Lay (z,) € D sao cho z,, — & khin — oo.
Do D la mién bi chan nén ton tai R >0 sao cho
D < A(0, R). Xét ham s6 cho bai cong thirc sau
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h(z) = log | f|

Khi d6, h 13 ham diéu hoa duong trén D (Dinh 1y 1 [8]).
Theo dinh nghia 7, (z,, w) ta cé:

5 (zp, W)h(W) < h(z,) < 1p (2. w)h(W).

h(zn)
Suyra  tp(z,w) = on”
Do lim h(z,) = lim log |i| = o,
n-oo n-oco zn—¢§

nén suy ra lim t,(z,, w) = oo.
n—-oo

Viy b6 dé duoc chimg minh.

Chirng minh Dinh Iy 3.2: Gia su (z,,) € D la mot day
Cauchy trong (D, logtp).

Xét 5 c C la bao déng cia D theo t6 p6 thong thuong.
Khi do, ton tai ddy con (z,,) < (z,) sao cho

lim z, = z,,

k—>oo
v6i z, € D theo t6 pd thong thudng. Ta xét hai truong hop sau:
- Néu z, € D thi boi Pinh 1y 3.1 ta c6: metric Harnack
tuong duong vdi metric thong thudng trén D ta cé:
lim z, = z,,

k—co
theo t po sinh boi logty.

Vi (z,) la day Cauchy theo logt, nén suy ra z, = z,
khi n — oo theo metric logty,.

- Néu z, € D thi theo B6 d¢ 3.3 voi mdi m = 1 ta cé:

lim logtp(z,, Zy) = .
n—oo

Diéu nay mau thuin véi gia thiét (z,) 1a ddy Cauchy
theo logTp.

Vay chi c6 thé xay ra trudng hop z, € D, tic 1a diy
(z,,) héitu trong (D, logtp), hay (D, logty) 1a khong gian
metric day.

Sau day ta s& dua vao 1y thuyét anh xa bao giac dé xdy
dung cong thirc tinh khoang cach Harnack gitta hai diém
thudc mot sb mién cu thé. Két qua sau ddy cho cong thirc
tinh trén dia don vi.

Pinh Iy 3.4 Bat A= A(0,1). Ching minh rang véi moi
Z,w € Ataco:

Talz,w) = |1 ==

1 —zZw
Chimg minh: Liy z,, w, € A. Xét danh xa phén tuyén
tinh f: A— A cho béi cong thire
-7,
f2) =

Khi @6, f 1a mdt anh xa bao gidc cua A 1én chinh n6
(Pinh 1y 3 [8]) va f(z,) = 0. Boi Binh 1y 2.2 va Pinh ly

1—zz

2.3 tacé:
Wo — 2o
Ta(20, Wo) = Ta(f (20), f (Wo)) = T4 (Qm)
0Zo
[wo — 2|
~ 1+ T— Wz,
1— |wo — 2|
1-wpz

5Ké’t qué sau day cho cong thirc tinh trén mién nira mat
phang phuic phia trén.

Pinh 1y 3.5 Cho D = {z € C: Im(z) > 0}. Chitng minh
rang voi moi z,w € D ta cé:

|Z — W
TD(Z! W)

Chting minh: Léy Zy, W € D. Xét 4nh xa phan tuyén
tinh f: D = D cho b(’ri cong thirc

fz) = —— 20

Khi d6, f 1a mot anh xa bao gidc ciia D 1én dia don vi
A= A(0,1) (Pinh 1y 3 [8]) va f(w,) = 0. B6i Dinh 1y 2.2
va Pinh 1y 2.3 ta cé:

Z_WO

Zp —Wp
Tp (29, Wo) = Tp(f (20), f(Wp)) = Ta (z —w '0)
0 0
ZO_WO
=
1— |Zo_W0|'
- Wy

4. Két luan

Trong bai bdo nay nhom tac gia da trinh bay mot sb
két qua ctia ham diéu hoa dwong xac dinh trén mot mién
trong mat phang phirc hodc trong mit phang phirc mo
rong. Roi dua vao cic két qua nay dé xdy dung metric
Harnack trén mién bi chan. Két qua chinh cua bai bao 1a
cacPinh 1y 3.1 vabinh 1y 3.2, khéng dinh metric Harnack
1a day du va té pd sinh boi metric ndy twong duong voi to
po sinh bdi metric thong thuong trén C. Ngoai ra, 4p dung
tinh chat bat bién cia khoang cach Harnack qua anh xa
béo giac dé xay dung cong thirc tinh khoang cach Harnack
giita hai diém bét ky trong mot s6 mién cu thé (Pinh 1y
3.4 va Pinh 1y 3.5). Theo hiéu biét ciia nhém tac gia thi
day 1a nhirng két qua méi, c6 gia tri thyc hanh cao va gop
phan 1am phong phii hon cac két qua vé 16p ham diéu hoa
duong trong 1y thuyét thé vi.

Loi cdm on: Cac tac gia bai bao xin gui 161 cdm on chén
thanh t6i cac phan bién dd danh thoi gian doc k¥ bai bao
va cho céac gop y c6 gia tri, giip bai bdo rd rang va hoan
thién hon.
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