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Abstract. An edge subset F' of a connected graph G is a super edge cut if G — F' is
disconnected and every component of G — F' has atleast two vertices. The minimum
cardinality of super edge cut is called super edge connectivity number and it is
denoted by by (G). Every arithmetic graph G = Vj,, n # p1 X p2 has super edge cut.
In this paper, the authors study super edge connectivity number of an arithmetic
graphs G = Vi,n = pi* x p32,a1 > 1l,a2 > 1 and G =V, n = pJ! x p§2 X -++ X
ety > 2,a; > 1,1 <i <.
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1. INTRODUCTION

Theorem 1.1. [5]For an arithmetic graph G=V,, n =p{* x p5> where p; and p-
are distinct primes, ay,as > 1 then € = 4ajas — a1 — ag, where € is the size of the
graph G.

Theorem 1.2. [5]For an arithmetic graph G=V,, n =p{* x p5> where p; and p-
are distinct primes, a1,a2 > 1 then G is a bipartite graph.

Theorem 1.3. [5] Let G =V,, an arithmetic graph n = p{* x p3? X -+ X pr, for
any vertex u = [[lim;ep p;* where B C1,2,3,...7,1 < «a; < a;Vi € B.
(1) If u=p; where j € {1,2,3,...,r}, then
T
d —a; TT 1 D) =1 —a; —1].
eqtu) = |as T tin, s+ 1) = 1] ~Jay ~ 1
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(2) Ifu=p" 1 <a; <a;Vi € B, then deg(u) = [[[lim;_; ;¢p(a; +1)] —
(3) Ifu—HhmZesz JBl > 2,1 <oy <a;, Vi€ B then

deg(u |B\H hm (a; +1).

(4) Ifu =] limsep pi, oy = lforsomez € B’ C B, then deg(u) = |B — B'|+
S limiepra; HhmZ:LZgB(OLz + 1) where B is the number of distinct prime
factors in a chosen vertex w, B’ is the number of prime factors having
power 1 in chosen vertex u.

2. SUPER EDGE CONNECTIVITY NUMBER OF AN ARITHMETIC GRAPH G =V,

In this section, the super edge connectivity number )\/(G) of an arithmetic
graph G =V,,, where n = p{* x p3? -+ X p¢r is determined.

Theorem 2.1. For an arithmetic graph G = V,,n = pi* X p5? where a1 = ag =1
has no super edge cut.

Proof. Consider an arithmetic graph G = V,,, where n is the product of two distinct
primes. The vertex set of V,, contains three vertices namely p, p2, p1 X p2. By the
definition of an arithmetic graph G is a path with 3 vertices. The removal of any
one of the edge results the graph disconnected containing an isolated vertex and
an edge. Hence proved. O

Theorem 2.2. For an arithmetic graph G = V,,,n = p* xp5? where a; > 1,a3 =1
then ' (G) = 2.

Proof. Given arithmetic graph G = V;, has the vertex setV (G) = {p1,p?,...,

pi*, P2, P1 X P2, DT X P2, D3 X P2, ..., P]* Xpa}. By Theorem 1.2, G is a bipartite graph
with partitions A = {p1,p3,...,p{", p2} and B = {p1 X p2, 3 X pa, P X pa, ..., pi* x
p2}. Also, the graph G has a; — 1 pendant vertices say p?,p3, ..., p]" and all these
pendant vertices have a common neighbour p; X ps. The removal of two edge say
p1 X pa p1 and p1 X pa pe, the graph G gets disconnected. Since d(py X p2) = a1 + 1,
the resultant graph has exactly two components G and G where G1 = ki 4,1
and G5 is a connected graph. Hence F = {p; X p2 p1,p1 X p2 p2} is a super edge
cut. Since G is not a tree and it does not have bridges, F' is a minimum cardinality
set. Thus A\ (G) = 2. O

Theorem 2.3. For an arithmetic graph G = V,,n = pi* x p5> where a1 > az > 1
then X' (G) = ay +az — 1.

Proof. By Theorem 1.2, G is a bipartite graph. Since a; > as > 1 we have
d(p?) <d(p3) for 1 <m < a; ,1 <n < as. Choose a vertex of the form p7* ; 1 <
m < ap,from the first partition. Let it be p]* the vertices which are adjacent to
pit are {p1 X p2,p1 X Py ; 1 <n < az}. Since the vertices {p1 x p§ ; 1 <n < as}
have less degree compared to p; X pa, choose any one of the vertex of the form



Super Edge Connectivity Number of an Arithmetic Graph 71

p1 X Py 1 <n<ag, let it be p; x ps?. Now, remove all the edges incident on p{*
and p; X p5? other than the edge pi* p1 X p52. The resultant graph is disconnected
having two components, in which one of the component is an edge p{* p1 X p5? and
the other is a connected graph. Since the degree of these two vertices say p]* and
p1 X p5? is minimum we have |F| = d(p{*) + d(p1 x p5?) — 2. Hence by the proof of
Theorem1.1, A (G) = a3 + ag — 1. O

Theorem 2.4. For an arithmetic graph G = V,,,n = p{* X p3? X -+ X p&r r > 2
and a; > 1,i € {1,2,...,r} . Then A\ (G) =271 +r — 3.

Proof. Consider an arithmetic graph G = V,,,n = p{* X p32 X -+ X pr r > 2
and a; > 1,i € {1,2,...,r} . Following steps are used to find the super edge
connectivity number of an arithmetic graph.

(i) Arrange all als in such a way that a; > as > -+ > a,.

(ii)Choose an edge e = wv such that d(u) + d(v) = min{d(v;) + d(v;)/viv; €
E(G);i# jand for all i,5 € {1,2,...7}}.

(iii) Remove all the edges incident on u and v other than the edge e = uv.(i.e) we
remove d(u) + d(v) — 2 edges. Now, the resultant graph is disconnected and it has
exactly two components one of the component is an edge e = uv and the other one
is a connected graph. Since d(e = wv) is minimum, |d(u) + d(v) — 2| is the super
edge connectivity number.

case(i) If a; = 1 for all i then choose the edge e = uv where u can be any one of
pi;i € {1,2,...,r}, let it be p; and v = p; X pa X - - X p,.. Since the removal of the
edges incident on u and v other than the edge uwv results the graph disconnected.
Also, d(u) + d(v) is minimum, X' (G) = |F| = d(p1) + d(p1 X pa X --- X p,) — 2.
By Theorem1.3, we have A (G) = 2"~! 4+ 7 — 3.

case(ii) If a; > 1 for exactly one 4, then choose the edge e = uv where u = pj*
and v = py X pa X - -- X pr. Now similar as previous case we have \ (G) =d(py') +
d(p1 X p2 X -+ X pp) — 2.

By Theorem1.3, we have A (G) = [[] lim;_; jop(ai+1)]-1+r—2=2"""4r-3. O

Example 2.5. Consider an arithmetic graph G = V510,210 =2 x 3 x 5 X 7 here
the super edge cut F ={22x3,22x5,22x7,22x3%x522x3x7,22x5Xx
7,2x3X5XT3,2x3x5X752x3x5x77}. Hence N (G) = 9.By Theoreom?2.4,
N(G)=22+4-3=9

Theorem 2.6. For an arithmetic graph G = V,,,n = p{* X p3? X -+ X pir r > 2
and a; > 1, for at least two a;, i € {1,2,...,r} . Then \'(G) = [[lim!"y(a; +
n2r="+ay +r —4.

Proof. case(i) If a; > 1 for exactly two ¢, without loss of generality let a; > ag > 1,
then choose the edge e = uv where u = p{* and v = p; X p§* X p3 -+ X p, . Similar
as above we have X' (G) = d(p*) + d(p1 X p32 X p3 X --- X p,) — 2. By Theorem1.3,
we have )\,(G) =11 lim2:1,i¢3(ai + 1] —-14+[1]+ (a1 +7r—2)] -2
=(ag+1)2" 2 +a; +7r—4.

case(ii) If a; > a2 > ...a,, > 1, then choose the edge e = uv where u = pj* and
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FIGURE 1. Arithmetic Graph G = Va1

V= p1 X Ppy? X p5® X ... pE™ X Pryy1 - X pp. Similar as above we have N(G) =
d(p?) +d(p1 x pg? X p3® X ... p%m X Py -+ X pp) — 2. By Theorem 1.3, we have
)\/(G) = [Hlimf:L%B(ai +1)]-14m—-14a+r—m]—2=[(az+ 1)(as +
D...(am+1)2""""+a; +7r—4.

case(iii) If a; > 1 for all 4, then choose the edge e = uv where u = p* and
v =p1 X P2 X pP x -+ x ptr. Similar as above we have A (G) = d(p$*) + d(p1 x
P5* X pg® X e X pir) =2

we have X' (GQ) = ([[hm;_y j¢pa; + )] =1+ [r —1+a] —2 = (a2 + 1)(az +
...(ar-+1)+a +r—4. O

3. SUPER A OPTIMALITY OF AN ARITHMETIC GRAPH G = Va

Let G = (V, E) be a graph for e = uv € E(G), let {g(e) = dg(u) +da(v) —2
and {G) = min{éa(e) : e € E(G)}. The parameter {(G) is called minimum edge
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degree of G. If \'(G) = £(@) then G is called optimal; otherwise G is non-optimal.
For two disjoint non empty subsets X and Y of V, let (X,Y) ={e =uv € E;u €
XweY}hIfY =X =V —X then we write 9(X) for (X, X) and d(X) for |9(X)].
A super edge cut F of G is called N-cut if |F| = M (G). It is clear that for any
M-cut F that G — F has two connected components.

Let X be a proper subset of V. If 9(X) is a A'-cut of G, then X is called
a fragment of G. It is clear that if X is a fragment of G, then so is X. Let
. . . v
r(G)=min{| X|; X is a fragment of G}. Obviously 2 < r(G) < % A fragment X
is called an atom if | X| = r(G).

Theorem 3.1. For an arithmetic graph G = V,,n = p{* X ps* where aj,az > 1
1 ifag=ay=1

then the minimum edge degree £(G) = < ay if ap > 1,a5=1
a14+as—1 ifa; >ax>1

Proof. The proof is obivious from the proof of Theorem 2.3. (]

Theorem 3.2. For an arithmetic graph G = Vy,n = p{* X p52 X -+ X plr,r > 2
where a; > 1 fori € {1,2,...,m,...,r} then the minimum edge degree
(i)¢(G)=2""14+r—3ifar >1and aj =1 for j €{2,3,...,r}.

(11)6(G) = [[[lim;2o(a; + )27+ (m — 1) + a1 + (r —m) — 3 if a; > 1 for more
than m t's, m > 2,4 € {1,2,...,r}

Proof. The proof follows from Theorem 2.4 and 2.6. (]

Theorem 3.3. For every arithmetic graph other than G = Vy,,n = pi* X pa, a1 > 2
are optimal and the atom r(G) = 2.

Proof. Let G =V, be an arithmetic graph,

Case (i)If n = p{* X pa,a; > 2 then by Theorem 2.2 we have the super edge
connectivity number \’ (G) = 2. By Theorem 3.1, the minimum edge degree £(G) =
a1. Clearly X' (@) # (@), hence it is non optimal.

Case (ii)Consider G = V,, where n # pi* X p2,a; > 2, then by using the theorems
in section 2 and by Theorem 3.1 it is clear that A (G) = &(G). Hence G =V,
is optimal. Also since G — F' contains exactly two component such as ko and a

connected component containing more than 2 vertices. Clearly, by the definition of
fragment X = K5 and the atom of G is r(G) = | X| = 2. O

Conclusion
From the above theorems, it is identified that all arithmetic graph other
than G = V,,n = p; X py has super edge cut. In addition to that, for every
arithmetic graphs G = V,,,n # pi* X pa,a; > 2 are optimal and the atom r(G) is
2.
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