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Abstract. Supercharacter theory is developed by P. Diaconis and I. M. Isaacs as
a natural generalization of the classical ordinary character theory. Some classical
sums of number theory appear as supercharacters which are obtained by the action
of certain subgroups of GLg4(Zy) on Z&. In this paper we take Zg, p prime, and by
the action of certain subgroups of GL(Zp) we find supercharacter table of ZZ.
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1. INTRODUCTION

Let Irr(G) denote the set of all the irreducible complex characters of a finite
group G, and let Con(G) denote the set of all the conjugacy classes of G. The
identity element of GG is denoted by 1 and the trivial character is denoted by 1¢.
By definition a supercharacter theory for G is a pair (X, K) where X and K are
partitions of Irr(G) and G respectively, |X| = |K|, {1} € K, and for each X € X
there is a character ox such that ox(z) = ox(y) for all z,y € K, K € K. We call
ox as supercharacter and each member of K superclass. We write Sup(G) for the
set of all the supercharacter theories of G.

Supercharacter theory of a finite group were defined by Diaconis and Isaacs
[3] as a general case of the ordinary character theory. In fact, in a supercharacter
theory, characters play the role of irreducible ordinary characters and union of
conjugacy classes play the role of conjugacy classes. In [3] it is shown that {15} € X
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and if X € X then ox is a constant multiple of > x(1)x, and that we may assume
XEX
that

ox = eZX><(1)><-

For any finite group, there are two trivial supercharacter theories as follows.

In the first case, X = [J{x} and K is the set of all conjugacy classes of G. In the
x€Irr(G)
second case,

X ={lgt u{lrr(G) — {1c}}

and K = {1} U {G — {1}}. In the first case, supercharacters are just irreducible
characters and superclasses are conjugacy classes. In the second case, the non-trivial
supercharacter is pg — 1, where pe denotes the regular character of G. These two
supercharacter theories of G are denoted by m(G) and M (G) respectively.

It is mentioned in [6] that the set of supercharacter theories of a group form
a lattice in the following natural way. Sup(G) can be made to a poset by defining
(X,K) < (V,L) if X <Y in the sense that every part of X' is a subset of some
part of Y. In [6] it is shown that this definition is equivalent to (X, ) < (¥, L) if
K < L. By this definition, m(G) is the least and M (G) is the largest element of
Sup(G).

Among construction of supercharacter theories of a finite group G, the fol-
lowing is of great importance which is a lemma by Brauer on character tables of
groups. Let A be a subgroup of Aut(G) and

ITT(G) = {Xl = ]-Ga cee 7Xh}
OOH(G) = {Cl = {1}, . 7Ch}.

Suppose that for each a € 4, C;* = C;, 1 < i < h, and x;%(g9) = xi(g®) for all
g € G, a € A. Then the number of conjugacy classes fixed by « equals the number
of irreducible characters fixed by «, and more over the number of orbits of A on
Con(Q) equals the number of orbits of A on Irr(G), [4]. It is easy to see that
the orbits of A on Irr(G) and Con(G) yield a supercharacter theory for G. This
supercharacter theory of G is called automorphic. In [7] it is shown that all the
supercharacter theories of the cyclic group of order p, p prime, are automorphic.

Another aspect of the supercharacter theory of finite groups is to employ
the theory to the group U, (F), the group of n x n unimodular upper triangular
matrices over the Galois field GF(p™), p prime. Computation of the conjugacy
classes and irreducible characters of U, (F) is still open, but in [1] the author has
developed an applicable supercharacter theory for U, (F). This result is reviewed
in [3].

2. SUPERCHARACTER TABLE

Let G be a finite group and (X, K) be a supercharacter theory for G. Suppose
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X ={X1,Xs,...,Xn}

be a partition for I'rr(G) with the corresponding supercharacter o; = > x(1)x.
XEX;

Let K = {K1, K, ..., K} be the partition of G into superclasses. In fact, K7 = {1}

and X; = {1g} are union of conjugacy classes of G. The supercharacter table of

G corresponding to (X, K) is the following h x h array:

Table I: Supercharacter table

K, s K; Ky,
o1 | o1(K1) | o1(Ka) | - | o1(KG) | -+ | o1(KR)
oy | 02(K1) | 02(K2) | -+ | 02(K) | -+ | 02(Kp)
0:i Ui(kl) Ui(k2) Uz‘(Kj) Ui(kh>
on | o) | on(ia) | -+ | on(K)) | - | onlin)

Let us set S = (oi(Kj))ﬁjzl, and call it the supercharacter table of G.

Recall that a class function on G is a function f : G — C which is constant
on conjugacy classes of G. The set of all the class functions on G, C'f(G) has the
structure of a vector space over C with an orthonormal basis Irr(G) with respect
the inner product

(9= g St

Since supercharacters are constant on superclasses, it is natural to call them super-
class functions. We have:

h
(0i,0) ZKHUZ Ky) Uj(Kk)

k
But using the orthogonality of Irr(G) we also can write:

(o) = (D x(Mx. D o)) =0di; > x(1)?

XEX; peX; XEX;

Therefore,
1 & -
a7 Dkl (Ko, () = iy 3 x(1)*
k=1 xE€Xi
If we set the matrix

h
L [eU) VK]
U= | X
XEX -
1,7=1
then wee see that U is a unitary matrix with the following properties, which are
proved in [2]. U = U!, U? = P where P is a permutation matrix and U* = I.
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In the course of studying the supercharacter theory of a group G, finding the
supercharacter table of G and the matrix U is of great importance. In this paper,
we will do this task for certain groups acting on certain sets.

3. AUTOMORPHIC SUPERCHARACTER TABLE

In this section we follow the method used in [2] considering the group G' = Z%
which is abelian of order n?. The automorphism group of G is G Lg(Z,), the group
of d x d invertible matrices with entries in Z,. We write elements of G as row
vectors ¥y = (y1, - .., yq) and let the action of GL4(Z,,) on G be as follows:

y? = yA for A€ GLy4(Zy,).
Irreducible characters of G are of degree 1 and the number of them is equal

to |G|. For & € G, let us define ¥, : G —s CX , by 1,(¢) = e(%c) where e(t)

stands for e(t) = €™ and x - ( is the inner product of two elements z and ¢ of

G as row vectors in G = ZZ<. Therefore, Ir7(G) = {¢,|x € G} and the action of
GL4(Zy,) on Irr(Q) is as follows:

1/);1 = waft where A S GLd(Zn)7 S G.

Now let I be a symmetric subgroup of GL4(Z,), i. e. I = T'. Then I" acts
on G and on Irr(G) as above. Let X be the set of orbits of ' on Irr(G) and
K be the set of orbits of GL4(Z,,) on Irr(G). It is shown in [2] that (X, K) is a
supercharacter theory of G. Following the notations used in [2] we identify 1), with
x and Y2 = s+ = xA™". Therefore, X is identified with the set of orbits of
GL4(Zy,) on G, by z — £ A%, and K is identified with the orbits of the action of
GL4(Zy,) on G by y — yA.

In [2] using different subgroups of GL4(Z,) the authors provide superchar-
acter tables for GG. For example, the discrete Fourier transform in the case of
I' = {1}, or T' = {£1} a group of order 2 are obtain. The Gauss sum is obtained in
the case of G = Z,, p an odd prime, I' = (g?) where g is a primitive root modulo
p. Kloosterman sum in the case G = Zg, p an odd prime and

r:{[g aol} |o¢aezp}.

Heilbronn sum, in the case of G = Z2 and T' = {2? | 0 # 2 € Z,}. The Ramanujan
sum in the case of G = Z,, and I = Z. It is worth mentioning that all the above
sum appear as supercharacters.

As a generalization of the group I' in Kloosterman sum we let

_Jla O x
e {ft Y iasez)

Theorem 3.1. Under the action of I' on Z, X Z, there are four supercharacter
and four superclasses.

a group of order (p — 1)2.
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Proof. Here G' = Z,, x Z,, and orbits of I on G are:

Y1 ={(0,0)} of size 1

Y2 = (1,0)T = {(a,0) |a € Z,; } of size p—1
Y3 = (0,1)I'={(0,0) |[be Z,} of size p—1
Yy = (1,1 ={(a,b) | a,b e Z} of size (p —1)?

Orbits of T on Irr(G) are as follows:

X1 ={(0,0)} of size 1

Xy = (1,0)F = {(a,0) |a € Z;} of size p—1
X3=(0,1)I'={(0,b) | be Z,} of size p—1
X, = (1, )L ={(a,b) | a,b € Z}} of size (p — 1)?

Now we form the supercharacter table of G = Z,, x Z,. Let o; be the super-
character associated with X;, with o1 = 1.
-
Weknow o, = > oy, andfory €Y, 0i(y) = > ¥au,(y)= > e( : y)’
Ve, €Xi Yu; €Xi z,€X; p
1 <4 < 4. Therefore, the following table is calculated:

Table II: Supercharacter table of Z, x Z,

Ly X Ly Y Y, Y3 Y,
superclass size 1 p—1 p—1 (p—1)7
o1 1 1 1 1
) p—1 —1 p—1 -1
o3 p—1 | p—1 -1 -1
o4 -1 (-1 -(-1) | -(p-1)

To find the unitary matrix U we use the formula written down in section 2
to obtain the 4 x 4 matrix U as follows:

1 vp—1 vp—1 p—1
1 p—1 -1 p—1 —v/p—1
U=-
p |vp—1 p—1 -1 —vp—1

p—1 —vp—1 —p—1 1

At this point it is convenient to consider the general case of G = Zg,

ay
as 0

I'= |ai€Z;

aq

the diagonal subgroup of order (p — 1)¢ of GL4(Zy,).
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Theorem 3.2. Under the action of I' on Zg there are 2% supercharacters and
superclasses.

PRrROOF. Orbits of I" on G are as follows:

Y; = {(0,0,...,0)} is one orbit. Let y*) = (1% 09=*) be a vector of G with k
one’s in different positions. Then y®)T' consists of vectors with non-zero entries in
exactly k different positions. Therefore the orbit y(*) has size (p — 1)*. Since this

orbits of this shapes each of

k positions is taken out of d positions, we have (Z

d

size (p — 1)*. Hence we have Y (Z) = 24 orbits of T on G. Each orbit has size
k=0

(p — 1)*. Since

4 (d k d
> (1) -1 = = ol
k=0
then all the orbits are counted.

Orbits of T on Irr(G) have the same setting as above. In this case if ¥, is a
representative of the orbit X of T on Irr(G), then we may assume

=0 = (1,041
is a vector with [ ones in different positions, hence:
x-y
oxy) = Y tuly) = YY)
reX reX p

and it is computable if the inner product z - y is known.

4. J-SYMMETRIC GROUPS

Let G = Z% and T be a subgroup of GL4(Z,,). By [2] we have to assume that
I' is symmetric, i.e. I' = I'*, in order to conclude that the action of I on G and on
Irr(G) generate the same orbits. Most of the results on supercharacter theory of G
holds if we assume I" is J-Symmetric. Suppose there is a fixed symmetric invertible
matrix J € GL4(Z,,) such that JI' = I'*.J. As before the action of I on G is by
y — yA and by identifying ¢, € Irr(G) with z, the action of I" on Irr(G) is by
zr—s At for AcT.

If (X,)) is the supercharacter theory obtained in this way, then we set

X = (X1, Xo,..., X3}
Y={",Ys,... .Y}

and 0, = ox,, 1 <i <r, the unitary matrix U is replaced by

h
U— 1 oY) VY]]
Vnd VIXil i =1

In this section we consider G = Zg, p a prime, and
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J:

_ o O
o = O
S o~

I =

b ¢
d b|labeZ) bcel,
0 a

o O Qe

is a subgroup of GL3(Z,) of order p*(p — 1)%.
Theorem 4.1. Under the action of T' on Zf’) there are four supercharacters and
four superclasses.
PrOOF. It is obvious that I' is a J-Symmetric group.
Orbits of I on G are as follows:
Y1 ={(0,0,0)}
Y2 = (0,0,1)I = {(0,0,a) [a € Z;}
Y3 = (0,1,0)I = {(0,d,b) | d € Z,;,b € Zy}
Yy = (1,0,0)F = {(a,b,c) | a € Z,,b,c € Zy}.

We have
Vil =1
Yo =p—1
Ys| =p(p—1)
Ya| = p*(p - 1).
Since

Y|+ [Yo| + [Y3] + [Va| = p°

we deduce that Y7,Y5,Y3 and Y, are orbits of I' on G. It is easy to see that the
orbits of I on Irr(G) are as follows:

X1 = {(07070)}

Xy =(1,0,0)T = {(a,0,0) |a € Z, }
X3=1(0,1,0)T = {(a,0,0) |a € Z,b€ Z }
X4 =(1,0,00T = {(a,b,c) | a,b € Zy,c € Zy }.
We have

X1 =1

|Xo|=p—1

| Xs| =p(p—1)

[ Xa| =p*(p - 1).

Let the supercharacter associated to X; be g;. The following supercharacter
table for the group G is constructed:
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Table III: Supercharacter table of Zg

Zg Yl 1/2 YE?. Y4
superclass size 1 p—1 |p(p—1) | p*(p—1)

o1 1 1 1 1

o2 p—1 p—1 p—1 -1

o3 plp—=1) |pp=1) | -p 0

o4 p?(p—1) —p? 0 0

The unitary table associated with the above table is:

1 vVo—=1 /plp—1) pvp—1

g L [ V=1 p-1  (p-1)yp P
pvp |Vpelp—1 (p—1)\/p —p 0
pvp—1 —p 0 0
As general case let us consider G = Zg,
1 ay az --- aq
0 1 as cee ad—1
T = : : la; € Zy,2<i<d
0 0 - - a
0 0 - .- 1
which is J-symmetric with respect to the d x d matrix
1
0 1
J =
0
1

We have |T'| = pP~! and it is a p-group.

Theorem 4.2. Under the action of the J-symmetric group T' on Zﬁ there are
1+ (p — 1)d supercharacters and superclasses.

PRrROOF. The orbits of I" on G = Zg are grouped as follows:
Y1 ={(0,0,...,0)}
Yo = (CI,O,...,O)F = {(Oé,Oé(lQ,Oég,...,Oéad) | a; € Zp}va € Z;

Hence Y5 is the union of p — 1 orbits each of size p¢~!. Next,
Y3 = (0,0,0,...,0)T = {(0,, vag, aas, ... ,aaq_1) | a; € Zp},a € L))

Hence Y3 is the union of p — 1 orbits each of size p?=2. If we continue in this way,
we obtain

Yy =1(0,0,...,a,0)I'={(0,0,...,a,ca) | az € Z,}
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has size p and is the union of p — 1 orbits, and
Yd+1 = (0,0,...,Q)F = {(070,-“,0‘)}

is the union of p — 1 orbits each of size 1.

Since 1 + (p— 1)(p®~t +p?=2 + ...+ 1) = p? = |G|, all the orbits of T on G
are counted. Therefore, there are 1 4 (p — 1)d orbits.

To find the shapes of the orbits of T' on Ir7(G), we mention that each irre-
ducible character of G has degree 1. We have Irr(G) = {¢, | * € G} which may
be represented by elements z of G under the action z — xA™! where A € I.
Therefore, we obtain the following orbits:

X, = {(0,0,...,0)}
X =(a,0,...,00T = {(a,0,...,0)}
X3:(O,a,O,...,O)F:{(ag,a,O,...,O)|a2 EZP}

Xat1 =(0,0,...,0)0 = {(az,as,...,aq,c) | a; € Zp}.
Each set X;, 2 <1i < d+ 1 is the union of p — 1 orbits each of size p’~2.
Now if 1, is a representative of the orbit X of T on Irr(G), we may choose
z=(0,0,...,0,...,0) € X;.
Hence if ox is the supercharacter associated to X, then for y € Y; we have

ox(y) = X tuly) = e(%).

zeX zeX
Now, if x and y are taken from orbits such that -y = 0, then
oY) = x| =pi2
reX p
provided X = X;. Otherwise if z - y # 0 then we obtain
x-y
> e(—) =0.
reX p
In this way, the supercharacter table of G is computed.

CONCLUSION

There are many open problems concerning supercharacter theories of finite
groups. For example, determining finite groups with exactly four supercharacter
theories is still open. Know groups such as the dicyclic groups is still an area of
research to find their supercharacters.
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