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Abstract

We introduce and study some properties of fuzzy Henstock-Kurzweil-Stietljes-<-double integral on time
scales. Also, we state and prove the uniform convergence theorem, monotone convergence theorem and
dominated convergence theorem for the fuzzy Henstock-Kurzweil-Stieltjes-O-double integrable functions on
time scales.
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1. Introduction

In modern day analysis, Henstock [1] and Kurzweil [2] independently introduced
the concepts of Henstock and Kurzweil integration. This later developed into Henstock-
Kurzweil integration which is the generalization of the two integrals for real-valued func-
tions. The generalization of this concept in the fuzzy setting is a rare case. Wu and
Gong [3] introduced Henstock integral of fuzzy-number-valued functions, fuzzy sets and
systems and presented some of its basic properties. Gong and Shao [4] gave the con-
trolled convergence theorems for the strong Henstock integrals of fuzzy-number-valued
functions, fuzzy sets and systems. For other interesting results involving fuzzy Henstock-
Kurzweil integral, see e.g., the papers [3, 4, 5] and references cited therein.

In 1988, the theory of time scales was introduced by Hilger in his Ph.D. thesis [6]. The
aim is to unify and generalize the concept of discrete and continuous dynamical systems.
The Henstock delta integral on time scales was introduced by Allan Peterson and Bevan
Thompson [7], and Henstock-Kurzweil integrals on time scales were studied by Thomson
[8]. Park et al. [9] studied the convergence results for the Henstock delta integral on time
scales. It is clear that most of the properties of a time scale integral can be realized by
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using the techniques tailored to the time scale setting (see [6, 8, 9, 10, 11, 12, 13]) and
references cited therein.

In this paper, we introduce fuzzy Henstock-Kurzweil-Stieltjes-C-double integral on time
scales.

2. Preliminaries

A time scale T is any closed non-empty subset of IR, with the topology inherited from
the standard topology on the real numbers R.
Let a,b € Ty,c,d € Ty, where a < d,c < d, and a rectangle R = [a,b)T, x [c,d)T, =
{(t,s) : t € [a,b),s € [c,d),t € Ty,s € Typ}. Let g1,92 : Ty x T, — R be two non-
decreasing functions on [a, blT, and [c, d]T,, respectively. Let F : T; x T, — R be bounded
on R. Let P; and P, be two partitions of [a, b]r, and [c, d]t, such that P; = {tg, t1, ..., tn} C
[a, b]T, and P, = {sq, 51, ..., sn} C [c, d]T,. Let{&1, &, ..., &} denote an arbitrary selection of
points from [a, by, with & € [ti_1,ti)T,,1 = 1,2,..,n. Similarly, let {(;, (, ..., (n} denote
an arbitrary selection of points from [c, d]r, with {; € [sj_1, 8j)T,,j = 1,2, ..., k.

Definition 2.1. ([5]) Let « be a real axis, a fuzzy subset of « : R — [0, 1] is called a fuzzy
number if the following conditions occur:

(i) o is normal. That is xg € R exists with «(xg) = 1;

(ii) « is fuzzy convex, i.e. o(kxq + (1 —k)xp) > min{a(x1), x(xp)} for all x1,x; € R and all
ke (0,1);

(iii) o is upper semi-continuous;

(iv) [« = {x € R: «(x) > 0} is compact.

We shall denote the space of fuzzy numbers by fr and define the A-level set [a]* by
[ ={x e R: «(x) = A}LA € (0,1].

By the conditions (i)-(iv) of Definition 2.1, denote [«]* by [o]* = [&?, &*] and for &y, &, €
fr and k € R, we define

[0 + 0] = [og]* + [xo]? and [k ® o] = k[oy]?
for all A € [0,1].

Definition 2.2. ([14]) Let (fg, D) be a complete metric space. The Hausdorff distance
between «; and «, is defined by

D(oy, o) = sup max{|af — o, [ed — o |}.
A€(0,1] -

We now introduce Henstock-Kurzweil-Stieltjes->-double integral over versions in Tq x
T,. Let R = [a, b)T, x [c, d)T, be a rectangle, and denote by fR the space of fuzzy numbers
on real line.

Definition 2.3. Let F: [a,b)r, X [c, d)T, — fr be a bounded function on R and let g; and
g2 be increasing functions defined on [a, b)T, x [c, d)1, with partitions P; = {to, t, ..., tn} C



D.A. Afariogun et al. / On Fuzzy Henstock-Kurzweil-Stieltjes-O-Double... 40

la, b]"][‘l with tag points &; € [tiflftihl"l fori=1,2,..,nand P, = {sg, s1,...,sx} C [c, d]jrz
with tag points (; € [sj_1, sjlT, forj = 1,2, .., k. Then

n k

S(P1,P2,F,91,92) = Z Z F(&, G5)(g1(ti) — g1(ti—1))(g2(sj) — ga(sj—1))

i=1j=1

is defined as fuzzy Henstock-Kurweil-Stieltjes-<-double sum of F with respect to functions
g1 and g».

Let P = Py x P and ©g1,0g2 = (g1(ti) — g1(ti—1))(ga(sj) — ga(sj—1)), then the
Henstock-Kurweil-Stieltjes->-double sum of F with respect to functions g; and g is de-
noted by S(P, F, g) is written as

S(P,F, g1, 92) Z:}:FEWCJOglog%,u-l ;=1 k).
i=1j=1

3. Main Results

Definition 3.1. Let F : [a,b)y, x [c,d), — fr be a fuzzy function on R = [a,b)y, X
[c,d)t, : t € [a,b),,s € [c,d)T,. We say that F is fuzzy Henstock-Kurzweil-Stieltjes-<-
double integrable with respect to non-decreasing functions g;, g, defined on [a, b)y, X
[c, d)T, if there is a number [, a member of R such that for every ¢ > 0, there is a ©-gauge
d (or y) such that

D (S(P,F,g1,92), L) < e

provided that P; = {tg, t1,..., tn} C [a, bly, with tag points &; € [ti_1, tily, fori=1,..,n
and Py = {so, s1,...,sx} C [c, dlT, with tag points {5 € [sj_1,sjlT,, j = 1,2,..., k are o-fine
(or y) partitions of [a, b), X [c, d)T,.

A positive function 6(t,s),y(t,s) : [a,b), x [c,d)r, — fr such that 5(t,s) > 0 for all
t,sin [a,b)y, x [c,d)T, or (y(t,s) > 0forallt,sin [a,b)r, x [c,d)r,) is known as & gauge
on [a,b)r, x [c,d)T,.

We say that [ is the fuzzy Henstock-Kurzweil-Stieltjes--double integral of F with respect
to g; and g, defined on [a, b)T, x [c, d)T,, and write

JLHtﬂ%mﬁWwﬂﬂzL

The family of all fuzzy Henstock-Kurzweil-Stieltjes-O-integrable functions on [a, b)r, x
[c, d)T, is denoted by ?ﬂfﬂCS[Q,b)Tl x[c,d)T,

Lemma 3.2. ([15]) Suppose that « € fRr. Then,

(i) the interval [o]” is closed for A € [0,1];

(i) [ed™ D [ for 0 < o < o < 1;

(iii) for any sequence {A} satisfying A, < Any1 and A, — A € (0, 1], we have
(o™ = [

n=1
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Now we state and provide proofs for our theorems.

Theorem 3.3. If F : (a,blr, x (c,dlr, = fr is fuzzy Henstock-Kurzweil-Stieltjes-<>-double
integrable with respect to two increasing functions gi, g2 on (a, bly, x (c, dl,, then the fuzzy
Henstock-Kurzweil-Stieltjes-O-double integral of F is unique.

Proof. Suppose that [; and I, are both fuzzy Henstock-Kurzweil-Stieltjes->-double inte-
grals of F on [a, b)T, x [c, d)r,. With the assumption that [; and [, are not unique, then
F is said to be fuzzy Henstock-Kurzweil-Stieltjes->-double integrable on (a, bly, x (c, d]r,
if it satisfies the following point wise integrability criterion: for every ¢ > 0 there are
O-gauges 1 and O, (or yq and ;) defined on (a, blr, and (c, d]r, respectively, such that
for every ¢ > 0, there are ©-gauges 81 and 5} (or yi and v}) for [a, b)r, and 82 and &3 (or
v% and v3) for [c, d), such that

D (S(PLF,g1,92), 1) < % and D (S(P%,F,g1,92), o) < % for all pairs P! = P} x P] and
P2 = P2 x P of §;-fine (or v1)
and for every ¢ > 0 and i € {1, 2}, there are <-gauges &} and 8} (or vy} and v}) for [a, b)r,

and [c, d)r, respectively such that

D(S(Plr F/ J1, 92)/ ]:1) <

N o™

provided that P* = P} x P} is a pair of &i-fine (or y}) and 6i-fine (or y}) partitions of
[a,b)T, and [c, d)T, respectively.

Let 8 = min{8}, 8%} i.e. (81)1 = min{(8])r,(8%)} and (81)r = min{(81)g, (87)r} and

52 = min{é%, 5%} ie. (52)]_ = min{(&%)y_, (5%)]_} and (62)]2 = min{(é%)R, (5%)]2}, 51 and 62 are
<O-gauges for (a, bl, and (c, dlT, respectively, and given a pair P = P; x P, of 3;-fine and
8,-fine partitions of [a, b)r, and [c, d)t,, Py is a }-fine and §3-fine partition of (a, blr,, P2
isa 6%-ﬁne and 6%-ﬁne partition of [c, d)T,, hence

D(I:l/ 1:2) D((I:ll S(P/ F/ J1, 92) + S(P/ F/ g1, 92)/f2))

D(S(P/ Fr g1, 92)/ I:l) + D(S(P/ F/ g1, 92)11:2)
£ [
E + 5 = £

since for all ¢ > 0, there are ¢-gauges 8; and 6, (or y; and 7y,), then it follows that
[ =1

Hence, the fuzzy Henstock-Kurzweil-Stieltjes->-double integral of F on [a, b)T, x [c, d)T,
is unique. O

NN

A\

Theorem 3.4. (Bolzano Cauchy Criterion). Let F : (a, bl, % (c, dlt, — fr be a fuzzy-valued
function over a rectangle (a, blt, x (c, d]t, with respect to g1, gz on (a, blr, x (c, d]r,. Then,
F is fuzzy Henstock-Kurzweil-Stieltjes->-double integrable on (a, by, x (¢, dlT, if and only
if for each ¢ > 0 there exists a positive function & : (a,blr, x (c,dly, — fr such that
D(S(Ps,,F,91,92),S(Ps,, F,91,92), F, g)) < ¢ for all 5— fine tagged partitions P; and P, on
((1, b]jrl X (C, d]"[rz.
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Proof. Suppose F is fuzzy Henstock-Kurzweil-Stieltjes-O-double integrable on (a, by, x
(¢, dlT, with respect to g; and g, , and let

[ = “ﬂ{ Flt, 5)0g1(t)0ga(s).

Let ¢ > 0. There are <-gauges &; and &, for [a, b)r, and [c, d)T, respectively such that

D(S(P,F,g1,92),L) < % provided that P = P; x P, where P; is a &1 (or y1) fine partition
of [a,b)T, and P; is a &, (or ;) fine partition of [c, d)T,. Therefore, if P = P; x P, and
P = Pi X P; are pairs of &; (or ;) fine partition of [a,b), and P, is a &, (or y;) fine
partition of [c, d)T,, then

1

D(S(P/F/ g1, 92)/S(P1/F/ g1, 92)) g D(S(P/F/ g1, 92)/ L)

+D(E/S(P1/F/ g1, 92))
Jelfl,
2 2 7

Conversely, suppose that for all ¢ > 0 there are <-gauges 6; and &, (or y; and ;) for
[a,b)T, and [c, d)T, respectively such that

D(S(PL, F, g1,92),S(P?,F,g1,92)) < ¢ for all pairs P! = P{ x P} and P> = P? x P5 of &; (or
v1)-fine partitions of [a, b)T, and &, (or y2)-fine partitions of [c, d)T,.

Let n € IN. Taking ¢ = %, there are <-gauges 61, and 0y, (or y1 and y2,) for [a, b),
and [c, d)r, respectively such that

D(S(P',F,g1,92),S(P%F,g1,92)) < e for all pairs P! = P x P} and P> = P? x P of &,
(or v1,n)-fine partitions of [a, b)r, and &, (or v, )-fine partitions of [c, d)T,.

By replacing 8; n by min{; 1, 812, ..., i n} With i € {1, 2}, we may assume that §; 1 < din.
Thus, for all j > n 8;; < d;, so any pair P™ = P{* x P3* of &;,, (or y1n)-fine partitions
of [a,b)r, and &7, (or y2,,)-fine partitions of [c,d), is also a pair of 61 (or y;;)-fine
partitions of [a, b, and 8, (or v ;)-fine partitions of [c, d)T,, hence

: 1
D(S(P™,F,g1,92),S(P’,F,g1,92)) < 7

This shows that {S(P™, F, g1, g2)}nen is a Cauchy sequence.
- 2
Let L be the limit of {S(P™,F, g1, g2)}nen. For all ¢ > 0, choosing N > > for O-gauges

d1,n and & N (or yq,n and yo,n) for [a, b)y, and [c, d)r, respectively,

D(S(PIF/ 91192)/t) < D(S(P/F/ g1, 92),S(PN,F, g1, 92))

+D(S(PN, F/ g1, 92)/ f—)
< Lipfo s,
N 2 2 2
for pair P = Py x P, such that Py is a &;,n (or y;,n) fine partition of [a,b)y, and P, is a
dy, N (or yo,n) fine partition of [c, d),. O

The following properties are obtained using the definition of fuzzy Henstock-Kurzweil-
Stieltjes->-double integral of F on [a,b)r, x [c,d)T,. The proof of the next theorem is
straightforward and therefore omitted.
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Theorem 3.5. Let F : [a,b), % [c,d)r, — fr be a fuzzy-valued function and let g; and
g2 be non-decreasing functions respectively on [a,blr, and [c,d]r,. If F is fuzzy Henstock-
Kurzweil-Stieltjes->-double integrable with respect to g and g, on R = [a,b)r, x [c, d)T,.
Then,

i. JLQ B<C191(1)O2g2(s) = B(g1(b) — gi(a))(g2(d) — ga(c)), B is a constant;

ii. JJ F(t,s)<{191(t)C292(s) = 0 when g1 or gp are constants;
R

. JJRF(t,s)Olgﬂt)Ozgz(s) = f(a,c)(g7 (@) — g1(a)) (g2 (c) — galc))
with b = 11(a) and 12(c);

iv. ” BF(t,s)u[olgl(t)ozgz(sn=J J BIF(L, $)O191 (1)202(s);
R R

B and w are constants.

Theorem 3.6. Let F be a fuzzy-number-valued function, consider a sequence of fuzzy-number-
valued function Fy, : (a,bly, x (¢, dlt, = fr,n € N in fr and increasing functions gy, gs :
(a,bly, x (¢, dl, — fr. Assume

(D) limp oo Fn(t, s) = F(t,s) holds < a.e.;

(i) G(t,s) < Fn(t,s) < H(t,s) holds < a.e.;

(iii) Fn(t,s), G(t,s), H(t,s) € THKS g p) 1, x[e,d)r,

Then F(t,s) € THXKSqp) r, x[e,d) Moreover

n—oo

lim J JR Fa(t, $)0191(1)20a(s) = J LF(t,s)olgl(t)ozgz(s).

The proof of Theorem 3.6 is straightforward following the style of proof in [7].

Theorem 3.7. Let F: [a,b)T, X [c,d)y, = fr be a fuzzy-number-valued function and let g,
and g, be non-decreasing functions respectively on [a, blt, and [c, d]r,. Function F(t,s) €
FHXKS [a,b)y, x[c,d)y lfand only if F(t,s)" s)M, F(t, s)A € HKS[qp) r, e, d)x for all A € [0,1]
uniformly.

Proof. For the necessary condition, let P; and P, be two partitions of [a, b]r, and [c, dl,
such that P; = {tg,t1,...,tn} C lq, bhrl and P, = {sg,s1,...,sn} C Ic, d]jrz. Let L =
[ [& F(t,8)0191(t)0O292(s). Given e > 0, there exists a §(t, s) such that D (S(Ps, F, g1,92), L) <
¢ for any fine tag partition P; and P;,. Then,

sup max {‘[S(PS/ F/ g1, 92”}\ - Q ’
A€0,1] -

S(Ps, Foon, 920 — 1|}

= sup max{’[S(Ps,E, gi\, gé\” _Q‘ ’ ‘[S(P5,F7, 9{\1 gé\)] _ﬁ‘} < €
A€(0,1]

and o
‘[S(Ps,ﬂ, g7, g2l —Q’ <e, ’[S(st,FT‘, g7, g2l —LA’ <e
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for any A € [0, 1] and for partitions P = P; UP,. Thus, F(t,s)*, F(t,s)* € fHJCS[a,b)T] xlc,d)r,
uniformly for any A € [0, 1].

Now for sufficient condition, let ¢ > 0. By assumption, there exists a 5(t, s) such that
1S(Ps, P, g}, 0311 1Y <, |[S(Ps, Y, g}, 630~ 1| < e

for any A € [0, 1] and for partitions P = P; U P, where

L”A:J J Flt, 510191 (£)0202(s), U:jj Ft, 5170191 ()0202(s).
R R

To prove that { [Ll‘, LTA} ,Ae [0, 1]} represents a fuzzy number, check that [Q, LT)‘} satis-
fies the conditions (i)-(iii) of Lemma : o
(i) for A € [0,1], if F(t,s)® < F(t,s)?, then L* < [, i.e., the interval {Q,ﬂ is closed.

(i) F(t,s)* and F(t,s)* nondecreasing and nonincreasing functions on [0, 1] respectively.
Forany 0 < A1 <A <1

N

HRF(t,s)%lgl(t)ozgz(s) F(t, 5)201g1(t)02ga(s)

J IR

rr

N

. F(t,5)220191(1)C202(s)

F(t, s)M G191 (1) C202(s).

N

J J R
Thus, [&,m ) [&,m
(iii) Now, for any {An, } satisfying A, < Any1 and A, — A € (0, 1], we have

ﬂ [F(tls)])\n - [F(t,S)]?\,

n=1

that is,

IDX:

A Er o] — A
l[F(t,s),F(t,s)%} [F(t,s)) Flt )%

n

limn oo F(t, s)* = F(t, s)» and limn o F(t, s)* = F(t, s)*. Moreover,

F(t,5)° < F(t,s)™ < F(t,5)!, F(t,5)! <F(t,s)M < F(t, ).

By Theorem 3.6, we have F(t,s)?, F(t,s)? € %KS[a,b)qu x[c,d)t, and

Jim [ | it s oign(00202(5) = | | Flt,510101(61026215),

lim ”y F(t, s)M 101 (1)Oaga(s) = ”R F(t,5)2C191(1)O202(s).

n—oo
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Consequently, N
A [ - [0
Now, [ = {[Lj,l?‘ A€ [0,1]}. Thus,

D (S(P,F,g1,92),[) <e
for each partitions P = P; U P, and for any n. This ends the proof. O]

Definition 3.8. A sequence {F;, (t, s)} of Henstock-Kurzweil-Stieltjes integrable functions is
called uniformly fuzzy Henstock-Kurzweil-Stieltjes-O-integrable on [a, b)r, X [c, d)r, with
respect to increasing functions g; and g; if for each ¢ > 0 there exists a 5(t, s) such that

D (S(P,Fn(t,s),gl,gz),”R Fn(t,s)olgl(t)ozgz(so <e

for any partition P and for any n € IN.

Theorem 3.9. Let F,(t,s) € ?J{J(S[a,b)jrl xlc,d)p,s M= 1,2,..., satisfy:

() limp 00 Fr(t, s) = F(t,s) on [a,b)1, % [c, d)T,;

(ii) Fn(t, s) are uniformly fuzzy Henstock-Kurzweil-Stieltjes-<>-integrable on [a, b), X [c, d),
Then F(t,s) € FHXS(q,b)y, x[c,a)y, aNd

n—oo

lim JJ:R Frn(t,8)0191(t)C2g2(s) = JLQ F(t,s)<191(1)O29g2(s).

Proof. Let ¢ > 0. There exists a 5(t, s) such that

D (sw,Fn(t,s),gl,gz),”R Fn(t,s)olgl(t)ozgz(s)> <

for any partition P and for every n. Fix a Py € [a, b)T, x [c, d)T,. From above statement of
Theorem 3.6, there exists N such that Py = P; x P, where Py is a 6; (or ;) fine partition
of [a,b)r, and P, is a &, (or v») fine partition of [c,d)r, and Py is a 8¢ fine partition of
[a,b)T, % [c,d)T,. Then

D (S(P(Sg/ FTL(t/ S), g1, 92)/ S(P50/ Fm(t/ S)/ J1, 92)) <E

for arbitrary n, m > N. Then,

( (6,9)0101(9020205), | | Fm(t,s)olgl(t)ozgz(s))
<D <s P Falts)01,92), [ | Fn(t,s)olgl(t)ozgz(s)>
+ D (S(Psy, Fu(t,s), 91, 92), S(Psy, Fin(t, 8), 91, 92))
+ D (SPs Fnltshone) || Fm(t,s)olgl(t)ozgz(s)>
<
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for any n, m > N and, hence, {| [ Fn(t,s){191(t)C202(s)} is a Cauchy sequence. Let

lim JLz Fr(t,8)0191(1)O292(s) = L.

n—oo
We now prove that
J jRF(t,s)olgl(t)ozgﬂs) =g

Let ¢ > 0. By hypothesis, there exists a 5(t, s) such that

D (sw,Fn(t,s),gl,gz),”R Fn(t,s)olgl(t)ozgz(sQ <

for any partition P and for all n. Choose N satisfying

D (j | Fn(t,s)olgl(t)ozgz(s),t> <t
R

for all n > N. Let there exists Ny > N satisfying

D (S(Ps, Fny(t,8), 91, 92), S(Ps, F(t,8), 91, 92)) <

Therefore,

D (S (P, F(t,s) gl,gz),f_)
< D(S(P5/ ( ) g1, 92) S(PélFNo(tls)/ g1, 92))

LD S(Pé,FNO(t,s),gl,gz),”yFNO(t,s)olgl(t)ozgz(s)>

+ D (JJRFNO(‘C,S)<>191(t)<>292(8)i>
< 3¢

and the result follows. O

Definition 3.10. ([12]) A function f : [a,blyr — IR is called absolutely continuous on
[a, blT, if for each ¢ > 0 there exists v > 0 such that

D If(xi) —flxi1)l < e

whenever (i [xi—1,xilr C [a,blyand } ' Ax; <y
The following theorem is Dominated convergence theorem.

Theorem 3.11. Let F : [a,b)r, x [c,d)Tr, — fr be a fuzzy-number-valued function and
let g1 and go be non-decreasing functions respectively on [a,blt, and [c, d]T,. If Fn(t,s) €
FHKSq,p) o, xle,d)r,s V= 1,2,..., satisfy:

(D) limp oo Fr(t,s) = F(t,s) a.e
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(i) G(t,s) < Fa(t,s) < H(t,s) ae, and G(t,s), H(t,s) € ?J{UCS[a,b)T] xlc,d)r,
then sequence {Fn, (t, s)} is uniformly FHKS-<-integrable. Thus, F(t,s) € FHKS [a,b), x[e,d)1,
and

lim J L{ Fa(t,5)0191 (£)02a(s) = J LF(t,s)olgl(t)ozgz(s).

n—oo

Proof. Let ¢ > 0 and for arbitrary p,q > N, we have

D(Fp(tls)rFq(trs)) = sup max{“:p(tls)}\_]:q(tls)}\L |Fp(t/5)}\_Fq(t/S))\|}
A€[0,1]

< sup max{JH(t,5)* - G(t,5)"), ()" — Glt,s)" }
A€0,1]

= D (H(t,s),G(t,s)).
Then, D (H(t,s), G(t,s)) is Lebesgue-O-integrable. Let

D(t,s) = ”RD (Hixy), G(x,y)) G191 (:)0202(y)-

From Definition 3.3, D(t, s) is absolutely continuous on [a, b)T, x [c, d)T,. Let € > 0. Then
there exists y > 0 such that

2.

i=1j

3

k
X D&, &) =D&t Gl < =g =gy

whenever | Ji* (&1, &1, C [a,blr, and U}(ﬂ (-1, Gilm, C [c, dlT, and
i Z}ll F(&i, G5)(g1(ti) — gi1(ti—1))(g2(s;) — g2(sj—1)) <. The limit

lim F,(t,s) =F(t,s)

n—oo
holds almost everywhere on [a, b)T, x [c,d)T, and {D (Fn(t,s),F(t,s))} is a sequence of
<&-measurable functions. By Egorov’s theorem, there is an open set QO with m(Q) < & such
that lim,, , Fn(t,s) = F(t, s) uniformly for t, s € [a, b), X [c, d)T,\Q. Thus, there exists

N such that c

(b—a)(d—c)

for any p,q > N and for any t, s € [a, b), x [c, d)T,\Q.
Suppose that 8, is in the set of ¢-gauge on [a, b)t, x [c, d)T, such that

D (Fp(t,s),Fql(t,s)) <

‘S(D(H(t,s), G(t,s),Ps,, 91, 92) JJR D (H(t,s),G(t,s)) 0191 (t)Caga(s)| < €

and
D (S(stl,Fn(t,S),91,92),JLR Fn(t,8)<>191(t)<>292(8)> <e

for 1 < n < N and for any partition P. Define 5(&, ¢) in the set of <-gauge on [a,b)r, X
[c,d)T, as

d(&,C) = 01(&,C),  if & C€la,b)r, x [c, d)1,\Q
' min{8; (£, ), p((£,Q),Q)), if (£,0) € Q,
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where p((&,0),Q) =inf{|(&, ) — (&, )| : (§,C') € Q). Fixn > N. We have
D(S(PélF ( ) g1, 92) S(PézFN (t S) 911 92))

= D (ZZFn £1,)001(t)ga(s ZZFN £4,65)001(t)ga(s )))

i=1j=1 i=1j=1

£:€Q EQ £:€Q EQ

+ (Z D Fl& §)0aitgals), 3 ) FnlEw G)0gi(t)gals )))

< e+ ) Y D(Ful&y§) Fnl(Es &) ©g1(t)ga(s)
£€Q GEQ

< e+l ) ) D(H(E, ), G(E:, )0 (t)gals)
£EQ GEQ

_ J LlD(H(t,s),G(t,S)Ogl(t)gz(SN

+ UJ D(H(t,s), G(t,5)<Cg1(t)ga(s)
Q

< 3¢

for any partition P. Hence,

D (sm Falt,s)on e[| Fn(t,s)olgl(t)ozgz(s))
D (S(P,Fn(t,s),91,92), S(P, Fn(t,8), 91, 92))

LD <S(P,FN(t,s),gl,gz),”RFN(t,s)olgl(t)ozgz(sQ

N

D<” Fa(t, 8)0191(£)0202(s), J J Fn(t,s)olgl(t)ozgz(s))
R R
< Bg,

which ends the proof of dominated convergence theorem for fuzzy Henstock-Kurzweil-
Stieltjes-O-double integrable functions on time scales. O

We obtain the following monotone convergence theorem as a consequence of domi-
nated convergence theorem. The monotone convergence theorem is stated as follows:

Theorem 3.12. Let F : [a,b)r, x [c,d)T, — fr be a fuzzy-number-valued function and
let g1 and go be non-decreasing functions respectively on [a,blt, and [c, d]T,. If Fn(t,s) €
??C:K‘S[a,b)qu x[c,d)r,s W= 1,2, ..., satisfy:

(D) imp .o Fr(t,s) = F(t,s) ¢ ace.;

(ii) {Fn (t, s)} is a monotone sequence and F (t,s) € ?J{JCS[a,b)Tl x[c,d)r,5
then sequence {Fy, (t, s)} is uniformly FHKS-<-integrable. Consequently, F(t,s) € ?ﬂ{KS[a,b)Tl x[c,d)t,
and

lim JJ:R Frn(t, s)0191(t)C2g2(s) = JJ:R F(t,s)<191(1)O292(s).

n—oo
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4. Conclusion

This paper exposed some of the properties of fuzzy Henstock-Kurzweil-Stietljes-<-

double integral on time scales. Uniform convergence theorem and dominated conver-
gence theorem are proved for the fuzzy Henstock-Kurzweil-Stieltjes-C-double integrable
functions on time scales. We also obtained the monotone convergence theorem as a con-
sequence of dominated convergence theorem.
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