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Abstract. In this paper, we consider a singular boundary value problem with
the non-autonomous kind of Duffing equation. With the help of the Krein Rutman
Theorem and by using fixed point arguments, we derive existence and uniqueness re-
sults of homoclinic solution. Finally, examples are given to illustrate our theoretical

results.
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1. INTRODUCTION

This paper deals with the existence and uniqueness results of homoclinic
solutions for the following singular boundary value problem with Duffing equation

{ —u’ (t) +cu' (t) +u(t) (A —q(t).u™ () =o(t) f(t,u)), t eR, (1)
u(—00) = u(+00) = 0,

where A\, ¢, > 0,m > —1 and for ¢ > 0, the function x — f (¢, ) is not defined at 0.

The existence of homoclinic solutions for Duffing equations attracted the
attention of researchers from all over the world and as such have been exten-
sively investigated in the literature, see (2], [3], [5], [6], [7], [8], [9], [11], [13],
[14], [15] and [17], and references therein. It can be considered as solutions hav-
ing a finite limit to £oo. The Duffing equation (or Duffing oscillator), named
after Georg Duffing (1861-1944), is a non-linear second-order differential equation
used to model certain damped and driven oscillators. The equation is given by
T+ 8% + ax + B3 = 7 cos (wt) where the (unknown) function z(t) is the displace-
ment at time ¢, the first derivative x is the velocity, and the second time = derivative
is acceleration.
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Existence and uniqueness of homoclinic solution 53

The Duffing system presents in the frequency response the jump resonance phenom-
enon that is a sort of frequency hysteresis behaviour, where § controls the amount
of damping, « controls the linear stiffness, 8 controls the amount of non-linearity
in the restoring force, 7y is the amplitude of the periodic driving force and w is the
angular frequency of the periodic driving force.

In [11], Duffing’s equations with variable coefficients was studied in continuous
and discrete cases and in the presence of both harmonic and nonharmonic external
perturbations. In [17], the existence results for Duffing equations was established
with a p-Laplacian operator.

Motivated by the above works, in this paper we study existence and unique-
ness results of positive homoclinic solution for Duffing type problem with variable
coefficient (1) posed in the real line.

Throughout the article, we assume that f : Rx (0, +00) — RT is a continuous
function, ¢,q : R — R™T are the measurable functions, where ¢ does not vanish
identically on any subinterval of R such that

/ q(s)em®lds < oo, / max (e ", e ") ¢ (t) dt < o0, (2)
R R
and for all r, R > 0 with » < R, there exists a positive function g, r : R — R with
[o®on®it <o,
R

such that

7 (teMz) < g.n (@) for (t) € R x [y ()7 R 3)
where

~(t) = min(e”!, 172t
and r; and 7o are solutions of caracteristic function —X?2 + ¢X + A = 0 with
ry <0 <rg.

The rest of the paper is organized as follows. in Section 2, some preliminary
materials to be used later are stated. In Section 3, we present and prove our
main results consisting of existence and uniqueness results, where the singularity
0 is apparent in the first existence theorem and non-apparent in others. Finally,
examples are given to illustrate our theoretical results.

2. PRELIMINARIES

For sake of completeness let us recall some basic facts needed in this paper.
Let E be a real Banach space equipped with its norme noted ||.|. A nonempty
closed convex subset P of E is said to be a cone if PN (—P) =0 and (tP) C P
for all £ > 0. It is well known that a cone P induces a partial order in the Banach
space E. We write for all z;y:€ E; x <y ify —xz € P.
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The mapping L : E — FE is said to be positive in P if L(P) C P, and
compact if it is continuous and L (B) is relatively compact in E for all bounded
subset B of E. The real value

r (L) =sup{|A|: A€ Sp(L)}
denotes the spectral radius of a linear and bounded operator L, where Sp(L) is the
spectrum of L, and we have
. nyt
r(L) = lm [IL"]*

The main tool of this work is the following Guo-Krasnoselskii’s version of
expansion and compression of a cone principal in a Banach space [7] .

Theorem 2.1. Let Q1,9 be open bounded subsets of E such that 0 € Q1 C Q; C
Qo If T: PN (Q2\Q1) — P is a compact operator such that either:

(1) |Tul| < ||ul| for w e PNOQy and ||Tul| > ||u|| for u € PN IN,, or
(2) |Tul| > ||u]| for w e PNOQy and ||Tul| < ||ul| for u e PN o,

Then T has a fized point in PN (Q2\Q2).
The following Krein Rutman Theorem has been established in [16]:

Theorem 2.2. Let K be a cone in £ and L : E — E be an linear, positive, and
compact operator. Suppose that for some non-zero element u € K*, the following
relation is satisfied:

MLu > wu, for some M > 0.

Then L has a non-zero eigenvector v € K* :
Lv = Mv,

where the positive eigenvalue \ satisfies the inequality A > M 1.

In what follows, we let E' be a Banach space defined as

E= {u € C(R,R): lim e "Ithy(t) = 0}

[t]—o0
equipped with the norm ||-||, where for v € E [Ju|| = sup,cp (e’”'t' lu(t)]),
K={ueE:u(t)>0forall t € R}
and
P={ue K :u(t)>5(t)|u| foralteR}
be the cone of F, with
7 (t) = min (™", e™").

Lemma 2.3. [4] A non empty subset M of E is relatively compact if the following

conditions hold :

(1) M is bounded in E,
(2) The set {u cemelty(t), x € M} is locally equicontinuous on [0, +00), and
(3) The set {u: e "Itlz(t),z € M} is equiconvergent at oo
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3. MAIN RESULTS

For r > 0, we consider the operator T, : P\B (0,7) — E defined by

+oo
Tru(t) = / G(t,s)F (s,u(s))ds

where G,R x R — R* defined by

1 { exp(ri(t —s)) if s <t,

G(t,s) = e —11 | exp(ra(t—s))ift <s

is the Green’s function associated with the bvp (1) and
F(s,u) = q(s)u™ " + ¢ (s) f (s,u(s)), s €R.

Lemma 3.1. Assume that Hypothesis (2) and (3) hold true and let r > 0. Then
fized points of T, are positive solutions of bup (1).

Proof. Let u € P~ {0} be a fixed point of T}. , with r = ||u||. For all ¢ € R we have

1 0
ult) = (et J! o e F(s,u(s)ds + et [[7 2B (s u(s)ds)
To —T
, riet roe™t o
u'(t) = S e F (s, u(s))ds + . e "*F(s,u(s))ds and
T2 721"1 . To —T1
1
u’(t) = (r)" e joo e " F (s, u(s))ds
o
(ra)”e™

—— [ e F (s, u(s))ds — F(t,u(t)).

Thus, we obtain

—u(t) + eu (1) + Mu(t) = %ﬂ;}l“ It G(t, s)F(s,u(s))ds
—r2 4 cry oS
4T EERER 0 Gl ) (s, u(s))ds + P ult)
— F(t,u(t)).

Moreover, as u (t) € [y (t) 7, r], we have from (3) that F'(¢, u(t)) < q(t)r"+¢ (t) gr,(t) €
L' (R) and so

+o0 +oo
: ot —T2s < : —
tlgrnoo e /t e " F(s,u(s))ds < tl>1+moc t F(s,u(s))ds =0,
and
t ¢
lim e / e "*F(s,u(s))ds < lim F(s,u(s))ds =0,
t——o0 oo t——o0 o
leading to
lim wu(t) =0,
|t|—=+o0
completing the proof of the Lemma. ([

Lemma 3.2. The function G has the following properties:

1: 0 < G(t,s) < —L— forall t,s € R.

T2—T1
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2: Forallt,7,s € R
p(t)G(L 5) > (t) p(T)G(T, s).

where
p(t) = e*TZM’
’Y(t) = min(e%'zt, 6(7-1_7‘2)t)7
~ 7(t) : t t
v(t) = = min (e"", e"?
(1) = T = min (e, )

Proof. Assertions (1) is easy to prove, so we show assertion (2). For ¢,7,s € R;set
Q(t,1,s) = %. We distingish four cases.
a/ 7, t > 0, in this case we have

exp (= (rg —r)t+ (rg —ri) 1) > e 27l if s <7 <t

exp (= (ro =)t + (rg —r1)s) > e (27t if 7 <5 <t
1> e (r2=m)t ifr<t<s

= >
Q(t,5,7) exp(—(rg —r)t+ (ro —r)7) > e (27mt if s <t <7 =7 (1)
exp(—(rg —r1) s+ (ro —ry)7) > e (27t ift <5< 7
1> e (ramrjt ift<7<s
b/ 7,t <0, in this case we have
exp ((ro +71)t — (1o +11) 1) > elr2tr)t ifs<t<t
exp ((ro +71)t — 2ro7 + (rg — 1) 8) > (2t if 7 < s <t
exp (2ry (t — 7)) > e?r2t ifr<t<s
t = > t
@t 7) exp ((ro +71)t — (rg +11) 1) > elr2tr)t ifs<t<rt Z7(#)
exp (— (rg — 1) s+ 2rot — (ro +71)7) > %2t ift<s<7T
exp (2rg (t — 7)) > e?r2t ift<r<s
¢/ 7<0,t>0,in this case we have
exp(—(rg — )t — (ro+ 1) 7) > e (27t ifs<r<t
Q(t,s,7) =1 exp(—(ro —7r1)t—2roT + (ro —71)8) > e (27t ifr <5<t >(t)
exp (—2ry7) > e~ (12 m)t ifr<t<s
d/ 7 >0,t<0, in this case we have
exp ((rg + 1)t + (ro —71) 7) > elr2trut ifs<t<r
Q(t,s,7) =< exp(—(ro —r1)s+2rot+ (1o —11)7) > €2t ift<s<7 >7(t).
exp (2rat) ft<r<s
Consequently, 2H)G(Es) ~(t). O

p(T)G(r,s) =

Lemma 3.3. Let r > 0 and assume that Hypothesis (2) and (3) hold true.
Then the operator T, : P\B (0,7) — P is compact.
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Proof. For R > 0,let Q,. g = PNB (0, R) \B (0,7) be a bounded subset of P\B (0,7).
1. We show that the set M, p =T, (% r) is a subset of. E. Let 1, g be a function
deined by

Vg () = q(t).e"2 R™Y 1 ¢ (1) g, r(t) € L (R).

We see from continuity of the Green function G that M, r C C (R,R). Moreover
foru € Q, p and t € R

we have
ry(8) < plH)u(t) < R.
Then
L)) = [ Gts)Fsul)s
R
1
< p— /anR(s)ds < oo

leading to

lim e~ "2t T, (u) (t)| = 0.

|t] =00

2. We show that M, g is relatively compact.
In first, we show that the set M, r is bounded. Let u € €, r and g, r the function
given in (3).
We have

e " T (u) (1))

IN

uumenséaw$mﬁ@@

1
To —T1

IN

/ Yr r(s)ds < o0
R

proving the boundeness of M, r.
Let t1,t5 € [1,{] C R, for all u € Q we have

Ip(t2)Tru (t2) — p(t1)Tru (t1)] < [p1(t2) — p1(t)] f_coo e~ "%y p(s)ds
+[pa(ts) = p2(t1)] [, ey R (s)ds
+C ¢ fttlz ¥y r(s)ds

where for i = 1,2, p;(t) = e 275t and C,, = 28up; sepy.c P(HG(E, 5).

Because that py,ps and t — fot ¥y r(S)ds are uniformly continuous on com-
pact intervals, the above estimates prove that M, r is equicontinuous on compact
intervals.

Finally, let u € Q, . For t € R

wﬂnwwm(l Awmwﬁww

ro —7T1



58 BENKACI-ALI

with

1
lim e "2 ( /%,R (s) ds) =0,
|t] =00 o —7T1 JR

so, the equiconvergence of M, r holds. By Lemma (2.3), we deduce that M, g is
relatively compact.

3. We show that T;. is continuous in €2, g.

Let (uy), be a sequence in ), g such that

lim u,, =u € Q.

e 2T (uy,) (8) — Tr(u) (8)] < - i o /R |F(s,un(s)) — F(s,u(s))|ds,
then
1T (un) — Tr(u)]] < - iﬁ /R|F(s, un(8)) — F(s,u(s))|ds.

By continuity of F' in R™\ {0} we have
nl;rxgo |F(s,un(s)) — F(s,u(s))| =0 a.e. in R.
Moreover, we have
[F' (s, un(s)) — F(s, u(s))] E(s,un(s)) + F(s, u(s))
2,5 (s) € L' (R)
then the Lebesgue dominated convergence theorem garantees that

i |7, (u) = To ()] = 0

<
<

which shows the continuity of 7,..
4. Finally, we prove that T, (PN B (0, R)\B (0,r)) C P.
Set v =T,u, u € Q, g, and let ¢t € R. Assertion 2 of Lemma (3.2) gives
7 (£) _ =~
v(t) > B0k (1) G(7,8)F(s,u(s))ds =75 (t) p (1) v (7)
this is for all 7 € R, then

v(t) =7 (&) [l

proving our claim. O

For 6 > 0, set
. t. er2ltl - t. erzltl

0= Tim (supf( e z) , f° = Tim (supf( )
z—0t \ teRr x 400 \ teR x

t er2lt] ¢ el
fo(6) = nm( inf f<>) fo(®) = lim ( in f<>>

z—0+ \t€[—0,0] z z——+oo \t€[—0,0] T
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In the main results, we use the following notations

A(0) = (SUP {e*rzlt\ fj; G(t,8)p(s)v(s) ds})l

teR 1 (4)
W= (sup {e’”'t' fR G(t,s) [q(s)e’”?‘sl + ¢ (s)] ds})
teR
3.1. Existence results.
Theorem 3.4. Assume that Hypothesis (2) and (3) hold true.
If m > 1 and there exist 0 > 0 such that
<1< A7 (6) fuc (6) (5)

then bup (1) admits at least one positive solution.

Proof. Let 6,¢ > 0 such that (fo () —€) > A (6). There exists Ry > 0 such that
for all (¢t,z) € [—6,0] x [Ro, +o0[

Flt, ey > (foo (0) — )z > A () .
Let R = o with § = min {v(t),t € [-6,0]} . Let u € 9B (0, R) N P and let v be a
function defined in R by
v (t) = / G(t,s)F (s, u(s))ds.
R

For all ¢t € [0, 0]
e‘”mu(t) > Ry,
and so for t € R

e 2 e [ Gt )6 0) S u(e))ds

=

> e [ 90 (90 @) s

%

’ +6
[l A @) e [ Gt 0 ()¢ (5) ds.
-0
then
ol = sup {e=1 [Tut) } = lull A (0) A~ (8) = ull.
teR

Now, suppose that p=!f% < 1 and let € > 0 be such that f° + ¢ < p, then there
exists r > 0 such that for all (¢,z) € R x (0, r]

f(t, e’"z‘tlx) < (fo + e) x and 2™t < (fO + e) T
Let u € 9B (0,7) N P and let w be a function defined in R by

w(t):/RG(t,s)F(&u(s))ds.
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. ForteR

F(tu()) = f(t,emMa(t))
with

0 < z(t) = e "2tu(t) <.
Then

eltluy(1) =:eﬂﬂiéeuﬁ>w@wﬂ*%g+¢@xﬂaw@ﬂw

IN

e r2lt] /RG(t’ s) (fO + 6) [q(S)U(S) +é(s) €_T2‘3|u(8)} ds

IN

Jull (72 + )™ [ 60, [ato)er! + 6(5)] s
R
leading to
—a —ra|t| 0 —1
ol = sup {e="Tu(t) | < fJull (£ +¢) ™" < Jul.

Thus, for all u € 9B (0,R)N P

[Trull > [ful|
and for all w € 9B (0,7) N P

[ Trul] < fluf-
We deduce from assertion 1 of Theorem (2.1), that T, admits a fixed point u € P
with 7 < ||lu|]| < R which is a positive solution of bvp (1). O

Now we consider the following condition
there exists § > 0 such that (6)
plfe <1< A7) fo(0) < o0

Theorem 3.5. Assume that Hypothesis (2), (3) and (6) hold true.
If =1 <m <0, then bup (1) admits at least one positive solution
Proof. Suppose that A=1 () fo (6) > 1 for some 6 > 0. We show that there exist
m > A (0) and r' > 0 such that

f(t,emte) > m.a for all (¢, ) € [—0,6] x (0,7].

We distinguish two cases.
Case 1. If fy(0) < oo, then there exists € > 0 such that

fo(6) —e>A(0)
and so, there exists ' > 0 such that
f(t, ey > m.a for all (¢, ) € [—0,0] x (0,r]
where
m=fo(0) —e.
Case 2. If fy(0) = oo, then for every ey > A (), there exists 7' > 0 such that

f(t,emte) > eq.x for all (¢, z) € [—6,6] x (0,7'].
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Now, let w € 9B (0,7') N P and let v be a function defined in R by

v(t) = /]RG(t,s)F(s,u(s))ds.

Forte R
ety > el / G(t,5) (s) F(s,u(s))ds
R
0
> el G(t,s)¢ (s) m.e "2 I5lu(s)ds
> Jlufme / G(t, 5)6 (3) 2115 (s) ds
)
0
> uf w2l / G(t,5) ()7 (s) ds.
—0
then

Joll = sup {e=" " o(t)| } = Jlull (fo (6) = ) A7 (6) = [Jul].
teR
Now, suppose that p=1f> < 1 and let ¢; > 0 be such that
foo +e1 < .
Then there exists R; > 0 such that for all (¢,z) € R x [Ry, 4+00),

ftemltla) < (f° +e)zand 2™ < (f° 46z
and by the condition (3), there exists a positive constant ¢; > 0 such that
f(t,emta) < (f° +e)x+ ¢ forall (t,2) € R x [y (t) Ry, +00)
where

c1 =sup{gr, g (t), t € R}.
We show that there exists R’ > R = max { Ry, 7’} such that for allu € 9B (0, R")NP

In the contrary, assume that for all n > [R] + 1, there exist u,, € 9B (0,n) N P and
t, € R such that

< ull-

/RG(t,s)F(s,u(s))ds

]| < e~ 2ltn / Gty 5)F (5, 1un (5))ds.
R

As e "2y, (1) > e 21T () . |Jun || > v (t) Ry, for t € R, then

Ftun (1) < (f° +e)e Bl (t) +¢; forall t € R
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and so

luall < 6”””/GQMQF@WA@MS
R

< el / Gltays) (£ +€1) [0() €7y () + als)un (5)] ds

e~ T2ltnl /G ny 8)0 (s) c1ds

U ® 4 eq)sup{ e "2l s s
(7 +1)%£{ [

IN

ra|s| d —ralty] G - d ,
+e q(s)} s}+e /R (tn,s)o (s) crds

leading to the following contradiction

—r2|t|
1< limp  (f° +e)+ —— /G n,8)p (8)crds = (f° +e) ™t < 1.

n—00 |l ||

Thus, for all w € 9B (0,R')N P

T ull < [lul
and for all w € 9B (0,")N P

[Tl > [Jull -
We deduce from assertion 2 of Theorem (2.1) that T, admits a fixed point u € P
with 7/ < ||u|| < R’ which is a positive solution of bvp (1). O

3.2. Uniqueness results. By Lemma (3.3), for each 6, ¢ > 0 the linear mappings
L, Ly : E — E defined as

6
= [0 G(t,s)p (s) e "2*lu(s)ds

and
“+oo

Lou(t) = G(t, s) [¢ (s) + c_le”ls‘q(s)] e "2lsly(s)ds

— 00

are compact and
Le (K\{0}) € P\{0}. (7)

Lemma 3.6. For all ¢ > 0, L. admits an eigenpair (\,v) such that X > 0 and
v € P\{0}.

Proof. Let ¢ > 0 and u =7 € P\ {0}. For some 6 > 0, we have

0
Leu(t) = 5(8) ([ Leull = 7(2) [Jull sup {e—ml /_9 G(t,5)9 (S)W(S)dS} :

7l =1,
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then,

A(0).Lou > u.
Then we deduce from Theorem (2.2) that

A> A1) >0,
where

L.ov = Xv, veP\{0}.

(]
Remark 3.7. It follows from the above lemma that r(L.) > 0, for all ¢ > 0.
Theorem 3.8. Assume that Hypothesis (2) and (3) hold true.
If m =0 and there exist 7,0 > 0 and ¢ > 0 with
< 1
c )
7 (Le)
such that for all (t,z) € [—0,0] x [y (t) r,+00)
f(tele) > X (0) 2, (8)
and for all (t,x,y) € R x [y (t)r, +00)?
‘f (tertlz) - s <t76T2‘t'y)( <clz—yl. 9)

Then bup (1) has a unique positive solution in P\B (0,r) .

Proof. The case ¢ = 0 is obvious, so we suppose that ¢ > 0 :
Uniqueness. If uy, us € P\B(0,r) are two solutions of (1) with u; # us,
then uy, us are fixed points of T, .
For all t € R, i € {1,2}
e 2l (8) >~ ()

and so
+oo
=l = [T~ Topuel < [ 69 a(o) s - s
¢ (s) |f (s,u1) — f (s,u2)|] ds
+oo

< e G(t,s) [Q(S)fle”"s‘ + ¢(S)} e "1 Juy — us| ds < e.Le (Jur — ua))
where N

L. (u)(t) = G(t, s) {q(s)c_le”ls‘ +¢ (s)} e 215y (s) ds.

By using the condition (9) we obtain
|lug —us| < cL. (Jur — ual) .

Then
Le|ug —ug| < ch |lup — usl .
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Set w = L |ug — ug|. As Ju; — ug| € K\ {0}, then by (7) this leads to w € P\ {0}.
Then we have
w < cLow, wGP\{O},
and by Theorem (2.2) we deduce that L. admits a positive eigenvalue A1 such that
)\1 Z Cil
this leads the contradiction
r(Le) > M >c > r(Ly).

The uniqueness is proved.
Existence. Let v € PN 0B (0,7) and consider the sequence (u,),, defined
by
{ Up4+1 = Truy,
Uug = .
First, we show that (u,), C P\B(0,r).
Let u € P\B(0,7). Since e "2!"ly > ~ () r for all t € R, the condition (8) leads

F(t,u) > N(0) e 2y,

Therefore
T,u > X\(0) L? (e‘rzlslu>

where

+6

L’ (efmslu) (t) = G(t, )¢ (s) e "1l (s) ds
-0
+0
=l , G(t,5)¢ (s) (s) ds.

Then

[Trull = Jlull = 7.
Then T, (P\B (0,7)) C P\B (0,7), which means that (u,), C P\B(0,7).
Now, by (9) we have for all n > 1

+o0
[tni1 — un| = |Trtn — Trup—1| < G(t,s)|F (s,un) — F (s,up—1)|ds
—00
< CLC |un - Unfl‘ .
Then, for all n > 0
|1 — un| < LT |ug — ugl .
Therefore, for m >n > 1,

|um - un| < |um - um—l| + |U/m—1 - um—2| + ...+ |un+1 - un|
< ML ug — gl + ¢ TELT T uy — | A o LT Jug — g

then

IA

em1 HLT‘le 42 ||L2”_2w” + o+ LRw]|
== Sm—l - Sn—h

[tm — tn]
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where
n=+oo

Sp = Z " |Liw|, with w = |u1 — o] -
n=0
Since ¢ < (r(L))~", we have that
lim /¢ || Lrw| < ¢ lim /|| L2 = cr(L:) <1,
n—oo n—00

then (S5,),, converges and

lim ||ty — up]| = lim Sy — Sp—1 =0.
n—oo n—oo

Therefore, the sequence (u,,),, is also a cauchy sequence and the completeness of £
leads to lim,_ o u, = u € P, with

|l > > 0.
At the end, passing to the limit in w,41; = T,u,, and by continuity of T, in
P\B(0,r), we obtain v = T,u, and u is the unique fixed point of T, which is

the unique positive homoclinic solution of bvp (1) in P\B (0, ).
|

Theorem 3.9. Assume that Hypothesis (2), (3) and (6) hold true.
If =1 < m < 0 and there exist r > 0 and a positive function h : R — R™ such that

sup (e‘”lt /_;OO G(t, s) [(m +1)q(s).e® (v (s).r)™ + h(s).¢ (s)} ds) <1

>0
(10)
and such that for all (t,z,y) € R x [y (t) r, +00)?

‘f (t,e”lt‘.x) - f (t,e”lt‘.yﬂ <h(t).|lz—1y.

Then bup (1) has a unique positive solution in P\B (0,r).

Proof. The case ¢ = 0 is obvious, so we suppose that ¢ > 0:
Existence. By using theorem (3.5), we deduce from Hypothesis (2), (3) and
(6) the existence of solution.
Uniqueness. If uy, ug € P\B(0,r) are two solutions of (1) with u; # s,
then uy, us are fixed points of T, .
For all t € R, i € {1,2}
e 28l (1) >~ ()

and so
sl = [Togun— Togual < [ Glts) [as) [u* — g
0917 (5,1) — F (s, 2) | ds
< u—wal [ Gles) [m+ 1) g€ (o (5) "+ hs) .0 (5)] ds

— 00
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this leads the following contradiction

+oo
Jur —usll < sup ('/w G(t,s) |(m+1)q(s).”"! (3 () .r)"
1 (s).6 ()] ds) |1 — s
< Jur —uof

ending the proof of our claim. O

Example 3.10. We consider the following bup

—u () +u () +u(t)(2—q@)um () =0¢@) ftult), t€R, (11)
u(—00) = u(+00) = 0,

where

gty =M =09(@).
We have ry = =1 <0 <71y =2, v (t) = min {e*, e} and 5 (t) = min {e~,e*} .
Moreover, we have

e =et t<0

Let f : RT x (0,+00) — R be a function defined by

e 20t~ (t) .2
arctan (%)

For (t,z) e R x [y (¢).r,R],r < R, we have

7 (teta) = () "y o) (ezux)a) <o) =—

t —3t _ —2t
max {e!, e} ¢ () = { €. iy >0 iRy 2 sl ol e L1 (R).

a>0.

) -

f (t,.f(:) =

arctan (egl(;\)z arctan (r)
and (R)a
¢ (t) .grr (t) = msﬁ (t)v (t) € L' (R)
since

_ e % t>0
e StI.W(t){ Tt o0 € L' (R).

So, the hypothesis (2) and (3) are satisfied.

f (t,e2't'x) =7 (1)

Moreover, for all x >0, § >0

(03

sup {f (t,e2|t|x)} =f(0,z) = _ Y nd inf {f (t,eQ”‘x)} _ 40 x

>0 arctan (z) [t]<6 arctan (z.e%?)’

«

We deduce from theorems (3.4) and (5.5), that if one of the following conditions
holds
1. m>1and o> 2 (f is super-linear), or
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2. —1<m<0and o <2 (f is sub-linear),
then bup (11) admits at least one positive solution.

Example 3.11. We consider the following bup

—u” (t) +u (8) +u(t) (2= q () uw™ (1) = & (1) f(t,u(t)), t R, (12)
u(—00) = u(+o00) =0,

where —i <m <0 and
q(t)=e I =gp(t)

are the functions given in example (3.10). Let f : RT X (0, +00) — R* be a function
defined by

3
ft,z) =e 21 4 (4) 22, - <a< 0.

Then conditions (2), (3) and (6) are verified.
For (t,x,y) € R x [y(t).r,+0)2, r > 1, we have

| (te22) = £ (8,62 y) | =7 (1) ] =y < B (D)o~ ]
where
h(t)=laly (). (v (&))" =lal. (v ()" ()"
We have
h(t).6(t) € L' (R) and g(t).c| (7 ()™ € L' (R)

because o > —% and m > —i. Set

+oo
A(t) = eI /_ G(t,s) {(m + 1) q(s).e"* (v (s).7)™ + h(s).¢ (s)} ds, t > 0.

We have
400
A (t) < é[ [(m + 1) q(s).erﬂs\ (7 (8) .T)m 1h (S) p (8)} ds
rm —+00
< g/_ {(m+ 1) q(s)-e™* (v (s)™ + (o] . (v (£))%) .¢(5)] ds.
Then for

1 [m| e rols| m «@
o maxd g [ e g () + ol (r(0)) 0 (5)] ds

the condition (10) of theorem (8.9) holds, so, bup (12) has a unique positive solution
in P\B(0,r). O
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