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Abstract. A non-empty subset S together with an associative function f from S×

S×S into the family of all non-empty subsets of S is called a ternary semihypergroup.

In this paper, we consider a semihypergroup (S, f) besides a binary relation ≤, where

≤ is a partial order relation on S such that satisfies the monotone condition. This

structure is called an ordered ternary semihypergroup. We introduce and investigate

the notions of bi-hyperideal and quasi-hyperideal in ordered ternary semihyperroups.

In particular, we prove that an ordered ternary semihypergroup is left and right

simple if and only if it does not contain proper bi-hyperideals.
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1. INTRODUCTION

The idea of investigations of n-ary algebras, i.e., sets with one n-ary operation,
seems to be going back to Kasner’s lecture, but the first paper about the subject was
written by Dörnte [9]. The notion of ternary algebraic system was first introduced
by Lehmer [22] in 1932. He investigated certain ternary algebraic systems called
triplexes which turn out to be commutative ternary groups. The notion of ternary
semigroups was introduced by Banach, see [24]. He showed by an example that
a ternary semigroup does not necessarily reduce to an ordinary semigroup. Los
[24] studied some properties of ternary semigroup and proved that every ternary
semigroup can be embedded in a semigroup. These two algebraic structures were
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further studied by different authors. The ideal theory in ternary semigroups was
studied by Sioson [26]. He also introduced the notion of regular ternary semigroups
and characterized them by using the notion of quasi-ideals. Recently, Santiago and
Bala [25] developed the theory of ternary semigroups. Applications of ideals to the
divisibility theory in ternary and n-ary semigroups and rings one can find in [10].

The concept of algebraic hyperstructures was introduced in 1934 by Marty
[17] and has been studied in the following decades and nowadays by many mathe-
maticians. Semihypergroups are studied by many authors, for example, Bonansinga
and Corsini [2], Davvaz [4, 5], De Salvo et al. [8], Freni [11], Hila et al. [14, 15],
Leoreanu [22], and many others. The concept of ordering hypergroups investigated
by Chvalina [3] as a special class of hypergroups and studied by him and many
others. In [12], Heidari and Davvaz studied a semihypergroup (S, ◦) besides a bi-
nary relation ≤, where ≤ is a partial order relation such that satisfies the monotone
condition.

In [7], Davvaz and Vougiouklis introduced the concept of n-ary hypergroups
as a generalization of hypergroups in the sense of Marty. Leoreanu-Fotea and
Davvaz in [23] introduced and studied the notion of a partial n-ary hypergroupoid,
associated with a binary relation. In [1], some representation techniques for chro-
matic n-ary polygroups are presented and it is proved that the direct product of
two n-ary color schemes and the class of n-ary groups by a full conjugation rela-
tion on n-ary polygroups is chromatic. In [18], Mirvakili and Davvaz determined
two families P (H) and Pσ(H) of subsets of an n-ary hypergroup H such that two
geometric spaces (H,P (H)) and (H,Pσ(H)) are strongly transitive. Also, see [19].
Ternary semihypergroups are algebraic structures with one associative hyperopera-
tion. A ternary semihypergroup is a particular case of an n-ary semihypergroup for
n = 3. Ternary semihypergroups are studied by Davvaz and Leoreanu-Fotea in [6].
In [20] Naka and Hila gave some properties of left (right) and lateral hyperideals in
ternary semihypergroups. They introduced the notion of left simple, lateral sim-
ple, left (0-)simple and lateral 0-simple ternary semihypergroups and characterized
the minimality and maximality of left (right) and lateral hyperideals in ternary
semihypergroups. Also, see [13].

Now, in this paper we study properties of several kinds of hyperideals in
ordered ternary semihypergroups. The paper is structured as follows. After an
introduction, in Section 2 we present some basic notions and examples of ordered
ternary semihypergroups. In Section 3, we introduce the notion of bi-hyperideals
of an ordered ternary semihypergroup and we give some results in this respect. In
particular, we prove that an ordered ternary semihypergroup is left and right simple
if and only if it does not contain proper bi-hyperideals. Finally, in the last section,
we define the notion of quasi-hyperideals of an ordered ternary semihypergroup and
study some of their properties.

2. BASIC DEFINITIONS AND EXAMPLES

Let H be a non-empty set. Then H is called a ternary semihypergroup [6]
if there exists a ternary hyperoperation f : H × H × H → P∗(H) written as
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(x1, x2, x3) 7→ f(x1, x2, x3), where P∗(H) is the family of all non-empty subsets of
H, such that f is an associative hyperoperation, i.e.,

f(f(x1, x2, x3), x4, x5) = f(x1, f(x2, x3, x4), x5) = f(x1, x2, f(x3, x4, x5))

for all x1, x2, x3, x4, x5 in H. If A1, A2 and A3 are non-empty subsets of a ternary
semihypergroup (H, f), we write

f(A1, A2, A3) =
⋃

a1∈A1,a2∈A2,a3∈A3

f(a1, a2, a3).

An ordered ternary semihypergroup (H, f,≤) is a ternary semihypergroup
(H, f) together with a partial order ≤ that is compatible with the ternary hyper-
operation, i.e., for any x, y, a1, a2 in H,

x ≤ y ⇒







f(x, a1, a2) ≤ f(y, a1, a2);
f(a1, x, a2) ≤ f(a1, y, a2);
f(a1, a2, x) ≤ f(a1, a2, y).

Here f(x, a1, a2) ≤ f(y, a1, a2) means for any u ∈ f(x, a1, a2) there exists v ∈
f(y, a1, a2) such that u ≤ v. The cases f(a1, x, a2) ≤ f(a1, y, a2) and f(a1, a2, x) ≤
f(a1, a2, y) are defined similarly.

Example 2.1. Let H be a non-empty set and ≤ a partial order relation on H. For
every x, y, z in H, we define

f(x, y, z) = {x, y, z}.

Then (H, f,≤) is an ordered ternary semihypergroup.

Example 2.2. Let (S, ·,≤) is an ordered semigroup. We define a ternary hyper-
operation on S as follows: for every x, y, z in S,

f(x, y, z) = 〈x, y, z〉

where 〈x, y, z〉 is the ideal of S generated by {x, y, z}. Then (S, f,≤) is an ordered
ternary semihypergroup.

Example 2.3. Let H be a non-empty set and ≤ a totally order relation on H. We
define a ternary hyperoperation on H as follows: for every x, y, z in H,

f(x, y, z) = {a ∈ H | x ∨ y ∨ z ≤ a}.

Then (H, f,≤) is an ordered ternary semihypergroup.

Remark 2.4. Note that if for all x, y, z ∈ S, f(x, y, z) is singleton set, then
(S, f,≤) is an ordered ternary semigroup [16]. So, the definition of an ordered
semihypergroup is a generalization of the definition of an ordered ternary semi-
group, too.

Example 2.5. Let S = {i, 0,−i} and consider the ternary operation f on S as the
ordinary ternary multiplication of complex numbers on S. If we define the following
order on S:

≤= {(i, i), (0, 0), (−i,−i), (i, 0), (−i, 0)},

then, (S, f,≤) is an ordered semigroup as well as an ordered semihypergroup.



Study of properties of several kinds of hyperideals 231

A non-empty subset A of an ordered ternary semihypergroup (H, f,≤) is
called a ternary subsemihypergroup if f(A,A,A) ⊆ A.

Definition 2.6. A non-empty subset A of an ordered ternary semihypergroup
(H, f,≤) is called a left (respectively, middle, right) hyperideal if it satisfies the
following conditions:

(i) f(H,H,A) ⊆ A (respectively, f(H,A,H) ⊆ A , f(A,H,H) ⊆ A);
(ii) if x ∈ A and y ∈ H such that y ≤ x, then y ∈ A.

If A is both a left and a right hyperideal of H, then it is called a two-sided hyperideal
of H. If A is a middle and a two-sided hyperideal of H, then it is called a hyperideal
of H.

Example 2.7. Let H = {1, 2, 3}. We define a ternary hyperoperation f and a
partial order as follows:

(1, 1, 1) 7→ 1 (2, 1, 1) 7→ 1 (3, 1, 1) 7→ 1
(1, 1, 2) 7→ {1, 2} (2, 1, 2) 7→ {1, 2} (3, 1, 2) 7→ {1, 2}
(1, 1, 3) 7→ {1, 3} (2, 1, 3) 7→ {1, 3} (3, 1, 3) 7→ {1, 3}
(1, 2, 1) 7→ 1 (2, 2, 1) 7→ 1 (3, 2, 1) 7→ 1
(1, 2, 2) 7→ {1, 2} (2, 2, 2) 7→ 2 (3, 2, 2) 7→ {1, 2}
(1, 2, 3) 7→ {1, 3} (2, 2, 3) 7→ {1, 3} (3, 2, 3) 7→ {1, 3}
(1, 3, 1) 7→ 1 (2, 3, 1) 7→ 1 (3, 3, 1) 7→ 1
(1, 3, 2) 7→ {1, 2} (2, 3, 2) 7→ {1, 2} (3, 3, 2) 7→ {1, 2}
(1, 3, 3) 7→ {1, 3} (2, 3, 3) 7→ {1, 3} (3, 3, 3) 7→ {1, 3}

≤= {(1, 1), (2, 2), (3, 3), (2, 1), (3, 1)}.

Then (H, f,≤) is an ordered ternary semihypergroup with the covering relation and
the figure of H as follows:

<= {(2, 1), (3, 1)}

❜

2

❜

3

�
�
�

❅
❅

❅
❜

1

We have A = {1, 2}, B = {1, 3} and C = {1} are left hyperideals of H.

Let A be a non-empty subset of an ordered ternary semihypergroup (H, f,≤).
Define

(A] = {x ∈ H | x ≤ a for some a ∈ A}.

Note that the condition (ii) in Definition 2.6 is equivalent to A = (A]. If A1, A2

and A3 are non-empty subsets of H, then

(1) A ⊆ (A];
(2) (A1 ∪A2] = (A1] ∪ (A2];
(3) (f((A1], (A2], (A2])] = (f(A1, A2, A3)].
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The following lemma is easy to see:

Lemma 2.8. Let x be an element of an ordered ternary semihypergroup (H, f,≤).

(1) (x ∪ f(H,H, x)] is a left hyperideal of H containing x.
(2) (x ∪ f(x,H,H)] is a right hyperideal of H containing x.
(3) (x∪f(H,x,H)∪f(H, f(H,x,H), H)] is a middle hyperideal of H containing

x.
(4) (x∪f(H,H, x)∪f(x,H,H)∪f(H, f(H,x,H), H)] is a two-sided hyperideal

of H containing x.
(5) (x∪ f(H,H, x)∪ f(x,H,H)∪ f(H,x,H)∪ f(H, f(H,x,H), H)] is a hyper-

ideal of H containing x.

3. Bi-HYPERIDEALS

In this section, we define the notion of bi-hyperideals of an ordered ternary
semihypergroup. We introduce the notions of left and right simple ordered ternary
semihypergroups and we prove that an ordered ternary semihypergroup is left and
right simple if and only if it does not contain proper bi-hyperideals.

Definition 3.1. A ternary subsemihypergroup A of an ordered ternary semihyper-
group (H, f,≤) is called a bi-hyperideal of H if it satisfies the following conditions:

(i) f(f(A,H,A), H,A) ⊆ A;
(ii) if x ∈ A and y ∈ H such that y ≤ x, then y ∈ A.

Example 3.2. Suppose that H = [0, 1], the unit real interval numbers. We define
a ternary hyperoperation f on H as follows:

f(x, y, z) = [0, xyz],

and suppose that ≤ is the ordinary order on [0, 1]. Then, it is easy to see that
(H, f,≤) is an ordered ternary semihypergroup. Now, let A = [0, a] for some a in
A. Then for every x, y, z in A and u, v in H, we have

f(f(x, u, y), v, z) = f([0, xuy], v, z)
=

⋃

t≤xuy

[0, tvz]

= [0, xuyvz].

Since x ≤ a, y ≤ a and z ≤ a we obtain xuyvz ≤ a. Thus [0, xuyvz] ⊆ A.
Therefore, the first condition of the definition is valid. The second condition of the
definition is straighforward. Therefore, A is a bi-hyperideal of H.

Definition 3.3. An ordered ternary semihypergroup (H, f,≤) is said to be left
(respectively, middle, right) simple if it does not contain proper left (respectively,
middle, right) hyperideals.

Lemma 3.4. An ordered ternary semihypergroup (H, f,≤) is left simple if and
only if (f(H,H, x)] = H for all x in H.
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Proof. Assume that (f(H,H, x)] = H for all x in H. Let A be a left hyperideal
of H, and let a ∈ A. Then (f(H,H, a)] = H. If y ∈ H, then y ∈ (f(H,H, a)];
hence y ∈ f(z, w, a) for some z, w in H. Since f(z, w, a) ⊆ A, we have y ∈ A, and
so A = H. The opposite direction follows by (f(H,H, x)] is a left hyperideal of H
for all x in H.

Similarly we have the following lemmas:

Lemma 3.5. An ordered ternary semihypergroup (H, f,≤) is right simple if and
only if (f(x,H,H)] = H for all x in H.

Lemma 3.6. An ordered ternary semihypergroup (H, f,≤) is middle simple if and
only if (f(H,x,H)] = H for all x in H.

Definition 3.7. An ordered ternary semihypergroup (H, f,≤) is said to be regular
if for any a ∈ H, a ∈ (f(a,H, a)].

Lemma 3.8. If an ordered ternary semihypergroup (H, f,≤) is left and right sim-
ple, then it is regular.

Proof. Assume that H is left and right simple. If a ∈ H, then by Lemmas 3.4
and 3.5 we have H = (f(H,H, a)] and H = (f(a,H,H)]. Hence

a ∈ H = (f(a,H,H)] = (f(a,H, f(H,H, a))] = (f(a, f(H,H,H), a)] ⊆
(f(a,H, a)].

Now, we prove the main result of this section:

Theorem 3.9. Let (H, f,≤) be an ordered ternary semihypergroup. Then (H, f,≤)
is left and right simple if and only if it does not contain proper bi-hyperideals.

Proof. Assume that (H, f,≤) is left and right simple. Let A be a bi-hyperideal
of H. We will show that H ⊆ A. Let x ∈ H and y ∈ A. Since H is left simple,
we have H = (y ∪ f(H,H, y)]. Then x ≤ y or x ∈ (f(z, w, y)] for some z, w in
H. If x ≤ y, then x ∈ A. Assume that x ∈ (f(z, w, y)]. Since H is right simple,
we have H = (y ∪ f(y,H,H)]. Since z ∈ H, so z ≤ y or z ∈ (f(y, u, v)] for some
u, v in H. By Lemma 3.8, (H, f,≤) is regular. Then there exists b ∈ H such that
y ∈ (f(y, b, y)].

If z ≤ y, then

(f(y, w, y)] ⊆ (f((f(y, b, y)], w, y)] ⊆ (f((f(A,H,A)], H,A)]

⊆ (f(f(A,H,A), H,A)]

⊆ A;

hence x ∈ A.

If z ∈ f(y, u, v), then

(f((f(y, u, v)], w, y)] ⊆ (f((f(y, u, v)], w, (f(y, b, y)])] ⊆ (f(f(A,H,A), H,A)] ⊆ A;

hence x ∈ A. Thus H ⊆ A.
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Conversely, assume that (H, f,≤) does not contain proper bi-hyperideals. If
A is a left hyperideal of H, then A is a bi-hyperideal of H. By assumption, H = A.
Similarly, if A is a right hyperideal of H, then A is a bi-hyperideal of H, so H = A.

4. QUASI-HYPERIDEALS

In this section we define the notion of quasi-hyperideals of an ordered ternary
semihypergroup and we study some of their properties.

Definition 4.1. A non-empty subset Q of an ordered ternary semihypergroup
(H, f,≤) is called a quasi-hyperideal of H if it satisfies the following conditions:

(i) f(H,H,Q) ∩ f(H,Q,H) ∩ f(Q,H,H) ⊆ Q;
(ii) f(H,H,Q) ∩ f(H, f(H,Q,H), H) ∩ f(Q,H,H) ⊆ Q;
(iii) if x ∈ Q and y ∈ H such that y ≤ x, then y ∈ Q.

Example 4.2. All left hyperideals A,B and C defined in Example 2.7 are quasi-
hyperideals.

Note that every quasi-hyperideal is a ternary subsemihypergroup.

Theorem 4.3. Let Q be a quasi-hyperideal of an ordered ternary semihypergroup
(H, f,≤). If T is a ternary subsemihypergroup of H, then Q∩ T = ∅ or Q∩ T is a
quasi-hyperideal of T .

Proof. Let Q1 = Q ∩ T . Assume that Q1 6= ∅. Since Q1 ⊆ Q, it follows that

f(T, T,Q1)∩f(T,Q1, T )∩f(Q1, T, T ) ⊆ f(H,H,Q)∩f(H,Q,H)∩f(Q,H,H) ⊆ Q.

Since Q1 ⊆ T and T is a ternary subsemihypergroup of H, we have

f(T, T,Q1) ∩ f(T,Q1, T ) ∩ f(Q1, T, T ) ⊆ T .

Then

f(T, T,Q1) ∩ f(T,Q1, T ) ∩ f(Q1, T, T ) ⊆ Q1.

If x ∈ Q1 and y ∈ T such that y ≤ x, then since x ∈ Q we have y ∈ Q; hence
y ∈ Q1. Therefore, Q1 is a quasi-hyperideal of T .

Theorem 4.4. Let {Qi | i ∈ I} be an indexed family of quasi-hyperideals of an or-
dered ternary semihypergroup (H, f,≤). If

⋂

i∈I Qi 6= ∅, then it is a quasi-hyperideal
of H.

Proof. Let Q =
⋂

i∈I Qi. Since, for each i ∈ I,

f(H,H,Q) ∩ f(H,Q,H) ∩ f(Q,H,H) ⊆
f(H,H,Qi) ∩ f(H,Qi, H) ∩ f(Qi, H,H) ⊆ Qi,

we have

f(H,H,Q) ∩ f(H,Q,H) ∩ f(Q,H,H) ⊆ Q.

Similarly, we have

f(H,H,Q) ∩ f(H, f(H,Q,H), H) ∩ f(Q,H,H) ⊆ Q.
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If x ∈ Q and y ∈ H such that y ≤ x, then for each i ∈ I we have y ∈ Qi;
hence y ∈ Q. Therefore, Q is a quasi-hyperideal of H.

Let A be a non-empty subset of an ordered ternary semihypergroup (H, f,≤).
Then the intersection of all quasi-hyperideals of H containing A, denoted by (A)q,
is a quasi-hyperideal of H containing A. This is called the quasi-hyperideal of H
generated by A.

Theorem 4.5. The intersection of a left, a middle and a right hyperideals of an
ordered ternary semihypergroup (H, f,≤) is a quasi-hyperideal of H.

Proof. Let L, M and R be a left hyperideal, a middle hyperideal and a right
hyperideal of H, respectively. Let Q = L ∩M ∩ R. We choose l ∈ L, m ∈ M and
r ∈ R. Since f(l,m, r) ⊆ L ∩M ∩R, so Q 6= ∅. Since

f(H,H,Q) ⊆ L, f(H,Q,H) ⊆ M and f(Q,H,H) ⊆ R,

it follows that

f(H,H,Q) ∩ f(H,Q,H) ∩ f(Q,H,H) ⊆ L ∩M ∩R = Q.

Similarly,

f(H,H,Q) ∩ f(H, f(H,Q,H), H) ∩ f(Q,H,H) ⊆ Q.

If x ∈ Q and y ∈ H such that y ≤ x, then by x ∈ L∩M ∩R we have y ∈ L∩M ∩R.
Hence Q is a quasi-hyperideal of H.

Theorem 4.6. If Q is a quasi-hyperideal of an ordered ternary semihypergroup
(H, f,≤), then there exist a left hyperideal L, a middle hyperideal M and a right
hyperideal R of H such that Q = L ∩M ∩R.

Proof. Assume that Q is a quasi-hyperideal of H. Let

L = (Q ∪ f(Q,H,H)]

R = (Q ∪ f(H,H,Q)]

M = (Q ∪ f(H,Q,H) ∪ f(H, f(H,Q,H), H)].

We have L 6= ∅. Let x ∈ f(L,H,H), then x ∈ f(l, h, h′) for some l in L and h, h′

in H. Let l ≤ p for some p in Q ∪ f(Q,H,H). Then f(l, h, h′) ≤ f(p, h, h′). There
are two cases to consider:

Case 1: p ∈ Q. By

f(p, h, h′) ⊆ f(Q,H,H) ⊆ Q ∪ f(Q,H,H),

it follows x ∈ L.

Case 2: p ∈ f(Q,H,H). Let p ∈ f(q, h1, h2) for some q in Q and h1, h2 in H.
Since

f(p, h, h′) ⊆ f(f(q, h1, h2)h, h
′) ⊆ f(q, f(h1, h2, h), h

′) ⊆ f(Q,H,H) ⊆
Q ∪ f(Q,H,H),

we have x ∈ L. Then f(L,H,H) ⊆ L. Let x ∈ L and y ∈ H be such that y ≤ x.
Then x ≤ z for some z in Q ∪ f(Q,H,H). Since y ≤ z, y ∈ L. Hence L is a left
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hyperideal of H. Similarly, R is a right hyperideal of H. To show that M is a
middle hyperideal of H, let x ∈ f(H,M,H]. Then x ∈ f(h3,m, h4) for some m in
M and h3, hs in H. Let m ≤ n for some n in Q∪f(H,Q,H)∪f(H, f(H,Q,H), H).
Then f(h3,m, h4) ⊆ f(h3, n, h4). There are three cases to consider:

Case 1: n ∈ Q. Since f(h3, n, h4) ⊆ f(H,Q,H), so x ∈ M .

Case 2: n ∈ f(H,Q,H). Since f(h3, n, h4) ⊆ f(H, f(H,Q,H), H), so x ∈ M .

Case 3: n ∈ f(H, f(H,Q,H), H). Since f(h3, n, h4) ⊆ f(H,Q,H), so x ∈ M .
Therefore, f(H,M,H) ⊆ M .

Let x ∈ M and y ∈ H be such that y ≤ x. Then x ≤ z for some z ∈
Q ∪ f(H,M,H) ∪ f(H, f(H,Q,H), H). Thus y ∈ M .

We will show that Q = L ∩M ∩R. It is clear that Q ⊆ L ∩M ∩R. Since Q

is a quasi-hyperideal of H, we have that

L ∩M ∩R

= (Q ∪ f(Q,H,H)] ∪ (Q ∪ f(H,Q,H) ∪ f(H, f(H,Q,H), H)] ∪ (Q ∪ f(H,H,Q)]

= (Q] ∪ (f(Q,H,H)] ∪ (f(H,Q,H)] ∪ f(H, f(H,Q,H), H)] ∪ (f(H,H,Q)]

⊆ Q.

This completes the proof.

Theorem 4.7. Let A be a non-empty subset of an ordered ternary semihypergroup
(H, f,≤). Then the intersection of all quasi-hyperideals of H containing A is of
the form

(A)q = (A∪f(H,H,A)]∩(A∪f(H,A,H)∪f(H, f(H,A,H), H)]∩(A∪f(A,H,H)].

Proof. Let Q be the intersection of all quasi-hyperideals Qi, i ∈ I of H containing
A. By Theorem 4.4, (A)q is a quasi-hyperideal of H containing A. We have

(A ∪ f(H,H,A)], (A ∪ f(H,A,H) ∪ f(H, f(H,A,H), H)] and (A ∪ f(A,H,H)]

are left, middle and right hyperideals of H, respectively. By Theorem 4.5,

(A ∪ f(H,H,A)] ∩ (A ∪ f(H,A,H) ∪ f(H, f(H,A,H), H)] ∩ (A ∪ f(A,H,H)]

is a quasi-hyperideal of H containing A. Thus

(A)q ⊆ (A∪f(H,H,A)]∩(A∪f(H,A,H)∪f(H, f(H,A,H), H)]∩(A∪f(A,H,H)].

For each i ∈ I, since A ⊆ Qi, we have

(A ∪ f(H,H,A)] ∩ (A ∪ f(H,A,H) ∪ f(H, f(H,A,H), H)] ∩ (A ∪ f(A,H,H)]

= (A] ∪ (f(H,H,A)] ∩ (f(H,A,H) ∪ f(H, f(H,A,H), H)] ∩ (f(A,H,H)]

⊆ (Qi] ∪ (f(H,H,Qi)] ∩ (f(H,Qi, H) ∪ f(H, f(H,Qi, H), H)] ∩ (f(Qi, H,H)]

⊆ Qi.

Then

(A)q ⊇ (A∪f(H,H,A)]∩(A∪f(H,A,H)∪f(H, f(H,A,H), H)]∩(A∪f(A,H,H)].

We have the assertion.
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Definition 4.8. An ordered ternary semihypergroup (H, f,≤) is said to be quasi-
simple if it is the unique quasi-hyperideal of itself.

Theorem 4.9. An ordered ternary semihypergroup (H, f,≤) is quasi-simple if and
only if

H = (f(x,H,H)] ∩ (f(H,x,H)] ∪ (f(H, f(H,x,H), H)] ∩ (f(H,H, x)]

for all x in H.

Proof. Assume that H is quasi-simple. Let x ∈ H. We shall show that L =
(f(x,H,H)] is a left hyperideal of H. Let y ∈ f(L,H,H). Then y ∈ f(l, h, h′) for
some l in L and h, h′ in H. Since l ∈ L, l ∈ f(x, h1, h2) for some h1, h2 in H. Thus

y ∈ f(l, h, h′) ⊆ f(f(x, h1, h2), h, h
′) = f(x, f(h1, h2, h), h

′) ⊆ f(x,H,H) ⊆ L.

Let y ∈ L and z ∈ H be such that z ≤ y. Since y ∈ L, y ≤ w for some w in
f(x,H,H). Since z ≤ w, z ∈ (f(x,H,H)] = L. Therefore, L is a left hyperideal of
H. Similarly, f(H,H, x) is a right hyperideal of H. To show that M = f(H,x,H)∪
f(H, f(H,x,H), H) is a middle hyperideal of H, let y ∈ f(H,M,H). Then y ∈
f(h,m, h′) for some m in M and h, h′ in H. If m ∈ f(h1, x, h2) for some h1, h2 in
H, then

y ∈ f(h,m, h′) ⊆ f(h, f(h1, x, h2), h
′) ⊆ f(H, f(H,x,H), H) ⊆ M .

If m ∈ f(h3, f(h4, x, h5), h6) for some h3, h4, h5, h6 in H, then

y ∈ f(h,m, h′) ⊆ f(h, f(h3, f(h4, x, h5), h6), h
′) ⊆ f(H,x,H) ⊆ M .

Then f(H,M,H) ⊆ M . Let y ∈ M and z ∈ H be such that z ≤ y. If y ≤ w for
some w in f(H, f(H,x,H), H), then z ∈ (f(H, f(H,x,H), H)] ⊆ M . If y ≤ w′

for some w′ in f(H,x,H), then z ∈ (f(H,x,H)] ⊆ M . Therefore, M is a middle
hyperideal of H. By Theorem 4.4,

H = (f(x,H,H)] ∩ (f(H,x,H)] ∪ (f(H, f(H,x,H), H)] ∩ (f(H,H, x)].

Conversely, assume that

H = (f(x,H,H)] ∩ (f(H,x,H)] ∪ (f(H, f(H,x,H), H)] ∩ (f(H,H, x)]

for all x in H. Let Q be a quasi-hyperideal of H . If q ∈ Q, then by assumption
we get

H = (f(q,H,H)] ∩ (f(H, q,H)] ∪ (f(H, f(H, q,H), H)] ∩ (f(H,H, q)]

⊆ (f(Q,H,H)] ∩ (f(H,Q,H)] ∪ (f(H, f(H,Q,H), H)] ∩ (f(H,H,Q)]

⊆ Q.

Thus H = Q. This completes the proof.

Definition 4.10. A quasi-hyperideal Q of an ordered ternary semihypergroup
(H, f,≤) is said to be minimal if it contains no proper quasi-hyperideal of H.

Theorem 4.11. Every quasi-simple hyperideal of an ordered ternary semihyper-
group (H, f,≤) is minimal.
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Proof. Let Q be a quasi-simple hyperideal of H. Let Q′ be a quasi-hyperideal of
H such that Q′ ⊆ Q. Since Q′ is a quasi-hyperideal of Q, Q′ = Q. Then Q is a
minimal quasi-hyperideal of H.
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