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In this paper, we investigate numerically the flow field and heat transfer of a 

viscoplastic nanofluid flowing within ventilated devices. The incompressible 

nanofluid with constant and uniform physical and rheological properties is composed 

of silver nanoparticles suspended in a non-Newtonian base fluid that obeys the 

Bingham rheological model. This numerical study is based on the multiple-

relaxation-time Lattice Boltzmann method (MRT-LBM). The two-dimensional nine-

velocity (D2Q9) model is adopted to solve the flow field, while the two-dimensional 

five-velocity (D2Q5) model is developed to solve the temperature field. The impact of 

various pertinent parameters, such as Richardson (0.01 ≤ Ri ≤ 100), Bingham (0 ≤ Bn 
≤ 20), and Prandtl numbers (1 ≤ Pr ≤ 30), is widely inspected, side by side with the 
nanoparticles volume fraction (0 ≤  ≤ 10%). The obtained results show the 

important effect of these parameters, which cannot be neglected, on both flow and 

heat transfer structures, in this type of cavities. 
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1. Introduction

 Mixed convection in a cavity is relevant to many 

industrial and environmental applications such as in heat 

exchangers, nuclear and chemical reactors and cooling of 

electronic equipments. However, in engineering 

applications, the geometries that arise are more 

complicated than simple cavity configurations filled with a 

convective fluid [1-3]. 

 For cavities, the range of problems that can be analysed 

is mainly related to the geometric configuration of the 

cavity and the type of convective flow: natural, forced or 

mixed. Generally, the geometric cavity configuration 

encompasses aspects such as: closed or opened cavity, 

number of openings and its aspect ratio. 

 In the recent decades, some researchers have developed 

works focusing on mixed convection in cavities with 

openings mass flow, commonly called ventilated cavities, 

crossed by fluids [4-6] and recently, by nanofluids [7-9]. 

 Non-Newtonian nanofluids flow has been investigated 

for a wide set of thermal conditions. Kamali and Binesh 

[10] performed a numerical investigation in order to 

understand the non-Newtonian Carbon Nanotube (CNT) 

nanofluid behaviour, in the case of the power law model. 

Moawed et al. [11] studied the forced convection of blood-

gold (Au) non-Newtonian nanofluid within a tube. Similar 

studies were conducted by Hojjat et al. [12] and Moraveji 

et al. [13]. 

 The importance of recent developments of the flow 

simulation using the MRT-LBM, motivates the present 

study [14, 16]. In this paper, the Lattice Boltzmann 

method, with multiple times of relaxation (MRT-LBM) is 

developed to simulate convection heat transfer in a 

ventilated square cavity crossed by a viscoplastic 
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nanofluid. 

 Note that the Brownian motion is not taken into 

consideration in our study, since the nanoparticles size is 

assumed to be greater than 40 nm. 

2. Problem statement 

 The problem under investigation is a laminar two 

dimensional mixed convection flow and heat transfer of a 
non-Newtonian nanofluid, through a heated cavity with 
openings. The nanofluid consists of a suspension of Ag 

nanoparticles within a viscoplastic base fluid. This square 

cavity is assumed to be extended in the third direction Oz, 

orthogonal to xOy plane. The ventilation is provided by 

two openings of the same size (We = Ws = 0.2 H), located 

at the left part of the upper wall and the lower part of the 

right wall, respectively (Figure 1). 

 The cold fluid, which is a non-Newtonian viscoplastic 

nanofluid described by Bingham's rheological law, enters 

through the opening placed at the top of the left vertical 

wall and emerges by the other, placed at the bottom of the 

vertical wall right. All the walls of the cavity are brought to 

the same temperature, greater than that of the incoming 

fluid. 

X denotes the longitudinal direction and Y the transverse 
direction, and H denotes the height of the cavity. 

 

 
 

Fig. 1. Physical problem. 

 

 The physical properties of the spherical Ag 

nanoparticles are summarized in Table 1. Constant physical 

properties are considered for the non-Newtonian nanofluid, 

whilst the density variation, in the buoyancy term, is 

determined using the Boussinesq approximation [16]. 

 

 

Table 1. Physical properties of the Ag nanoparticles. 

Physical properties Ag 

Cp (J kg-1 K-1) 230 

ρ (kg m-3) 10500 

k (W m-1 K-1) 418 

β (K-1) 105 1.65 

3. Mathematical formulation 

 The nanofluid density ρnf, the heat capacity (ρCp)nf, the 

thermal expansion coefficient (ρβ)nf, and the thermal 

diffusivity αnf, may be defined respectively, as follows: 

 

ρnf = (1 - φ) ρf + φ ρs (1) 

 

(ρ Cp)nf = (1 - φ) (ρ Cp)f + φ (ρ Cp)s (2) 

 

(ρ β)nf = (1 - φ) (ρ β)f + φ (ρ β)s (3) 

 

nfp
nf

)C(

k
nf


  (4) 

 

 For the effective viscosity μnf and the effective thermal 

conductivity knf, the Brinkman [18] and the Maxwell-

Garnetts models [19] are employed, respectively: 
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 Here, μf denotes the apparent viscosity of the base fluid. 

In our work we consider the case of a Bingham fluid for 

which, the constitutive model according to Papanastasiou 

model is written as follows: 

 

  



  


mexp10
0f

 

(6) 

Where   is the second invariant of the rate-of-strain 

tensor, m the exponential growth parameter (m = 1000  

[20, 21]), 0 the Bingham yield stress and 0 is the plastic 

viscosity. 

 The dimensionless equations, describing the transport 

phenomenon inside the square cavity, can be written as 

follows: 
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 Where V' is the velocity dimensionless component.     
Ri (= Gr / Re2) is the Richardson number, Pr (= νf

 / αf) is the 
Prandtl number. 
 

4. Numerical Approach 
 
 The Lattice Boltzmann approach uses the particle 
distribution functions f(x, t), which signifies the probability 
of the presence of a large number of particles at site x and 
time t in the mesoscopic system. Consequently, the 
geometry is covered by lattices, which include a system of 
particles with symmetrical properties, to satisfy the 
macroscopic domain with the rotation invariance. 
Generally, LBM includes two phases; the first phase is 
streaming in that a group of particles transfer on the lattice 
link according to the directional velocities by which the 
velocity space is described. The other step is collision, 
where particles on the same lattice redistribute and relax 
into their quasi-equilibrium. The overall lattice Boltzmann 
equation is defined as follows [20, 21]: 
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 where f(x,c,t) is the distribution function depending on 
the particle velocity C at a location (x) and a time (t). 

 
 For the flow field, the MRT-LB equation with an 
explicit treatment of the forcing term Ci can be written in 
general as the following [22]: 

 

ii

1M S C        
(eq)

i i t t i i
f (x +e , t + ) - f (x, t) m (x, t) - m (x, t)

 (11) 

 
 Where S is the collision operator given by 

 876543210 s,s,s,s,s,s,s,s,sdiagS  , m = Mf the 

moment vector, m(eq) = Mf(eq) the equilibria in moment 
space and M is a orthogonal transformation matrix. For the 
D2Q9 model with standard two dimensional, nine velocities 
square lattice for flow part is used in this work. The nine 
discrete velocities {ei, i= 0, 1, ..., 8} are given by [32]: 
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 For the temperature fields, the MRT-LB equation, 
based on the D2Q5 model, is introduced to solve the 
advection–diffusion, and its equations can be defined as: 
 

      
1 (eq)

i i t t i i i
g (x +e δ , t +δ ) - g (x, t) N Θ n (x, t) - n (x, t) (13) 

 Where N is a 5 × 5 orthogonal transformation matrix 
and Θ is a diagonal relaxation matrix. The boldface 
symbols, g, n and n(eq) are 5-dimensional column vectors 
g, gi(x, t) = (g0(x, t), g1(xk, t), ..., g4(x, t)), where gi(x, t) is 
the temperature distribution function. 
 The five discrete velocities {ei|i = 0, 1, ..., 4} of the 
D2Q5 model are given by: 
 

         1,0e;0,1e;1,0e;0,1e,0,0e 43210 

 
5. Results and Discussion 

 The presented results are generated for various 
dimensionless groups; such as: the Richardson number 
(0.01 ≤ Ri ≤ 100), the Bingham number (0 ≤ Bn ≤ 20), the 
Prandtl number (1 ≤ Pr ≤ 30) and for various solid volume 
fraction (0% to 10%). 

 The predicted hydrodynamic and thermal fields’ 
variables are presented, using the Streamlines and 
temperature Iso-surfaces. The mean transfer rate is also 
presented, in order to supply useful information about the 
influence of each parameter, quoted above, on heat transfer 
exchange within the cavity. 

Present code Saeidi et al. [23] 

  
Streamlines 

  
isotherms 

 
Fig. 2. Comparison of streamlines and isotherms obtained by 
Saeidi et Khodadadi [23] with those of the present code. 

Re = 500. 
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 In order to verify the reliability of our computer code, 
we compared our results with other numerical ones, 
namely those of Saeidi and Khodadadi [23] as well as 
Souritiji et al. [27] which considered the case of the flow of 
a Newtonian nanofluid in a ventilated square cavity. 

 This comparison is illustrated through Figures 2 and 3, 
which represent streamlines and isotherms as well as the 
Nusselt number along the hot walls, respectively. These 
figures show a good agreement between both results. 
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Fig. 3. Local Nusselt number on the four walls of the cavity. 

 
 Regarding the mean Nusselt number, a comparison 
between our results and those of [23] is shown in Table 2. 
As it ca be seen, the difference between both results does 
not exceed 4% at most. 
 

Table 2. Average Nusselt number obtained  
with our computer code and those of reference [23]. 

Re S0 
Saeidi and 

Khodadadi [23] 

Present  

Work 

deviation 

(%) 

100 
2.125 9.865 9.777 0.900 

0.875 8.558 8.259 3.620 

40 
2.075 7.924 8.222 3.625 

0.925 7.425 7.363 0.842 

 

 Convection mode impact 

 As far as the Richardson number is concerned, Figure 4 
displays the streamlines (a) and the isotherms (b), for 
various convection modes. We note that for Ri = 0.01 
(corresponding to the case of a dominant forced 
convection), the flow of the fluid in the cavity is generated 
by the central main flow due to the intensity of inertia 
force. A large clockwise rotating cell occupies the lower 

part of the cavity and another cell, smaller than the first 
one, at its upper right corner. 
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(b) 

 
Fig. 4. Streamlines (a) and isotherms (b) for various values  

of the Richardson number. Bn = 2, Pr =10. 

By increasing the Richardson number, we notice the 
decrease of the size of the large cell and the increase of the 
size of the upper one. This is due to a slight weakening of 
the central flow because of the equality between the inertia 
and buoyancy forces for Ri = 1 on one hand and the low 
inertia force compared to the buoyancy force for Ri = 100 
on the other hand. 

 In terms of heat transfer, the structure of the isotherms 
show that the wall heat exchanges are more intense for 
forced and mixed convection modes, for which the inertia 
forces improves, proportionally the thermal wall gradients. 

 On the other hand, in the case of a dominant natural 
convection, the wall heat exchanges are very weak, due to 
the small differences between the wall temperature and that 
of the fluid wall layers. Note, however, that the heat 
invades a large part of the cavity, given the convection 
currents. 
 

 Prandtl number impact 

 Figure 5 illustrates the streamlines and isotherms for 
different values of the Prandtl number, for the case of a 
mixed convection mode. 

 Whatever the value of the Prandtl number, the 
streamlines show that the incident flow generates the 
appearance of two recirculation zones, which remain the 
same size, by increasing the Prandtl number. Indeed, in 
mixed convection mode (Ri = 1), the hydrodynamic 
structure is not affected by the Prandtl number variations. 
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Fig. 5. Streamlines (a) and isotherms (b) for  
various values of the Prandtl number. Bn = 2, Ri = 1. 

 

 On the other hand, for low values of the Prandtl number 
(Pr = 1), the isotherms show a rapid warming of the cold 
fluid because of the low viscosity of the latter, which 
facilitates the transfer phenomenon. 

 We find that increasing the Prandtl number improves 
heat transfer. There is a strong temperature gradient at the 
interface of the cold fluid and a narrowing of the isotherms 
at this level, as the Prandtl number increases. 

 

 Bingham number effect 
 
 In this section, we highlight the effect of the Bingham 
number on hydrodynamic and thermal structures of the 
nanofluide flow. Figure 6 displays, for Pr = 10 and Ri = 1, 
the streamlines, isotherms and unyielded zones for several 
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values of the Bingham number, by considering two 

nanoparticle volume fractions:  = 0 and  = 0.10. 

 As seen previously, the streamlines show that the main 
flow generates two recirculation zones: in the lower left 
part of the cavity (the most important, turning clockwise) 
and in the upper right part (the less important, turning 
counterclockwise). 

 Finally, the increase in the Bingham number decreases 
the size of the two recirculation zones and increases the 
extent of the unyielded zones, given the rise in the apparent 
viscosity which consequently, limits the mobility of the 
fluid masses. 

 On the other hand, the isotherms are less curved, as the 
Bingham number increses and then become almost parallel, 
denoting a heat transfer by conduction mode. 
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Fig. 6. Streamlines (a) and isotherms (b) for various  
values of the Bingham number. Pr = 10, Ri = 1. 

 

Nanoparticles volume fraction impact 

 
 Figure 7 shows the evolution of the Nusselt number, 
averaged along the four walls of the cavity, as a function of 

the nanoparticles volume fraction  ( = 0 to 0.1) and for 
the three convection modes (Ri = 0.01, 1 and 100). 

 As it can be seen, whatever the convection mode, the 
average Nusselt number increases lineary as a function of 

 such that the best transfer rates are displayed by the 
dominant forced convection mode (Ri = 0.01), which differ 
significantly from those corresponding to the mixed 
convection mode (Ri = 1), then those of the dominant 
natural convection (Ri = 100). 

 Finally, it is interesting to note that for a nanoparticles 
volume fraction equal to 10%, the transition from a 
dominant forced convection mode to a mixed one 
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decreases the heat transfer rate by 73.02% and 89.16%, by 
switching to the dominant natural convection mode. 

 

0.00 0.02 0.04 0.06 0.08 0.10

0.95

1.00

1.05

1.10

1.15

1.20

1.25

N
u  (


/N

u  (


 

 

 

 Ri = 100

 Ri = 1

 Ri = 0.01

 
Fig. 7. Variation of the mean Nusselt number as a 
function of the nanoparticles volume fraction for  

the three convection modes. Bn = 2, Pr =10. 

 

6. Conclusion 

 In this work, a square ventilated cavity subjected to 

mixed laminar convection has been investigated 

numerically using the LBM application and by taking into 

account the impact of various pertinent parameters: the 

Richardson number, the Bingham number and the Prandtl 

number, side by side with the nanoparticles volume 

fraction. The results show that heat transfer is very 

significant when dispersing solid nanoparticles into the 

base fluid and is improved by increasing their volume 

fraction. The results show also that the increase in of the 

both Richardson and Bingham numbers decreases the heat 

transfer rate, unlike the Prandtl number whose increase 

promotes heat exchanges within the cavity. 

 

NOMENCLATURE 

a Coefficient in external forces (= g ) 
c Cold 

cs Sound velocity in the Lattice ( 31 ) 

Cp Specific heat at constant pressure, (J kg-1 K-1) 
f fluid 
feq Equilibrium distribution Function 
Fext External Force 
fi Distribution Function 
h Hot 
k Thermal conductivity, (W m-1 K-1) 
H,x,y Enclosure dimensions, (m) 
mj Moments 
nf Nanofluid 
Nu Mean Nusselt number 

Pr Prandtl number (Pr = ) 
s Solid particles 
Sj Relaxation rate 
t Time, (s). 
T Temperature, (K) 
Ri Richardson number, 
u Horizontal velocity component, (m) 
v Vertical velocity component, (m) 
x, y Dimensional Cartesian coordinates, (m) 

Greek letters 

 Thermal diffusivity, (m2 s-1) 
β Thermal expansion coefficient, (K-1) 

 Dimensionless temperature 

i Coefficients of the equilibrium function 

 Density, (kg m-3) 
φ Nanoparticles volume fraction 
ε Energy square  
ν Kinematic viscosity, (m2 s-1) 

 Collision Operator 
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