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v

The monograph is devoted to the study of dynamic processes in technical systems for various 

technological purposes. A new approach and methodology is proposed for a systemic, synergistic 

approach, taking into account the influence of energy fields of physical and mechanical effects, 

transformation and inversion of types of energy action. Models and equations of motion of dis-

crete and continuous dynamic systems, dispersed media in the spectrum of their processing are 

considered. Changes in the parameters of subsystems are revealed: working mediums, mechanical 

systems, the processes of their interaction are investigated on the basis of taking into account 

their stress-strain state. The processes of grinding, sorting, mixing, compaction of materials and 

media are considered. The intensification of physical and mechanical processes, methods and means 

of their creation was achieved by the systematization and complexity of approaches due to the joint 

consideration of the mutual influence of the internal properties of subsystems. The processes of 

material processing by superresonant, subresonant and multi-mode parameters are investigated. 

Methods for determining effective parameters and modes of their operation are proposed. The 

processes of grinding, sorting, mixing, compaction of the processing medium in the field of vibra-

tion load are described. As a result of the research carried out, new properties of the behavior 

of discrete-continuous systems under power load conditions are revealed. For the first time, the 

stresses and deformations of both working bodies and media were taken into account to create 

energy-saving vibration systems for various technological processes. The carried out scientific 

research makes it possible to obtain the laws of change in the state of dispersed media under the 

action of power loads by technical systems, new technological and design solutions were proposed.

Keywords

Technical systems, technological media, grinding, sorting, mixing, compaction, cavitation, mo-

dels, continuous and discrete parameters, force loads, stresses, deformations, energy, synergetics, 

vibration amplitude, vibration frequency, laws of motion.

abstract
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are proposed. The processes of grinding, sorting, mixing, compaction of the processing medium in 

the field of vibration load are described. As a result of the research carried out, new properties of 

the behavior of discrete-continuous systems under power load conditions are revealed. For the first 

time, the stresses and deformations of both working bodies and media were taken into account to 

create energy-saving vibration systems for various technological processes. The carried out scienti-

fic research makes it possible to obtain the laws of change in the state of dispersed media under the 

action of power loads by technical systems, new technological and design solutions were proposed.

The monograph will be of interest to the countries of Europe, America, Asia.
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Introduction

Technological technical systems occupy a leading place in many technological processes in 

various sectors of the national economy. The classification features and the proposed criteria have 

been determined, according to which the assessment of the design and technological parameters 

of the existing technical systems of industrial engineering has been carried out. A method for 

studying technical systems for technological purposes has been developed, which provides for 

the implementation of analytical studies and the rational use of the regularities of changes in the 

internal properties of the machine-medium system based on the joint use of models with discrete 

and distributed parameters.

The study of the dynamic parameters of the vibration crusher has been carried out and the 

dependences of the influence of the ratio of vibration masses on the grinding process have been 

established, and algorithms for calculating the parameters of a vibration three-mass crusher have 

been formulated.

The physical and mathematical model of the screen is substantiated, on the basis of which the 

equations of motion of the material over the sieve are compiled and the distribution of the ampli-

tude of oscillations of the material particles from the oscillation frequency of the sieve is obtained. 

The influence of the vibration frequency and the angle of inclination on the sorting efficiency have 

been established. An algorithm and method for calculating the main parameters of a vibration 

screen have been developed.

It has been determined that the use of a vibration concrete mixer makes it possible to reduce 

the duration of mixing by 2.5–3 times in comparison with conventional free mixing concrete mixers. 

It has been proven that the process of preparing hard concrete mixtures and improving the quality 

of concrete mixtures occurs due to the destruction of defective aggregates and a more uniform 

distribution of the binder throughout the mixed mixture.

An algorithm and method for calculating the main parameters of a vibration concrete mixer 

have been developed.

A model of the hybrid system «vibration plant – medium» is proposed, in which active and reac-

tive resistances to wave coefficients are taken into account. The results of calculations of changes in 

the parameters of vibration machines for the processes of compaction of concrete mixture confirm 

the implementation of accounting for the reactive and active resistance of the concrete mixture.

Predictive mathematical models have been created to determine the stress state of the soil 

during compaction at characteristic points of the massif under the pipelines, which make it possible 

to obtain rational values of the parameters of the working bodies for soil compaction. An algorithm 

and method for calculating the main parameters of vibration systems for compaction of working 

media have been developed.
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The assessment and substantiation of methods for studying the parameters of acoustic treat-

ment of technological media have been done. The functional relationships between the acoustic pa-

rameters of the cavitation apparatus and the rheological properties of the processing technological 

media have been revealed. The process of staged acoustic treatment of technological media is de-

scribed. Analytical dependences are obtained for determining the main parameters of the cavitation 

apparatus and the regularities of the processes of staged acoustic treatment of technological media 

under conditions of energy minimization are established. An algorithm for substantiating the rational 

choice of the structural-parametric system «acoustic apparatus – technological medium» is proposed.

The main states of reliability of a technical system and its elements are investigated by the 

example of vibration platforms for compacting concrete mixtures. A model for assessing reliabi-

lity based on fuzzy logic, implemented in the MATLAB b2020 medium, has been developed. When 

processing statistical data on the MTBF of the propeller shafts of vibration platforms, the Weibull 

distribution law was established and the possibility of failure-free operation of such structural ele-

ments was determined.

In the course of the research, finite element models of vibration machines were developed 

to implement the transmission of energy in the vertical direction with a fixed frequency, with  

a polyphase direction of the action of external forces, with the spatial direction of movement in the 

vertical and horizontal planes.

Investigations of the nature of distribution and numerical values of stresses and strains in the 

forming structure of the unit are carried out, depending on the angle of instantaneous action of  

the external force of vibrators and variable frequencies.

Stress concentrators in structural elements of machines for technological purposes are deter-

mined, taking into account the workloads.

The static and dynamic loads of the support contour of a truck crane have been investigated.

The obtained research results are taken into account for making further design decisions when 

creating such machines.
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1
Assessment of the current state of parameters  
and operating modes of technological  
technical systems

Abstract

The classification features of technological technical systems, the further development of the 

theory of the working process are given. The classification features are determined. Only the 

classification features that determine their purpose and the nature of the work they perform are 

considered. An assessment of the design and technological parameters of the existing techni-

cal systems of industrial engineering has been carried out. New and improved evaluation criteria 

have been used. Reliable assessment and analysis made it possible to formulate more reasonably 

methods for solving the problem. Continuously improving, the technology leaves a reflection on the 

directions of development of technical system designs. On the basis of this, working hypotheses 

were formulated, the essence of which lies in modeling the medium and technical system as a single 

system with their own dynamic individuality. The system «technical system – medium» is represen-

ted by a complex hybrid (mixed) dynamic system, in which the technical system is a system with 

discrete parameters, and the medium is with distributed parameters, and this system is reduced 

to the calculated one in the form of a system with discrete parameters.

KEYWORDS

Technical system, medium, classification, criteria, assessment, analysis, modeling, discrete, 

distributed parameters, hypotheses.

1.1 Determination of the classification characteristics of technical systems  

and processing mediums in these studies

Technical systems can be processes and objects, depending on the nature of the connections 

between the elements of the system. The main goal of the development of technical systems is to elimi-

nate the contradiction between the growing needs of society and the capabilities of today’s technical 

systems. Any technical system is primarily a physical object. And the correct choice of fundamental, 

that is, physical, foundations of functioning will lead to its viability and efficiency. The dialectic of the 

development of technical systems lies in the fact that new and well-known technical solutions are 

effectively combined in a newly created or improved system.

The technical systems of industrial engineering include machines (equipment), which include a num-

ber of elements, devices designed to perform certain technological operations and functions (Fig. 1.1).
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 Fig. 1.1 Structural diagram of the machine
 

For the development of general principles for the creation of machines, for the further deve-

lopment of the theory of their working process, the classification features of these machines have 

been determined. The classification signs take into account the fundamental and design features 

of the structure of vibration machines, their purpose and the nature of the work they perform.

In this work, the most significant two classifications of machines are used: constructive-tech-

nological and structural. Structural and technological classification implies the determination of the 

use of a machine for performing a particular work process (crushing, sorting, compaction, etc.) 

with a note of the design features of their working bodies.

Structural classification characterizes the general fundamental features of the structure of 

machines of dynamic action and the nature of the interaction of their working bodies with the 

processed medium. This classification creates the necessary prerequisites for the development of 

a unified theory of machines, guides and facilitates their further development.

The parameters of work (the magnitude of the amplitude and the type of trajectory of oscilla-

tions of the working body) of dynamic machines are determined by the nature of the working for-

ces, the frequency of oscillations, a feature of elastic links and the ratio of the masses of individual 

parts of the system. Therefore, the structural classification in the monograph is determined by the 

signs of the degree of freedom of the dynamic scheme of the machine, the nature of its drive, the 

characteristics of elastic links.

The type of work performed by machines and the peculiarities of the interaction of their work-

ing bodies with the processed medium determine, on the one hand, the fundamental structure of 
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the machine, and on the other hand, put them in an equivalent relationship in assessing the working 

conditions. In this regard, one of the main classification features of a machine is the nature of the 

work it performs (features of the interaction of its working body with the medium being processed 

and the type of overcoming different types of resistance).

All machines are divided into several groups that are fundamentally similar in structure and 

nature of interaction with the processed medium.

The following operations, which are homogeneous with respect to the nature of external resistance 

to the working bodies, can be noted: the transfer of energy to different media during their processing.

In the classical theory of oscillations, all dynamical systems are usually divided into systems 

with one, two, three, n and an infinite number of degrees of freedom (systems with distributed 

parameters). Such a distribution of dynamical systems presents certain conveniences with regard 

to their theoretical study. Dynamical systems with an equal number of degrees of freedom are 

described by the same number of differential equations solved by similar methods.

By the type of drive, which is the third classification feature, the monograph examines vibration 

machines with a power drive. Currently, machines with a kinematic drive have little application and 

are not used in research.

The fourth classification feature is based on the characteristics of elastic links, which deter-

mine the nature of the restoring forces and internal resistances of the vibration machine. According 

to the characteristics of elastic connections, all investigated vibration machines are divided into 

machines with linear and nonlinear characteristics of stiffness [1].

A feature of these studies is taking into account the conditions of interaction with the process-

ing medium [2], as a result of which there is a need to determine the classification features of such 

mediums. Such information is necessary for the justified direction of the formation of the algorithm 

and methods of technical systems of dynamic action. In such conditions, the key features of the 

classification are the state of the medium, the nature of the qualitative behavior of the medium, 

rheological properties and dynamic parameters. Depending on the ratio of the yield point τ at pure 

shear to atmospheric pressure pа, the process medium in its state can be [3]:

– hard plastic τ P
a

≥ 1;

– liquid-plastic τ P
a

= 1; (1.1)

– liquid at: τ P
a

≤ 1.

By the nature of the qualitative behavior under dynamic load in the medium (1.1), wave phe-

nomena may appear or these phenomena are absent. Accounting for wave phenomena in the work-

ing medium can be estimated from the ratio of the wave propagation time tmin and the oscillation 

period T [4] under the following conditions:

τ
τ

<
>





T

T
. (1.2)
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Under the first condition (1.2), the process of oscillation of the medium can be considered slow 

and the elastic wave can be neglected. In this case, accelerations and deformations are determined 

exclusively by forces that are constant and unchanged in the direction of the action of external 

forces on such a medium.

When the second condition (1.2) is satisfied, the motion of the medium is determined not only 

by forces, but also by elastic waves. Movement, speed and acceleration along the majestic change 

and depend not only on time, but also on the coordinate in the direction of which external forces 

act on such a medium.

So, in the first case, inertial forces dominate, and in the second, elastic ones. In most ca-

ses, real mediums to be investigated fall between these conditions (1.2). That is, as a rule, it is  

necessary to take into account the elastic, inertial and dissipative properties, which is accepted 

in this work.

1.2 Assessment of design and technological parameters of existing  

technical systems of industrial engineering

The design and technological parameters are assessed using functional criteria according to 

the appropriate method [5]. The methodology is based on the principles of parameter assess-

ment (Fig. 1.2) of the same type of machines using the technical characteristics of existing 

technological technical systems. Subsequently, depending on the purpose of the technical system, 

the numerical values of the criteria are determined (Table 1.1) and, on their basis, conclusions are 

drawn on the formulation of research tasks for certain processes.

The application of the above criteria, fulfilled for machines for crushing, sorting, mixing and 

compaction, are taken into account in the corresponding sections of the monograph. Their analy-

tical form is shown in Table 1.1.

Table 1.2 shows the numerical values of the main parameters of vibration crushers.

Calculations according to this Table 1.2 obtained numerical criteria for evaluating the para-

meters of vibration crushers, confirming significant differences (Table 1.3).

The main parameters of resonant technical systems for sorting materials are presented  

in Table 1.4.

As follows from Table 1.4, resonant screens, having a one-two-mass structure according 

to the screening scheme, are three and four-mass. The screen parameters are also different: 

the vibration amplitude (Table 1.4) has a wide range from 0.6 to 10 mm, foreign production – 

5–14 mm. They are also excellent in vibration frequency, which is reflected in one of the main 

indicators – vibration acceleration. In terms of the power of a foreign-made rotor for such parame-

ters (amplitude and frequency of oscillations), they have lower values, which indicates a possible 

greater oscillation amplification factor, and therefore greater efficiency.

Technical characteristics of gravity concrete mixers are given in Tables 1.5, 1.6.
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 Fig. 1.2 Classification of technical system parameters
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 Table 1.1 Criteria for evaluating technological and design parameters of technical systems for dynamic 

processes of processing technological media

No. Criterion
Analytical  
dependence

1 Effect of mass on performance Km=P/m

2 Impact of energy consumption on performance kе=P/R

3 Effect of power on ground kр=Р/m

4 System synergy factor (efficiency) Ks=Es /Ep.k.

5 The rate of change in the stress state of the medium in time υ σ
s s

d dt. =

6 Speed k
s

= ⋅Χ0 ω

5 Acceleration k
a

= ⋅Χ0
2ω

6 Dynamism of the system k a g
d

=

7 Mixing drum volume ratio Kz=Vs /Vg

8 The ratio of the mass of the medium to the mass of the technical system Km=mm /mt.s.

 Table 1.2 Numerical values of the main parameters of vibration crushers

Type
Productivi-
ty, m3/h

Mass, 
kg

Power, 
kWt

The largest 
size of the 
input mate-
rial, mm

The smallest 
size of the 
source ma-
terial, mm

Machine 
volume, 
m3

VSHCHD 440×800  
(REC «Mechanort-tekhnika)

22 1 500 60 350 40 10.92

VSHCHD 65×400 2 chambers 
(REC «Mechanort-tekhnika)

2.5 1 400 14 50 10 3.6

VSHCHD 130×300  
(REC «Mechanort-tekhnika)

1 1 500 22 110 20 2.89

VSHCHD 600×150  
(Mining Academy in Krakiw)

1.56 1 082 7.5 120 15 1.35

VSHCHD 600×800  
(REC «Mechanort-tekhnika)

47 2 500 60 5 00 70 17.95

VSHCHD 1200×1500  
(REC «Mechanort-tekhnika)

188 5 400 110 1 000 100 59.2

SVDA-1000  
(Skochinsky Institute  
of Mining)

938 8 116 480 1 000 300 –
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 Table 1.3 The value of the criteria for evaluating the parameters of vibration crushers

Type K1 K2 K3 K4 K5

VSHCHD 440×800 (REC «Mechanort-tekhnika) 0.0015 0.3667 250.00 8.75 2.0147

VSHCHD 65×400 2 chambers (REC «Mechanort-tekhnika) 0.0018 0.1786 100.00 5.00 0.6940

VSHCHD 130×300 (REC «Mechanort-tekhnika) 0.0007 0.0455 68.18 5.50 0.3460

VSHCHD 600×150 (Mining Academy in Krakiw) 0.0014 0.2080 144.27 8.00 1.1556

VSHCHD 600×800 (REC «Mechanort-tekhnika) 0.0019 0.7833 416.67 7.14 2.6184

VSHCHD 1200×1500 (REC «Mechanort-tekhnika) 0.0035 1.7091 490.91 10.00 3.1757

SVDA-1000 (Skochinsky Institute of Mining) 0.0116 1.9542 169.08 0.01 –

 Table 1.4 Parameters of resonant technical systems for sorting materials

Type Scheme
Amplitude of 
vibrations, mm

Vibration fre-
quency rad/і

Power, 
kWt

Maximum acce-
leration, m/s2

VR-50 One-mass unbalanced 4.0 78.5 10 24

VUR-80 Two-mass balanced 4.0 97.4 10 38

VKVS Two-mass balanced 0.65 294 1.6 55

PEV-1-0,5×3,6 Two-mass 0.60 314 0.5 60

PEV-2-0,5×5 Two-mass 0.70 314 0.5 70

PEV-3-9×2,5 Two-mass 0.80 314 2.0 80

79-TS Two-mass 0.80 314 2.0 80

PVG-2 Two-mass balanced 4.0 78.5 30 24

GRL62 Two-mass balanced 10 52.3 13 27

PEV-2-4×12 Two-mass 0.90 314 4.0 90

EV Two-mass 5...15 52.3...105 5...8 39...51

EF Two-mass 5...15 105...209 6 39...51

RJ Two-mass 5...14 105...209 6 36...51

S Two-mass 5...14 105...209 6 36...51

RMS-2,25 Two-mass 5...14 105...209 3.5...5 36...51

RMN-4,5 Two-mass 5...14 105...209 5...9 36...51

RS Three-mass 5...14 105...209 6 36...51

DV Four-mass 5...15 105...209 5...8 39...51

GC Four-mass 10...12 105...209 6...8 51...72

 Table 1.5 Technical characteristics of Johnson-Ross gravity concrete mixers

Standard size and loading volume Drum rotation drive power, kW Number of 
mixing blades

Mass, t
yd3 m3 l engine power total

4.5 3.44 3 440.7 1×29.8 29.8 3 6.804

6 4.59 4 587.6 2×22.4 44.8 3 12.701

8 6.12 6 116.8 2×29.8 59.6 4 14.515

10 7.65 7 646.0 2×37.3 74.6 4 16.33

12 9.18 9 175.2 2×44.8 89.6 4 17.917

15 11.47 11 469.0 2×56.0 112 4 19.958
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 Table 1.6 Specifications of BMH Systems of The Roll Master Gravity Reversible Mixers

Loading volume, m3 Drum diameter, m Drive power, kW Productivity, m3/hour Mass, kg

3 2.5 2×22 85 12 000

4.5 2.8 4×18 112 15 000

6 3.15 4×22 165 18 000

9 3.35 4×37 245 21 000

The variety of currently used concrete mixers can also be explained by an unreliable compa-

rative assessment of their technical, technological and operational parameters. Based on a review 

of the designs of prototypes of concrete mixing machines (Tables 1.5, 1.6), the key parameters 

were identified that affect the mixing process. According to the analysis of technical and economic 

indicators and parameters, the tasks of researching vibration concrete mixers are determined.

Thus, studies using the above technique have established that for the processes of grinding [6, 7],  

sorting [8], mixing [9], compaction [10, 11], cavitation treatment [12–14], research of para-

meters, modes and reliability machines [15–20] there is a significant difference in the numerical 

values of the criteria of the studied class of technical systems. The main reason lies in the use of 

simplified models, the absence of modeling and consideration of the joint movement of the working 

bodies of the technical system and the processed medium or material.

1.3 Discussion of results and identification of main directions of research

For the development of general principles for the creation of technological technical systems, for 

the further development of the theory of the working process, classification signs are de termined. 

The monograph considers only the classification features that determine their purpose and the 

nature of the work they perform. This has some limitations of the existing classification signs.

An important point in the analysis of existing works is the assessment of the design and tech-

nological parameters of the existing technical systems of industrial engineering. New and improved 

evaluation criteria have been used. Reliable assessment and analysis made it possible to formulate 

more reasonably methods for solving the problem. Continuously improving, the technology leaves 

a reflection on the directions of development of technical system designs. On the basis of this, 

working hypotheses and research methods were formulated, the results of which are presented in 

the corresponding sections of the monograph.

Working hypotheses for researching technical systems for technological purposes:

– consideration (modeling) of the medium and the technical system as a single system with its 

own dynamic personality. The embodiment of this principle guarantees the movement of the studied 

systems in a given or established mode of operation;

– «technical system – medium» system is a complex hybrid (mixed) dynamic system, in which 

the technical system is a system with discrete parameters, and the medium is with distributed 
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parameters, and this system is reduced to the calculated one in the form of a system with discrete 

parameters, in which wave phenomena of the medium and are represented by contact force;

– an increase in the efficiency of technical systems for various technological purposes is 

achieved through the efficient use of energy supplied to the medium both on the main and on the 

superharmonic resonance mode of oscillations of the system under study, as well as with a variable, 

time-controlled mode of operation;

– reliability of the machine is ensured by a rational combination of the effect of shock and 

vibration at low frequencies, as well as the use of reliable vibration exciters.

Research methodology for technical systems for technological purposes:

– analytical research and rational use of the regularities of changes in the internal (elastic- 

inertial and dissipative) properties of the «machine – medium» system;

– conducting experimental studies based on the determination of rational operating modes of 

technical systems for various technological purposes;

– reliability assessment based on a small number or absence of failures;

– study of the stress-strain state of metal structures of machines of static and dynamic action;

– establishment of regularities in the distribution of normal and contacting stresses for diffe-

rent shapes of the cross-section of elements of metal structures.

The proposed method of compiling a mathematical model [1, 2] is based on the idea of con-

sidering at the first stage a separate medium, the stress-strain state of which is under the load of 

the force of any law of its change.

The next stage of the analytical solution of the motion of the medium is based on the premise that 

the structure of the dependence reflecting its state at any moment of motion consists of two compo-

nents – one is capable of accumulating energy that passes from one form to another (reactance), and 

the other is energy dissipation (active resistance). The resulting formula has a discrete form in structure, 

however, its constituent parameters and characteristics take into account wave processes in the medium.

The final stage is the drawing up of the equation of the joint motion of the vibration sys-

tem «machine – medium» by the appropriate combination of reactive and active components of 

the resistance of the machine and the medium, for which the method of vector diagrams is used.

Conclusions to Section 1

1. For the development of general principles for the creation of technical systems for technolog-

ical purposes, the further development of the theory of their working process, classification features 

and proposed criteria have been determined, according to which the assessment of the design and 

technological parameters of the existing technical systems of industrial engineering is carried out.

2. Working hypotheses of research of technological technical systems are formulated, the 

implementation of which is a guarantee of the reliability of the obtained results of the movement  

of the systems under study in a given or established operating mode.
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3. A method for researching technological technical systems has been developed, which pro-

vides for the implementation of analytical research and the rational use of the regularities of 

changes in the internal properties of the machine-medium system based on the joint use of models 

with discrete and distributed parameters.
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Abstract

An increase in the effective working process of the crusher is achieved when it operates in the 

vicinity of resonance, i.e. at a high value of the coefficient of resonant amplification of oscillations. 

The optimal values of the amplitude of the oscillations of the masses have the greatest values, 

provided that the coefficient of regulation of elasticity in frequency n is in the range of 0.6 ≤ n ≤ 1. 

Within the frequency range of 14.5 Hz<f<26 Hz, material is effectively crushed. The numerical 

values of the coefficient are established, which determine the rational ratios of vibration masses. 

The studies carried out and their results indicate that the main stresses causing the destruction of 

the material are shear stress. Analytical equations are obtained that reflect the picture of energy 

consumption for the destruction of the material. Such studies are planned as a continuation of the 

topic under consideration through experimental studies and consideration of several members of 

the series and optimization of the parameters of crushing machines. The proposed approach to 

studying the energy characteristics of material destruction in the crusher chamber with a guar-

anteed zone of stability of parameters in the resonance zone can be used for other processes. 

Such processes include the destruction of materials during dynamic cutting of soils, processing of 

materials in mills and sorting of materials, which are widely used in Ukraine abroad. An algorithm 

and method for calculating the main parameters of a vibration crusher have been developed.

KEYWORDS

Vibration crusher, material, grinding, physical, mathematical model, equation, resonance, para-

meters, destruction, stability zone, stress, deformation, energy consumption.

2.1 Selection and justification of physical and mathematical models of technical 

systems for materials grinding processes

Vibration jaw crushers are a relatively new direction in the development of crushing techno-

logy, which are highly energy efficient and are used in various industries, including construction. 

The most promising of the known vibration jaw crushers are crushers with two movable jaws and 

crushers with a heavy body and a pendulum. On the other hand, the creation of such machines 

is hindered by the severity of providing a resonant mode of operation in which the efficiency of 

crushers increases significantly.

DOI: 10.15587/978-617-7319-49-7.ch2

I. Nazarenko, Ye. Mishchuk, M. Kyzminec, 

S. Oryshchenko, O. Fedorenko, S. Tsepelev
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Let’s consider a model of a working fluid in terms of interaction with a machine. Let’s consider 

the layout of the elements of the vibration system under study in the following order (Fig. 2.1): 

vibration exciter – machine body – working medium – striker. Let’s take: m – total mass of the ma-

chine; с – coefficient of elasticity of elastic connections; mm – mass of the material; F t0( ) – driving 

force; x
n
 – movement of individual elements of the crusher structure; D – average diameter of 

the input material.

 Fig. 2.1 Layout of vibration system elements

The equation of motion of our system will be an equation of the form [1]:

∂
∂

=
∂
∂

2

2 2

2

2

1x

u c

x

t
,  (2.1)

where с – speed of the wave propagating in the medium.

The solution to equation (2.1) will be the dependence [1]:

x u t A
c

v B
c

v t, cos sin sin .( ) = +






ω ω
ω  (2.2)

Coefficients A and B are determined by the boundary conditions and, by their physical content, 

reflect the vibration amplitudes in the corresponding contact zones.

Forces acting on the contact between the crushing plate and the material:

− = − + − + + − + −F F t m x x c x c m x x c x c c x c
cr m. sin0 1 1 1 1 2 1 2 2 2 1 1 1 2 22 2 2ω  

22 3 3x x c
f

+( ), (2.3)

where F
cr m. .  – reaction force of the material from the action of the crushing jaw (equal to the 

crushing force with the opposite sign);
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F t m x x c x c m x x c x c c x c x x c0 1 1 1 1 2 1 2 2 2 1 1 1 2 2 2 3 32 2 2sinω − + − + + − + − + 
ff( )

– crusher motion equation.

On the other hand, the expression for the reaction of the material to the crushing plate can 

be written as follows:

F s ES
x

u
cr m. .= =

∂
∂







σ  (2.4)

Equating expressions (2.3) and (2.4) let’s obtain:

ES
x

u
F t

m x x c x c m x

x c x c

∂
∂







= −
+ − + +

+ − +0

1 1 1 1 2 1 2 2

2 1 1 1

2

2
sinω

 

cc x c x x c
on2 2 2 3 32− +







.  (2.5)

Let’s find the unknown derivatives ∂ ∂x u  and x x t= ∂ ∂2 2  by differentiating equation (2.2):

∂
∂

= − +






x

u
A

c c
v B

c c
v t2 ω ω ω ω

ωsin cos sin ,  (2.6)

∂
∂

= − +






x

t
A

c
v B

c
v t2

2

2

2cos sin sin .
ω ω

ω ω  (2.7)

To find the displacements of the first and third masses included in equation (2.5), let’s use the 

solution in the form of the following functions:

x t A t

x t A t

1 1

3 3

[ ] =

[ ] =




sin ;

sin .

ω

ω
 (2.8)

Thus, an equation can be derived to determine the vibration amplitudes of the contact zone:

B A
r

c
2 2=







tan ,
ω

 (2.9)

A
A c A c A c F A m

c m ES
c

r

c

on
2

1 1 3 2 3 0
2

1 1

2
2

2

2

2

= −
− + − −

− + 








ω

ω
ω ω

tan



.  (2.10)

As can be seen from equation (2.10), the effect of the material on the dynamics of the mouse 

is determined by a parameter ES c r cω ω( ) ( )tan  that can be turned into the following form [1]:
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m
m
ω

ψ
ψ

2 tg





, (2.11)

where m – the mass of the material.

The ratio tgψ ψ γ( ) =  is called the coefficient of added mass. It takes into account the dif-

ference between the mass mm and its static value mms [1].

When designing any machine, great attention should be paid to the rational selection of kine-

matic parameters. The kinematic parameters mainly include the geometric characteristics of the 

machine as a whole and its individual parts.

One of the features in the design of vibration crushers is the presence of vertical movements 

of the crusher relative to the falling material.

Expanded, the dependency for defining the material path will be as follows:

l
g

f

F

m

f

cr

1 24
=

−( )
+

sin[ ] cos[ ]
,

α µ α

ω
 (2.12)

where µ
f
 – coefficient of friction; m

cr
 – the mass of the vibration parts of the machine (mass of 

the crusher).

Knowing the total length of the crushing plate, let’s find the number of cycles of application of 

loading to the material during its stay in the crushing chamber h l n
i1( ) = .

On the other hand, the required number of load cycles for material destruction is calculated 

by the formula [2]: 

′ = ( )n
i d e

δ δ ,  (2.13)

where δ
d
 – depth of entry of the crushing plate into the body of the crushed material, at which the 

material is destroyed, m; δ
e
 – depth of entry of the crushing plate into the body of the material at 

a given energy of a single impact.

The value δ
e
 depends on the dependence [2]:

δ
e i w d c

v c k S= ( ) ( )2 , (2.14)

where E mv
i
= 2 2  – impact energy, J; v – speed of application of the load to the material, m/s;  

c
w
 – wave propagation speed, m/s; k

d
 – dynamic factor; S

c
 – contact area, m2.

2.2 Investigation of the stress-strain state of the material

Study of the stress-strain state of a solid material.

The stresses arising on the platforms of the selected element are shown in Fig. 2.2.
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 Fig. 2.2 Working body model

A complete description of the stress-strain state in the linear theory of elasticity (spherical 

coordinates) includes the following dependences [3]:

– static equations:

∂

∂
+

∂

∂
+

∂

∂
+ − − + ( )( ) +

σ

ρ ρ j

τ

θ ρ

τ

j ρ
σ σ σ τ jρρ ρθ ρj

ρρ θθ jj ρj

1 1 1
2

sin( )
ctg MM

N

=

∂

∂
+

∂
∂

+
∂

∂
+ + ( )( )( ) +

∂

0

1 1 1
3 2

;

sin( )
ctg ;

τ

ρ ρ j
σ
θ ρ

τ

j ρ
τ jρθ θθ θj

θj

ττ

ρ ρ j

τ

θ ρ

σ

j ρ
σ σ j τjρ θj jj

ρρ θθ jρ∂
+

∂

∂
+

∂

∂
+ −( ) ( ) −( ) + =

1 1 1
3

sin( )
ctg L 00;















 (2.15)

– deformation equations:

ε
ρ

ε
ρ j ρ

ε
ρ j θ

j

γ

ρρ jj θθ=
∂
∂

=
∂
∂

+ = ( )
∂
∂

+ + ( )










u w u v
u w; ;

sin
ctg ;

1 1 1

ρρθ ρj

θj

ρ j θ
ρ

ρ ρ
γ ρ

ρ ρ ρ j

γ

= ( )
∂
∂

+
∂

∂






=
∂

∂






+
∂
∂

1 1 1

sin
; ;

u v w u

== ( )
∂

∂
( )( ) +

∂
∂























1 1

ρ j j
j

θsin
sin ;v

w

 (2.16)

– stress equations:

σ ε l τ γ

σ ε l τ γ

σ ε l τ

ρρ ρρ ρθ ρθ

θθ θθ ρj ρj

jj jj

= + =

= + =

= +

2

2

2

G e G

G e G

G e

; ;

; ;

; θθj θjγ=








 G ,

 (2.17)



2 Research of processes of producing materials by technical power loading systems

19

where ρ θ j, ,   – suitable coordinates for the placement of the stressed body element; u v w, ,  – move-

ment in the direction of the corresponding coordinate axes; σ σ σρρ θθ jj, ,  – normal stresses at the 

respective sites; τ τ τρθ ρj θj, ,  – shear stresses at the respective sites; M N L, ,   – volumetric for-

ces; G E= +2 1( )ν  – shear modulus; ν l l= +2( )G  – Poisson’s ratio; l ν ν ν= + −E (( )( ))1 1 2  –  

Lame constant; e u w v= ∂ ∂ + ∂ ∂ + ∂ ∂1 12 2ρ ρ ρ ρ j j j θ( ) ( sin( ))(( ( sin( )) ) ) – volumetric relative 

deformation; ε ε ερρ θθ, ,  
ff
 – linear deformations; γ γ γρθ ρ θ, ,  

f f
 – shear deformation.

To solve the problem, let’s use the displacement method.

Combining equations (2.15)–(2.17) by alternate substitution, and performing some mathema-

tical transformations, let’s obtain the equation of elastic balance of the body in displacements [4]:

l ρ j ρ ξ θ ξ j j

l j
j θ+( ) ( )∂ ∂ − ∂ ∂ − ∂ ( )( ) ∂  =

+( ) (
2 2 0

2 1

G e G

G

sin in ;

sin

s

))( )∂ ∂ − ∂ ∂ − ∂( ) ∂



 =

+( ) ( )∂ ∂ − ∂

e G

G e G

θ ξ j ρξ ρ

l j j ρξ
ρ j

θ

2 0

2 2

;

sin ins jj ρ ξ θρ( )( ) ∂ − ∂ ∂ 








 ,

 (2.18)

where ξ ξ ξρ θ, ,
f
 – components of rotation, determined by the following formulas:

ξ ρ j θ j j

ξ ρ j ρ ρ

ξ

ρ

θ

= ( ) ∂ ∂ − ∂ ( )( ) ∂ 
= ∂ ∂ − ∂( ) ∂ 

1 2

1 2

sin sin ;

;

w v

u w

jj ρ j ρ j ρ θ= ( ) ∂ ( )( ) ∂ − ∂ ∂ 








 1 2 sin sin .v u

 (2.19)

Therefore, to solve this problem, it is necessary to find the displacement functions. These 

functions must satisfy three main conditions [4]:

1) be harmonious or biharmonic functions;

2) transform equation (2.18) into an identity;

3) stresses, expressed in terms of displacement functions, must satisfy the compatibility equa-

tions on the surface, which are written as follows [5]:

σ σ τ τ
σ τ σ τ
σ τ τ σ

ρν ρρ ρθ ρ

θν θρ θθ ρ

ν ρ θ

j

j

j j j jj

= + +
= + +
= + +

 l m n

l m n

l m n

;

;

,






 (2.20)

where l m n, ,   – direction cosines.

In expanded form, the displacement functions for a spherical coordinate system are written 

as follows [6]:

2 4 1

2 4 1

1 1 2 3

1

Gu M

Gw

= −( ) +( ) +  − ∂ ∂

= −( )
ν χ θ χ θ j χ j ρ

ν

cos sin sin cos ;

χχ θ χ θ j χ j ρ j

ν χ
1 2 3

1 1

1

2 4 1

cos sin cos sin ;

s

+( ) −  − ( ) ∂ ∂( )
= −( ) −

M

Gv iin cos sin ,θ χ θ ρ j θ+( )  − ( ) ∂ ∂( )








 2 1 M

 (2.21)

where M = + +( ) + χ ρ χ θ χ θ j χ j0 1 2 3cos sin sin cos .
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In this problem, the body forces are insignificant, so they can be neglected.

Therefore, from the above, it is possible to conclude that the solution of equations (2.21) is 

reduced to finding three harmonic functions χ χ χ1 2 3, , .  

Such functions are volumetric spherical functions, which, in general, can be written as follows:

χ ρ ρ θ θ µ µ= + + +− −( )( os( ) sin( ))( ( ) ( ))cA B C m D m L P F Q
n

n

n

n

m m nm nm nm nm

1∑∑ ,  (2.22)

where µ j= cos[ ] – module; P
nm

( )µ  – Legendre function of the first kind, degree n and order m; 

Q
nm

( )µ  – Legendre function of the second kind, degree n and order m; Q
n
( )µ  – Legendre function of 

the second kind; P
n
( )µ  – Legendre function of the first kind; A B C D L F

n n m m n m n m
, , , , ,, ,      – constants.

Now, knowing the displacement by formulas (2.16), (2.17), it is possible to find deformations 

and stresses. Let’s consider the most atypical condition under which n1–n3, m1–m3 are diffe-

rent integers, for this − < <1 1µ . For subsequent calculations, let’s take: n1 = 4, m1 = 1; n2 = 5, 

m2 = 2; n3 = 6, m3 = 3. Then equations (2.22) can be written as follows:
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Study of the stress-strain state taking into account the rupture zone in the body 

of destruction.

The realistic crack shape is an elliptical shape. In this form, by changing the ellipticity, it is 

possible to realize different degrees of curvature of the crack boundary.

The solution to this problem is complex and very voluminous, due to the use of biharmonic 

functions. Therefore, for further research, let’s use the technique proposed for solving the stress-

strain state of a body near the rupture zone, which has the shape of an ellipse [3, 4].
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In general, the problem is divided into two separate ones: 

1) an elliptical crack under internal pressure; 

2) an elliptical crack under shear conditions.

For a better understanding of the problem statement, let’s present a diagram of the location 

of a plane crack in a three-dimensional body (Fig. 2.3).

The limiting conditions for solving the problem of an elliptical crack under the action of loading 

are as follows:

σ ξ
z

F w= − = = =, , , .0 0 0  (2.24)

To solve the problem, the gravitational potential outside a homogeneous elliptical plate of the 

following form was used [4]:

j
∫ ∫ ∫

∫
∫ξ

=
+

+
+

+ −










∞

∫
x

a

y

b

z

V2
1

2

2

2

2

2 d

( )
,  (2.25)

where V a b∫ ∫ ∫ ∫( ) = +( ) +( )





2 2
1 2/

 – function of ∫; ∫  – continuous integration; а, b – respectively 

large and having semi-axes of an ellipse.

Constant A is found by the following formula [4]:

A ab F E m= − ( )2 4µ ,  (2.26)

where E m k( ) = −  ( )∫
0

2

2 2
1

π

j jsin d  – complete elliptic integral of the second kind; j  – ampli-

tude of the integral; m = sin[ ]α  – modulus of the integral; α  – modular angle.

 Fig. 2.3 Scheme for determining the stress-strain state  
in the presence of a rupture in the crushing material
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After some transformations and calculations, the displacements from the action of normal 

forces through the elliptical coordinates will have the following form [4]:
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where ξ ϑ, ,  – elliptical coordinates; ξ = const  – family of ellipsoids;   – hyperboloid with one 

cavity; ϑ  – hyperboloids with two cavities; E u dn
f

uf

  = ∫
0

2β βd  – function; u
f
 – variable; ′m  – argu-

ment of elliptic functions (modulus of the integral), ( ) ( ) ;′ + =m m2 2 1  snu cnu dnu
f f f
, ,   – elliptic 

functions of С. Jacobi.

Now let’s return to solving the general problem of a body with a crack. Using the principle 

of superposition of the stress states of two problems, namely, the stress-strain state of a body 

without a crack and in the vicinity of a crack, it is possible to write the following equations:

u u u
tot i ni tot i ni

= + = +; ,σ σ σ  (2.28)

where u
i i
, σ  – displacement and stress, respectively, calculated for a body without a crack; u

ni ni
, σ  – cor-

responding displacements and stresses calculated for bodies with a rupture zone.

Since the displacements indicated in formulas (2.27) were determined for elliptical coordi-

nates, and preliminary calculations were performed for a spherical system, therefore, when per-

forming further calculations, it is necessary to switch to a single coordinate system. Let’s accept 

the spherical coordinate system as more convenient for further operation.

After simple transformations of the system of equations (2.27), let’s obtain the value of the 

displacements in spherical coordinates:
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It should be noted that these equations were obtained on the basis of the expansion of formu-

las (2.27) in power series. The calculations took into account the condition – ξ ρ ϑ≈ ≈ ≈2 0; . ̻

To obtain the stress components, it is necessary to substitute formulas (2.29) into the equa-

tion for determining the stresses.

Finally, the stresses in the body in the presence of a rupture zone will be equal:
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Thus, knowing all the components of stresses and displacements for two stress-strain states, 

it is possible to determine the total energy of destruction.

Based on the superposition of equations for determining displacements without a crack and 

equations for determining the displacements of a body with a crack, the corresponding graphs were 

constructed [4]. The graphs of the dependence of the principal stresses on the size of the major 

semiaxis of the crack ellipse are shown in Fig. 2.4. The graph of stress versus zenith angle j is 

shown in Fig. 2.5. The change in stress σρ depending on the radius r is shown in Fig. 2.6.

 Fig. 2.4 Graph of stress dependence on the size of the major semiaxis of the ellipse:  
a – σρ–a; b – σθ–a; с – τρj–a

a b

c

 Fig. 2.5 Graph of stress changes depending on the angle of application of the force j:  
а – σρ–j; b – τρj–j

a b
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 Fig. 2.6 Graph of changes in normal stresses σρ depending on the radius r

As follows from the graphs (Fig. 2.4), the dependences of stresses on the size of the major 

semiaxis of the ellipse have a linear characteristic within the framework of the calculations, the 

numerical values of which were used to determine the parameters of the crusher.

The significant influence of the angle of application of the force on the change in stresses is 

noted in the range of 0.3–0.5 (Fig. 2.5).

A more complex law of variation of normal stresses depending on the radius r is noted in the 

range of 9–12 mm (Fig. 2.6).

2.3 Research and analysis of material grinding machine parameters

A mathematical model of an experimental jaw crusher. The physical model of a vibration jaw cru-

sher is shown in Fig. 2.7. When considering the physical model, the structural elements of the machine 

take an elementary form, the gravity forces of individual links are applied at certain points, the forces 

of resistance to destruction are presented in the form of a total force applied to the jaw center [7, 8].

 Fig. 2.7 Physical model of a three-mass vibration crusher
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When compiling the equations of motion of the vibration system of a jaw crusher, let’s use 

Hamilton’s variational principle. It establishes that the variation in kinetic and potential energy 

plus variation in the work of non-conservative forces during any time interval should be equal  

to zero [9–11].

To compose the equations of motion, let’s consider the structural diagram of a vibration 

jaw crusher. The investigated jaw crusher is made in the form of a three-mass resonance sys-

tem (Fig. 2.7), in which rectilinear vibrations are realized and the dynamics of which occurs ac-

cording to a three-mass scheme.

The vibration exciter 1 with the base plate is the first or active mass, the movable body 3 

is the second mass, the middle plate with inner armor 5 is the third mass. Each mass performs 

horizontal oscillations along the x-axis along the generalized coordinates, respectively, and has its 

own inertial parameter.

The active mass is set in motion by the centrifugal force arising from the rotation of the unba-

lanced masses of the vibration exciter. The crusher is adjusted in such a way that during operation 

the first and third masses oscillate in phase, and the second in antiphase, that is, when one cham-

ber approaches in another, the jaw diverge.

All masses of the crusher are connected in pairs by elastic systems 2 and 5 (Fig. 2.7) with 

stiffnesses and. The vibration machine is isolated from the foundation by vibration dampers with 

stiffness on which the second mass rests. Resistance forces act in the system, but these forces 

can be neglected to simplify calculations.

The system of equations of motion for the model using the Lagrange equation of the second 

kind will take the form [5]:
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 (2.31)

where F0  – centrifugal force ( );F m r0 0 0
2= ω  r0  – eccentricity, distance from the center of gravity of 

the mass m0  to the center of the axis of rotation, m; ω  – angular speed of unbalance rotation, s−1;  

m m m1 2 3, ,  – the first, second and third mass of the crusher, kg; c c1 2,  – stiffness of the springs 

connecting the masses of the crusher; x x x1 2 3, and  – corresponding displacement of the masses 

of the crusher, mm; c
f
 – stiffness of the connections of the system connecting the machine to the 

foundation; F
cr

 – crushing force formula, N; ξ  – relative compression of the material; Dmax – the 

maximum size of the crushed material, mm.
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The solution to the system of equations (2.30) and (2.31) is obtained in the form:
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where X X X1 2 3, ,  – amplitudes of mass displacement.

Substituting (2.32) into (2.18) and carrying out the appropriate transformations, let’s obtain 

the dependences for determining the values of the amplitudes of the displacement of the mas-

ses X X X1 2 3, , .  

The energy consumed by the electric motor is spent on the work on crushing the material, on 

the potential energy of deformation of the elastic system, on overcoming friction forces, on heat 

losses, on the deformation of the crusher parts and other losses. The greatest energy consumption 

during the operation of the crusher is spent on crushing the material, the kinetic energy of the 

crushing plates and the potential energy of deformation of the springs.
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Thus, the total energy consumed by the crusher for crushing the material will look like this:

E C P
tot

= + ,  (2.34)

where С – kinetic energy of the system; P – potential energy of the system.

Part of the potential energy is spent on the destruction of the material. Knowing the general 

displacements arising in the material during its destruction and applying the condition of the mini-

mum potential energy of deformation, it is possible to write the following:

U G e
p

= + + +
−

+ + +( )
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∫∫∫ ε ε ε
ν

ν
γ γ γ ρρρ θθ jj ρθ θj ρj
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1 2

1

2
sinn .j ρ θ jd d d  (2.35)

Knowing the energy consumption for the destruction of the material, one can proceed to 

determining the energy consumption for the process as a whole.

Let’s consider two vibration-driven crushing systems shown in Fig. 2.8.

The vibration jaw crusher (Fig. 2.8, a) is made in the form of a three-mass resonance system, 

in which rectilinear vibrations are realized and the dynamics of which occurs according to a three-

mass scheme. The vibration exciter 1 with the base plate is the first or active mass, the movable 

body 5 is the second mass, the middle plate with the inner armor 4 is the third mass. All masses 

of the crusher are connected in pairs by elastic systems 2 and 3.

 Fig. 2.8 Design diagram of vibration crushers: a – vibration jaw crusher with  
three vibration masses; b – cone crusher with vibrators on the body

a b

Vibration cone crusher (Fig. 2.8, b) consists of vibration exciters 1 installed on a stationary 

cone 7 of the crusher. The fixed cone 7 is connected to the crusher body 4 through the adjusting  
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ring 6 and the elastic system 2. The crusher body 4 is installed on the foundation through the 

elastic system 3. The movable crusher cone is driven through the drive 5.

The energy consumed by the electric motors of the crushers (Fig. 2.8, a, b) is spent on the 

work on crushing the material. Additionally, energy costs are spent on deformation of the elastic 

system, overcoming friction forces, heat losses, deformation of crusher parts and other losses. 

However, the greatest energy consumption during the operation of crushers is spent on the kinetic 

energy of crushing plates and the potential energy of deformation of the springs [2].

Based on the general equation of energy consumption for a vibration jaw crusher with three 

vibration masses (2.32), the following equation was derived:
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where mn – respectively n-mass of the crusher, kg; с1, с2 – stiffness of the springs connecting the 

masses of the crusher; x1, x2 and x3 – corresponding displacements of the masses of the crusher, mm;  

сf – the stiffness of the connections of the system connecting the machine to the foundation.

When determining the total energy of a vibration cone crusher (Fig. 2.8, b), let’s assume that 

the movable cone is an absolutely rigid cylinder rolling on a solid undeformed body in the shape of 

an ellipse. In turn, let’s assume that the crusher body with vibrators is a solid body with mass mtot  

and moment of inertia I, which is fixed on a fixed base by springs with stiffness сis [1]:
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where T m v v I
mc x y mc1

2 2 21 2 2= × + + ×( ) ( )j  – kinetic energy of rolling a movable cone [4]; 

T m v
sc sc2

21 2=  – kinetic energy of vibrations of a stationary cone; msc – the mass of the mov-

able cone; Іmc – central moment of inertia of the cone; х1, y1 – Cartesian coordinates of the center 

of the cone; j – angle of rotation of the movable cone around its own axis; msc – total mass  

of the statio nary cone; vsc – speed of vertical displacements of a fixed cone; сcr – material stiff-

ness coefficient; с1 – the stiffness coefficient of the elastic system connecting the stationary cone 

and the crusher body.

Sandstone with a strength limit of up to 20 MPa was taken as the model of the material of 

destruction. Based on the equations of motion of a vibration jaw crusher (2.31), the speeds of 

movement of the vibration masses of the crusher shown in Fig. 2.9.

Regarding Fig. 2.9, it should be noted that these speeds of mass fluctuations are valid at the 

frequency of the disturbing force f = 19 Hz and the total mass of the laboratory unit mtot = 334 kg.

Using the first part of equation (4) and the equations of motion of the masses of the vibration 

jaw crusher (2.31), graphs of the consumption of kinetic energy were built, which is spent on 

moving the vibration masses of the vibration crusher Fig. 2.10.
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 Fig. 2.9 Speeds of movement of masses of vibration jaw crusher:  
1 – first mass; 2 – second mass; 3 – third mass

 Fig. 2.10 Graph of changes in the kinetic energy of vibration masses of a vibration  
jaw crusher: a – first mass; b – second mass; c – third mass

a b

c

From the graphs in Fig. 2.10, it is clear that the total kinetic energy of the motion of the 

masses is within 120 J. However, equations (2.36) used to plot the graphs in Fig. 2.10 do not 

take into account the loss of dry and viscous friction force.

To construct graphs of potential energy consumption for the crushing process, let’s use equa-

tion (2.31).

The movement of vibration masses of the crusher, determined numerically based on the equa-

tion of motion, is shown in Fig. 2.11.
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 Fig. 2.11 Change in the amplitude of vibration masses of a vibration  
jaw crusher: 1 – first mass; 2 – second mass; 3 – third mass

From the graph in Fig. 2.11 it can be seen that the system setting is correct, that is, the sec-

ond and third masses oscillate in antiphase. The total amplitude of displacement of the second and 

third vibration masses is in the range of 8–10 mm. The minimum required value of the amplitude of 

vibration of the crushing plates of a vibration crusher, at which destruction occurs, is within 3–5 mm.

The graph of the total costs of potential energy for the destruction process in the crushing 

chamber of a vibration jaw crusher is shown in Fig. 2.11. This graph was constructed by numerous 

methods using equations (2.31) and (2.36).

The graphs in Fig. 2.10 and Fig. 2.12 indicate an insignificant expenditure of energy for the de-

struction process. It should be noted here that the system is tuned for resonant operation. That is, in 

the graphs in Fig. 2.10 and Fig. 2.12 does not reflect the energy consumption for the system to en-

ter the resonance mode and maintain its operation in this mode. In addition, it should be borne in mind 

that, in order to simplify, the equation of motion (2.31) does not take into account energy dissipation.

To assess the energy of destruction of a body containing a crack, graphs of the instantaneous 

force arising when the crushing plates of the second and third masses of the vibration crusher col-

lide with the material in Fig. 2.13. To construct this graph, equations (2.31) and (2.36) were used.

The given graph (Fig. 2.13) testifies to the adequacy of the calculation scheme to the accepted 

premises. So, the first mass moves in antiphase with the second mass. The third mass, accumulat-

ing energy, is an auxiliary source of energy transfer to the material crushing process.

 Fig. 2.12 Vibration jaw crusher potential energy graph
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 Fig. 2.13 The value of the instantaneous force when the vibration  
masses of the vibration jaw crusher move: 1 – first mass;  
2 – second mass; 3 – third mass

In equation (2.36), to determine the energy consumption of a vibration jaw crusher, the frac-

ture resistance of the material is considered as the added mass. That is, the indicator of the stiff-

ness of the material is the parameter that includes energy consumption at the micro level. In equa-

tion (2.37) for a vibration cone crusher, this parameter is directly the stiffness coefficient of the 

material. Thus, the obtained analytical dependences (2.36), (2.37) reveal the physical essence of 

the grinding process, take into account the conditions of interaction between the crusher and the 

material to be crushed. The practical application of the obtained dependences requires the nume-

rical values of the characteristics of a particular material, which is the subject of further research.

2.4 Determining the optimal characteristics of material grinding processes

Study of the influence of the stiffness index on the amplitude. When designing vibration ma-

chines, two modes are recognized as expedient: resonant (near resonance), with a frequency 

ratio ω ω0 0 85 0 95= …. . ; overresonant (only for centrifugal vibration exciters) with a significant 

distance from resonance, when ω ω0 7>  [12, 13].

The advantage of the resonant mode is to achieve a given amplitude with less forced force. 

The resonant mode is characterized by the stability of the amplitude in case of random changes in 

resistance and frequencies of natural and forced oscillations.

The operation of a vibration crusher in one of the listed modes is achieved by choosing elas-

tic links that provide a vibration frequency, which may differ from the frequency of the forcing 

vibrations. The stiffness of the system depends on two main parameters of mass and vibration 

frequency. By manipulating these parameters, it is possible to determine the optimal stiffness value 

for the corresponding mode.

To begin with, for given values of the masses of the system, let’s change the value of the 

frequency. It should be noted that the stiffness of the system should help to ensure an effective  
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grinding regime for the material. To determine the stiffness of the system, let’s use the following 

relationship [5]:

c n
m m

m m
ij

i j

i j

= ( )
+

ω0

2
, (2.38)

where ω  – natural angular frequency of oscillations (resonant frequency); n – coefficient of stiff-

ness regulation in frequency. Substituting the corresponding values of the stiffness calculated by 

the formula (2.38) into the equation of the amplitudes of the displacement of masses (2.37), 

let’s obtain the graphs of the dependence of the amplitude on the coefficient n (Fig. 2.14) for the 

corresponding frequency modes [6, 8].

 Fig. 2.14 Graph of the dependence of the amplitude on the coefficient n  
at the following frequency modes: a – ω0 = 104.67 rad/s; b – ω⋅ω0 = 314 rad/s

a

b

The following conclusion can be drawn from the graphs in Fig. 2.14. The rational value of the 

coefficient n is within 0 6 1. .≤ ≤n  With an increase in the value of the coefficient ( . ),1 2 5≤ <n  the 

effective range of the crusher narrows and shifts towards higher frequencies. Graphs Fig. 2.14 
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show that the stiffness of the elastic bonds of the crusher ensures its efficient operation in the 

resonance and near-resonance modes, namely, between the second and third resonances. With 

the value of the coefficient 0 6 1. ,≤ ≤n  the amplitudes of the masses have the greatest values and 

decrease as n approaches 1.4. With an increase in n>1, the change in the amplitude of the second 

mass is insignificant, and for n>1.4, the change in the amplitudes of the first and third masses 

is insignificant. The amplitude of the first mass reaches zero in the vicinity of the point n = 2.52.

Study of the effect of mass on the amplitude. Rationally selected ratios of vibration masses 

provide the required operating mode of the crusher (in-phase, anti-phase) and provide the required 

vibration amplitudes of these masses [13].

When choosing the ratio of mass m2 and m2, the value of the mass m1 is taken constructively, 

the value of the stiffness of the systems с1, с2 is taken taking into account formulas (2.31), (2.38). 

To introduce the mass ratio coefficient depending on the equations of motion (2.37), let’s use the 

following logical transformations [7]:

N m m k m m23 2 3 23 2 3= + =; .  (2.39)

Based on this:

m N k k m N k2 3= ( ) ( ) = ( )23 23 23 23 231+ 1+; .  (2.40)

On the basis of the above material, the graphs of the dependence of the amplitude on the 

mass ratio for different frequency spectra were plotted in Fig. 2.15. Analyzing the graphs in 

Fig. 2.15 the following can be noted. The effective value of the coefficient k23  for the resonant 

angular frequency ω0 104 667= . rad s is within the limits 0 2 523< ≤k . ,  for ω0 314= rad s – 

1 5 2 4523. .< ≤k  [14–18].

Analyzing each graph separately, Fig. 2.15, the following conclusions were made. At the re-

sonant frequency ω0 104 667= . ,rad s  the maximum value of the amplitude of the third mass is 

reached in the vicinity of the point k23 = 1 3. . And the maximum values of the amplitudes of the 

first and second masses are in the vicinity of the point k23 = 0 75. .  For the resonant frequency 

ω0 314= rad s, the maximum values of the amplitudes of all three masses are achieved under the 

condition of the point k23 lying in the vicinity k23 = 1 5. .

Let’s use the same approach to find the optimal ratio of masses m2  and m k1 21− .

Construction of the amplitude-frequency characteristics of the vibration jaw crusher. Knowing 

all the unknown parameters of the equations of motion, graphs of the dependence of the amplitude 

of displacement of the crushing plates on the frequency of change in the disturbing force were  

built (Fig. 2.16, 2.17) [3, 5].

Based on the graphs (Fig. 2.16, 2.17), the following conclusions were made:

– the effective mode of operation of the crusher is realized in the zone of the second resonance 

and in the range between the second and third resonances;
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– with an increase in the calculated value of the resonant frequency of wheel vibrations ω0  

(2.38), the range of effective operation of a three-mass vibration jaw crusher shifts towards  

an increase in frequency;

– the effective ranges of the crusher operation at the system stiffness values calculated at the 

corresponding resonant frequencies of natural vibrations ω0  (2.38) will be as follows:

100 <rad s rad sω < 180 ; ω0 104 667= . ;rad s

97 <rad s rad sω < 121 ;  186 <rad s rad sω < 234 ; 

ω0 314= rad s;  291 < rad s rad sω < 322 ; 365 <rad s rad sω < 400 .

 Fig. 2.15 Graphs of the dependences of the amplitude change on the mass  
ratio k23 at different frequency ranges: а – ω0 = 104.67 rad/s; b – ω0 = 314 rad/s

a

b

To ensure the operation of the crusher at the values of the stiffness of the system, calculated 

from the resonant frequency of natural vibrations of the ω0 104 67= .  rad/s (2.38), in the lower 
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frequency ranges, it is necessary to increase the masses of the vibration parts of the machine. 

The increased masses should not exceed the permissible limits, exceeding which will lead to the 

economic inexpediency of this machine design [3, 5].

 Fig. 2.16 Amplitude-frequency characteristic of a vibration jaw crusher  
at ω0 = 104.67 rad/s: a – crusher operation without material;  
b – crusher operation with material

a

b

The study of the effect of frequency on the operation of the crusher with changing parameters 

of the disturbing force and stiffness is presented in the form of vibrograms in Fig. 2.18, 2.19.

The range at which the experimental studies of the operation of the three-mass vibration jaw 

crusher were carried out covers three modes: pre-resonant, near-resonant and over-resonant.  

As the work of the crusher approaches resonance, the difference between the values of the theo-

retically calculated and experimentally determined amplitudes slightly increases, which is explained 

by not taking into account the theoretical calculations of dissipative resistances. When the crusher 

is operating at low frequencies up to f = 7 Hz, that is, before the first resonance, there is a fluctu-

ation of the masses in one phase. It follows from this that this mode is not effective.
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 Fig. 2.17 Amplitude-frequency characteristic of a vibration jaw crusher  
at ω0 = 314 rad/s: a – crusher operation without material;  
b – crusher operation with material

a

b

When the crusher is operating in the vicinity of a frequency of 12 Hz, there is almost no crush-

ing of the material. This can be explained by the fact that the vibrator does not create forces at  

a given frequency that could effectively destroy the material.

In the frequency range 14.5 Hz<f<26 Hz, the material is efficiently comminuted. The efficien-

cy of crushing is somewhat reduced when the crusher is operating in the vicinity of a frequency  

of 22 Hz. This can be explained by a decrease in the amplitude of oscillation of the second and third 

masses and a decrease in vertical oscillations of the crusher body, which increases the residence 

time of the material in the crushed chamber.

When studying the influence of the stiffness of the elastic systems of the crusher on the 

crushing process, the following features were established. As the stiffness of the system increa-

ses, the effective range of the crusher shifts towards an increase in the angular frequency. This is 

due to the shift of the resonance point towards an increase in the angular frequency of the crusher 

vibrations. This property can be used to create a crusher control system.
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 Fig. 2.18 Vibrograms of vibrations of the masses of the crusher  
when working with material (F = 4 111 N, c2 = 219 052 N/m):  
a – displacement of the second mass; b – displacement of the third mass

a

b

 Fig. 2.19 Vibrograms of vibrations of the crusher masses when  
working with material (F = 4 111 N, c2 = 234 438 N/m): a – displacement  
of the second mass; b – displacement of the third mass

a

b

However, too much increase or decrease in stiffness adversely affects the performance of 

the machine. So, with a stiffness N/m, in the frequency range, the second and third masses move 

in phase, and the first in antiphase. Thus, the operation of the crusher at low frequencies is not 
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efficient at a given stiffness. At very low stiffness, the efficiency of energy transfer from the vibrator 

to the third mass deteriorates, as evidenced by experimental data. The vibration amplitudes of the third 

mass, provided that N/m are insignificant. The features of the impact of stiffness are as follows. As 

stiffness increases, the crusher’s effective operating range shifts towards zero. If the stiffness is in-

creased too much, the three-mass system turns into a two-mass one. With a decrease in stiffness, the 

range of effective operation of the crusher narrows, and in conditions of too large a decrease in stiff-

ness, the system leaves the state of equilibrium, which has a negative effect on the crushing process.

2.5 Discussion of research results

An efficient crusher operation can be achieved by operating it in the vicinity of resonance,  

i.e. at a high value of the coefficient of resonant amplification of oscillations. However, this mode 

is sensitive to changes in external influences on the workflow. It is possible to reduce external 

influences by automatically adjusting the operating mode of the machine.

The control of the vibration machine is to ensure the optimal operating mode, in which the 

specified displacements, speeds and accelerations are achieved [6–8]. The set values of displace-

ments, speeds and accelerations of a vibration jaw crusher can be achieved both in pre-resonant 

and over-resonant operating modes.

The creation of a control system for the amplitude-frequency characteristic and taking into ac-

count the dependences of the moment of resistance on the frequency of the driving force underlies 

the method of regulating the working process of the crusher. This task can be achieved by correctly 

calculating the parameters of the three-mass vibration jaw crusher.

The second way to regulate the operating mode of a three-mass vibration crusher is to adap-

tively change the stiffness of the system. The third way to regulate the operating modes of the 

crusher is to change the vibration frequency.

On the basis of the above studies, algorithms were formulated for calculating the main para-

meters and controlling the working process of a vibration three-mass jaw crusher (Fig. 2.20, 2.21), 

respectively.

A physical model and a mathematical model of a vibration jaw crusher have been developed, 

taking into account the elastic – inertial properties, power and geometric characteristics of the 

«jaw – fractional material» system.

One of the main research tools were the amplitude – frequency characteristics of the system 

movement. The studies have established the regularities of the change in the elasticity coefficients de-

pending on the frequency, the coefficients that determine the rational ratios of the vibration masses.

The optimal values of the amplitude of the oscillations of the masses have the greatest values, 

provided that the coefficient of regulation of elasticity in frequency n is in the range of 0.6 ≤ n ≤ 1. 

Within the frequency range of 14.5 Hz<f<26 Hz, material is effectively crushed. The numerical 

values of the coefficient k23 are established, which determine the rational ratios of vibration masses.
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The studies carried out and their results indicate that the main stresses causing the destruction 

of the material are shear stress. With an increase in the size of the major semiaxis of the crack 

ellipse, the total stresses decrease, which indicates the destruction of the brittle body. However, 

the stresses σρ acting along the radius slightly increase. The graphs (Fig. 2.4) reflect the picture 

of the stress distribution in a spherical body relative to the point of application of the force along 

the angle j. The graph (Fig. 2.5) shows the change in normal stresses depending on the distance r. 

Analysis of the graph (Fig. 2.6) makes it possible to conclude that at r –> 0, the stresses increase 

indefinitely. As a result of this, the stresses and strains in the cracked body must be determined in 

the vicinity of the center of the body. In addition, it was found that the complete elliptical integral of 

the second kind has an insignificant effect on the change in the stress pattern in the body. It should be 

noted that when solving the problem using the Legendre functions, 15 constants appear in the stress 

equations, which together have a significant effect on the stress pattern in the body. These con-

stants were a numerous method based on the equations of the potential energy of a deformed body.

Equations (2.21), (2.23) and (2.30) fully reflect the picture of energy consumption for mate rial 

destruction. Such studies are planned as a continuation of the topic under consideration through 

experimental studies and consideration of several members of the series and optimization of the 

parameters of crushing machines. The proposed approach to studying the energy characteristics 

of material destruction in the crusher chamber with a guaranteed zone of stability of parameters 

in the resonance zone can be used for other processes. Such processes include the destruction of 

materials during dynamic cutting of soils, processing of materials in mills and sorting of materials, 

which are gaining widespread use in various European countries.

Conclusions to Section 2

1. A physical model and a mathematical model of a vibration jaw crusher have been developed.

2. The stress-strain state of the material in the process of its destruction for a continuous 

medium and surrounded by an existing crack has been investigated.

3. The efficiency of the crusher’s working process is proved by the practical achievement of its work 

in the vicinity of resonance. That is, at a high value of the resonant amplification factor of the oscillations.

4. It has been determined that the optimal values of the amplitude of the oscillations of the mas-

ses have the greatest values, provided that the coefficient of regulation of elasticity in frequency n is 

within 0.6 ≤ n ≤ 1. Within the frequency range of 14.5 Hz<f<26 Hz, material is effectively crushed.

5. The proposed approach to study the energy characteristics of material destruction in the cru-

sher chamber with the provision of a guaranteed zone of stability of parameters in the resonance zone.

6. The studies carried out and their results indicate that the main stresses that lead to the 

destruction of the material are shear stress.

7. Algorithms for calculating the parameters of a vibration three-mass crusher have been 

formulated.



2 Research of processes of producing materials by technical power loading systems

41

References

1. Baladinskyi, V. L., Nazarenko, I. I., Onyshchenko, O. H. (2002). Budivelna tekhnika. Kyiv – Pol-

tava: KNUBA-PNTU, 463.

2. Nazarenko, I. I. (2010). Prykladni zadachi teorii vibratsiinykh system. Kyiv: Vydavnychyi Dim 

«Slovo», 440.

3. Mishchuk, Y., Nazarenko, I., Mishchuk, D. (2021). Definition of rational operating modes of 

a vibratory jaw crusher. Naukovyi Visnyk Natsionalnoho Hirnychoho Universytetu, 4, 56–62. 

doi: http://doi.org/10.33271/nvngu/2021-4/056 

4. Nazarenko, I., Mishchuk, Y., Mishchuk, D., Ruchynskyi, M., Rogovskii, I., Mikhailova, L. et. al. 

(2021). Determiantion of energy characteristics of material destruction in the crushing cham-

ber of the vibration crusher. Eastern-European Journal of Enterprise Technologies, 4 (7 (112)),  

41–49. doi: http://doi.org/10.15587/1729-4061.2021.239292 

5. Nazarenko, I., Mishchuk, E., Kuchinsky, V. (2019). Assessment and analysis of basic design 

the cone crushers. Gіrnichі, budіvelnі, dorozhnі ta melіorativnі mashini, 94, 5–15. Available 

at: http://gbdmm.knuba.edu.ua/article/view/216440

6. Lapin, R., Kuzkin, V. (2019). Calculation of the normal and shear compliances of a three-di-

mensional crack taking into account the contact between the crack surfaces. Letters on 

Materials, 9 (2), 234–238. doi: http://doi.org/10.22226/2410-3535-2019-2-234-238 

7. Zou, J., Han, J., Yang, W. (2020). Investigating the Influences of Indentation Hardness and 

Brittleness of Rock-Like Material on Its Mechanical Crushing Behaviors. Mathematical Prob-

lems in Engineering, 2020. doi: http://doi.org/10.1155/2020/4713532 

8. Nazarenko, I., Gaidaichuk, V., Dedov, O., Diachenko, O. (2018). Determination of stresses and 

strains in the shaping structure under spatial load. Eastern-European Journal of Enterprise 

Technologies, 6 (7 (96)), 13–18. doi: http://doi.org/10.15587/1729-4061.2018.147195 

9. Nazarenko, I. I., Ruchynskyi, M. M., Sviderskyi, A. T., Kobylanska, I. M., Harasim, D., Kalizhano-

va, A., Kozbakova, A. (2019). Development of energy-efficient vibration machines for the buid-

ing-and-contruction industry. Przeglad Elektrotechniczny, 95 (4), 53–59. doi: http://doi.org/ 

10.15199/48.2019.04.10 

10. Nazarenko, I., Svidersky, A., Kostenyuk, A., Dedov, O., Kyzminec, N., Slipetskyi, V. (2020). De-

termination of the workflow of energy-saving vibration unit with polyphase spectrum of vibra-

tions. Eastern-European Journal of Enterprise Technologies, 1 (7 (103)), 43–49. doi: http:// 

doi.org/10.15587/1729-4061.0.184632 

11. Vasiliev, L. M., Vasiliev, D. L., Malich, M. G. (2021). Modeling the process of disintegration of 

solid materials by asymmetric loading in crushing machines in order to find ways to reduce energy 

costs. Energy- and resource-saving technologies of developing the raw-material base of mining 

regions. Petroșani: UNIVERSITAS Publishing, 457–473. doi: http://doi.org/10.31713/m1028 

12. Hong, S. J., Yang, H. J. (2019). A Study on the Impact Load Quantification of the Jaw Crusher. 

Journal of Drive and Control, 16 (2), 1–7. doi: https://doi.org/10.7839/KSFC.2019.16.2.001



Dynamic processes in technological technical systems

42

13. Blokhin, V. S., Bolshakov, V. I., Malich, N. G. (2006). Osnovnye parametry tekhnologicheskikh 

mashin. Mashiny dlia dezintegratsii tverdykh materialov. Part. І. Dnepropetrovsk: IMA-press, 404.

14. Vaisberg, L. A., Zarogatskii, L. P., Turkin, V. Ia. (2004). Vibratsionnye drobilki. Osnovy rasche-

ta, proektirovaniia i tekhnologicheskogo primeneniia. Saint Petersburg: Izd-vo VSEGEI, 306.

15. Nazarenko, I., Dedov, O., Bernyk, I., Rogovskii, I., Bondarenko, A., Zapryvoda, A. et. al. (2020). 

Determining the regions of stability in the motion regimes and parameters of vibratory ma-

chines for different technological purposes. Eastern-European Journal of Enterprise Techno-

logies, 6 (7 (108)), 71–79. doi: http://doi.org/10.15587/1729-4061.2020.217747 

16. Nesterenko, M., Nazarenko, I., Molchanov, P. (2018). Cassette Installation with Active 

Working Body in the Separating Partition. International Journal of Engineering & Technology, 

7 (3.2), 265–268. doi: http://doi.org/10.14419/ijet.v7i3.2.14417 

17. Bernyk, I., Luhovskyi, O., Nazarenko, I. (2018). Effect of rheological properties of materials 

on their treatment with ultrasonic cavitation. Materiali in Tehnologije, 52 (4), 465–468.  

doi: http://doi.org/10.17222/mit.2017.021 

18. Nazarenko, I., Gavryukov, O., Klyon, A., Ruchynsky, N. (2018). Determination of the optimal 

parameters of a tubular belt conveyor depending on such an economical. Eastern-European 

Journal of Enterprise Technologies, 3 (1 (93)), 34–42. doi: http://doi.org/10.15587/1729-

4061.2018.131552 



43

3 Research of technical systems of materials  
sorting processes

Abstract

The studies carried out revealed the influence of the vibration frequency and the angle of in-

clination on the efficiency of sorting. It was found that with an increase in the vibration frequency 

and vibration amplitude of the box, the separation of the material and the sorting speed increase. 

The proposed model made it possible to determine the transport speed in the case when the sieve 

screen carries out a circulating movement, which is the application of two independent vibrations 

with different amplitudes and frequencies. The number of throws of the material to be sorted is 

influenced by the transport time of this material over the surface of the sieve and the amount of 

vibration excitation to this material. The dependence of the used power on the design and techno-

logical parameters of the vibration screen was revealed. An algorithm and method for calculating 

the main parameters of a vibration screen were developed.

KEYWORDS

Vibration screen, material, sorting, grain composition, physical, mathematical model, equation, re-

sonance, parameters, experimental setup, sieve, particles, amplitude, vibration frequency, productivity.

3.1 Selection and justification of physical and mathematical models of technical 

systems for materials sorting processes

As a technical system for the processes of sorting materials, let’s take a vibration screen, 

which is widely used in industry [1–6]. Let’s imagine the sorting process as some ordered process 

of movement of a large number of different parts in a layer on a sieve (Fig. 3.1). Each share with 

size d characterizes its size, which does not change during movement, and is a value that can have 

a discrete set of values: d1, d2,…, dn. Since the number of particles in the layer is large, then d can  

be assigned arbitrary values in the interval of a given layer of fractions, and thus its value can be 

considered continuous.

Hsup, hsub – the height of the superlattice and sublattice product; S – sieve area; ∆l – sieve 

section; D, d – average diameter of superlattice and sublattice products; Δ – thickness of the sieve 

wires; Vsup, Vsub – volume of the superlattice and sublattice product.

Based on this assumption, the particle system can be replaced with a continuous model, and 

the productivity P will be determined by the formula:

DOI: 10.15587/978-617-7319-49-7.ch3

I. Nazarenko, A. Onyshchenko, S. Oryshchenko,  
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P V t bhv bhl t sh t= = = = , (3.1)

where V – volume of the material layer on the sieve, m3; t – time of transporting the material over 

the sieve, s; b – sieve width, m; v – sieve length, m; S – sieve area, m2; h – average layer height 

on a sieve, m; v – transport speed, m/s.

 Fig. 3.1 Layout of material on the screen: l, b – length and width of the sieve

The volume can be represented as the sum of the volumes of the superlattice and sublat-

tice materials:

V V V S h S h
sub sub sub

= + = +
sup sup sup

. (3.2)

If to divide the sieve along its length at the level of the section ∆l (Fig. 3.1), then:

Δl l n= = const,  (3.3)

where n – an arbitrary number. Then the volume Vp will be distributed in equal portions Vc by Δl:

V l h b
c c

= =Δ
sup sup

const, (3.4)

where c – the number of the segment Δl.

Using the main provisions of the theory of probability [3], the process of separation into frac-

tions can be represented as the probability p of the passage of grains d through cells D:



3 Research of technical systems of materials sorting processes

45

p D d D
i i
= − +( ) ( ) ,2 2δ  (3.5)

where і = 1,2,3...m – the serial number of the fraction, counted according to the characteristic 

of the size of the undersize product in the direction of growth d; dі – the average grain size of the 

i-th fraction, corresponding to the characteristics of the size of half of its output; Δ – sieve wire 

thickness. The volume Vn distributed in this way along the length l forms a layer with the dimen-

sions of a parallelepiped, averaging the inhomogeneity of its constituent grains. For a product with  

a volume of Vn, this means that all the sieve cells through which it is obtained, for the case of close 

alignment, a rectangle is formed, the area of which is Sn.

According to (3.4):

V l h b
n k k

k

n

=
=

∑Δ
1

, (3.6)

where hk and bk is the average value of the height and width of the layers Vk, depending on the 

probability p.

Consequently, the grain composition of each portion volume differs from the grain composition 

of similar portions of the undersize product and is a value:

V V
k i k

i

m

=
=
∑ , ,

1

 (3.7)

where Vі,k – part of the volume of the i-th fraction Vі sorted at the section Δlk.

Under condition (3.4), the height of the i-th layer:

h d p p
i k i k bc, min, ,=  (3.8)

where рmin,k – probability of sieving the largest grains belonging to the composition Vc.

Considering that there is a probability that parts of the material do not pass the parts of the 

material lі(sup) (l– lі = lі(sup)) and condition that 1/рmin,k = lk /∆l, it is possible to obtain an expression for 

the volume of material passage, which will be proportional to:

V V V V V V
i k k i i k

i

k

i i k
i

k

, , , .= −






−( )



−

=
−

=
∑ ∑1

1
1

1

 (3.9)

Expression (3.9) is dependence for determining the rational load of the sieve during sorting 

based on a continuous model obtained on the probability of sorting grains.

For practical calculations, the considered model can be replaced by an adequate discrete model.  

For this purpose, let’s express Sі, taking into account Ssup, through the area occupied by the frac-

tion of grains, which are located near D in size. Let’s call this fraction «heavy», that is, boundary  

in the general fractional composition. Then there are the following relations:
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S S h C

S S h C

S

2

2

sup sup sup
=

=

Δ Δ

Δ Δ

,

,

..........................,
1 1 1

ssub 2 sub sub
S h C= Δ Δ ,

 (3.10)

where ∆h – ratio of heights hB /hsub; ∆С – ratio of Csup /Ch in percentage of the initial product (Ch is 

the yield of «heavy» grains).

From the relation (3.10) it is possible to determine the area of «heavy» grains:

S S S C h C h C
2 sub B sub n B

= +( ) + +( )sup 1Δ Δ . (3.11)

Using the probability of passing (3.5) and assuming that with each throw Vt of the layer Vh 

onto the sieve, «heavy» grains are sown along its width n b d
s bc

=  and along the length of the sieve 

n d
bc

= 1 / , let’s obtain the volume of limiting grains sorted in one throw of the layer on the sieve:

V d b l
h bc h

= ⋅( )π 6.  (3.12)

Then the capacity for sorting heavy grains will be:

P V T d C l
h h bc h

= = 0 08. .ω  (3.13)

Accordingly, the overall optimal power performance:

P P C
h h

= 100 .  (3.14)

Taking into account (3.11), let’s finally get the formula for determining the performance:

P S d d D C h C h C
o Tin av av h

= − ( ) + +( ) ⋅ −( ) ω l1 1
2

/ ,minΔ Δ  (3.15)

where So – area of the open section of the sieve; l – voidness of the material; Δh h h
Tin heavy

= min ; 

Δh h h
av h av

= .

3.2 Investigation of the dynamics of the resonant screen, analysis 

and assessment of its parameters

The proposed model [6] allows to indicate the speed of transport in the case when the sieve 

shaker carries out a circulating movement, which is the application of two independent vibra-

tions with different amplitudes and frequencies. The design scheme for determining the rational  
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parameters of screens (Fig. 3.2) displays a single particle on the surface of the sieve, which 

vibrates according to the most general laws [7, 8].

 Fig. 3.2 Calculation diagram of the process of particle motion over the sieve

Differential equations for the relative motion of a particle over the sieve surface in a movable 

coordinate system associated with it:

V g X t
y y y y C′ = − + +( )cos sin ,α ω ω j2  (3.16)

′ = ′y V
y
,  (3.17)

V g X t
x x x x x′ = + +( )sin cos ,α ω ω j2  (3.18)

′ = ′x V
x
, (3.19)

where Vх′ and Vy′ – projections of the visualization speed of the relative motion of the particle, and 

the last terms in (3.16) and (3.17) correspond to the inertial force of the translational motion:

F m X t
x x x x x

= +( )ω ω j2 sin ,  (3.20)

F m X t
y y y y y= +( )ω ω j2 sin . (3.21)

Equations (3.16) and (3.18) do not take into account the forces of air resistance to the motion 

of the particle. A particle lying on the sieve surface passes into the station field predetermined by 

the field (3.16)–(3.19), provided that:

X t g
y y y yω ω j α2 sin cos .+( ) >  (3.22)
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Upon reaching the surface of the sieve in free flight ( ),′ =y 0  the particle strikes the surface 

of the sieve. The change in speed from impact can be described by the ratios of inelastic impact.

V RV
y y′
+

′
−= − , (3.23)

V v f R V
x x y′
+

′
−

′
−= − +( )1 , (3.24)

where R – coefficient of speed recovery from the impact, f – coefficient of friction of the particle 

with the sieve surface, the subscripts «–» and «+» correspond to the states immediately before 

and after the impact. On the one hand, there is a significant uncertainty in the experimental de-

termination of these coefficients, and on the other hand, in real conditions the particle strikes not 

against the sieve surface, but against the layer of particles on it, after which its relative speed is 

practically zero. Therefore, with an accuracy acceptable for practical calculations, it can be con-

sidered V V
y x′
+

′
+= = 0 with each impact. The coefficient of friction f will be defined as the coefficient 

of internal friction or the angle of natural slope of the bulk material. After a particle hits the sur-

face of a sieve with layers of particles on it, several options for its further behavior are possible:

– if X t g
y y y yω ω j α2 sin cos ,+( ) >  then the particle is detached from the surface and conti-

nues to move above the surface in accordance with equations (3.16)–(3.19);

– if at the moment of attachment of the particle to the surface and for some next period 

of time X t g
y y y yω ω j α2 sin cos ,+( ) <  then the particle remains on the surface until the sign of 

the roughness changes. Its movement along the surface of the sieve during this period of time is 

determined by the following conditions:

if

g X t f g X t
y y y y x x x x

cos sin sin sin ,α ω ω j α ω ω j− +( )( ) > + +( )2 2  (3.25)

then

V
x ′ = 0,  (3.26)

and the particle is stationary on the surface of the sieve;

if

g X t f g X t
y y y y x x x x

cos sin sin sin ,α ω ω j α ω ω j− +( )( ) < + +( )2 2  (3.27)

then

V g X t f g X t
x x x x x y y y y′ = + +( ) − − +( )( )sin sin cos sin ,α ω ω j α ω ω j2 2  (3.28)

′ = ′x V
x
. (3.29)
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Consequently, the particle moves along the surface under the action of the projection of the 

gravity force, the variable friction force due to the variable pressing of the particle to the surface, 

and the longitudinal exchange force of inertia of the translational motion. The system of equations 

(3.16)–(3.19) with nonlinear conditions (3.25)–(3.29) can be solved only by a numerous method.

With an independent disturbance of the vibrations of the sieve in the longitudinal and trans-

verse directions, the movement of the particle above and along the surface is rather complicated. 

In some practically important cases, which are necessary for evaluating certain parameters of  

vibration sorting, the system of equations of motion can be significantly simplified. Experiments with 

the model described above allow one to determine the characteristics of the motion of a particle 

over a horizontal surface, performing vertical oscillations, necessary for considering periodic sorting.  

Of these characteristics, the vibration amplitude and frequency of contacts are important, the 

vibration amplitude determines the increase in the layer height due to the effect of its «swelling».  

The frequency of contact of particles with the surface determines the conditions for their passage 

through the openings of the sieve. Calculations show that, regardless of the initial phase, a steady 

cycle of a share is formed rather quickly. From this, the amplitude of the particle tosses over the 

surface and the period of contacts with it are determined.

Fig. 3.3 shows the effect of the angular frequency and the amplitude of surface vibrations on 

the amplitude of particle motion.

 Fig. 3.3 Changing the vibration amplitude of x material particles  
from frequency ω: 1 – x = 4 mm; 2 – x = 6 mm; 3 – x = 8 mm; 4 – x = 10 mm

With an amplitude of 5 mm, the separation of a particle from the surface of the sieve begins 

at a circular frequency of 45 rad/s, and for an amplitude of 2.5 mm – generally at a frequency  

of 63 rad/s. The effect of circular frequency and surface amplitude on the frequency of particle- 

surface contacts is shown in Fig. 3.4.

Each amplitude has its own rotation frequency corresponding to the maximum frequency of 

contacts, that is, the fastest passage of particles through the holes. At a frequency of 50 rad/s, 

the effect of the surface amplitude on the contact frequency is not significant.
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 Fig. 3.4 Influence of the vibration frequency of the screen on the  
frequency of contacts of particles with its surface at different amplitudes:  
1 – 10 mm; 2 – 2–8 mm; 3 – 3–6 mm

The sorting process is influenced by the likelihood of the passage of the grains through the 

openings of the sieve. This probability depends on the size of the particles, the dynamic parameters 

of the vibrations of the screen, the design of the screen, and the shape of the holes in the screen. 

The average speed of passage of particles through the sieve is determined by the frequency of 

contacts of the particles with the surface and the ratio of the sizes of the particle and the hole. 

The frequency of particle-sieve contact is influenced by the amplitude and frequency of vibrations of 

the screen surface. An estimate of the probability of a particle passing through the sieve opening in 

one collision can be carried out on the basis of the design scheme shown in (Fig. 3.5).

 Fig. 3.5 Scheme of passage of particles through the sieve openings
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Taking into account the direction of impact of particles on the surface perpendicular to it, it can 

be assumed that only particles which centers are inside the square ( ) ( )l d l d0 0− × −  will pass into 

the hole. In general, particles can reach the surface anywhere in the l× l square. The probability of 

particles passing through the holes is determined by the relationship:

p n tK d l
g

= −( )Δ 1 0

2
,  (3.30)

where n n X= ( , )0 ω  – the number of contacts of the particle with the sieve surface per time unit; 

j  – coefficient of the open section of the sieve; d – particle diameter; l0 – hole size; Δt  – time  

of one transition in the matrix of transition probabilities g of the cellular model of the periodic 

sieving process.

The angle of inclination of the sieving surface α  determines the probability of particles pen-

etrating through its holes p
f
,  which is determined by the angle at which the particles attack the 

sieve surface. This angle depends on the parameters of the vibrations of the sieve, the trajectory 

of the screening surface and the angle of its inclination to the horizon; it can vary within wide limits.

For experimental research, a model of a vibration screen has been developed and manufac-

tured (Fig. 3.6) [9–12].

 Fig. 3.6 Experimental device: a – diagram; b – general view; 1 – engine; 2 – feeder;  
3 – mechanism for regulating the supply of material; 4–6, 8 – sensors; 7 – measuring complex;  
9 – oscillator; 10, 13 – sieves; 12 – box; 14 – reactive mass; 11, 15 – elastic elements

a b

The model, in terms of its design and technological parameters, is analogous to a serial vi-

bration screen, and the ratio of the length to width of the screen was taken according to the 

standard ratios of 2:1.

In the course of the experiments, the search for the most efficient sorting modes was carried out.

With a certain number of throws n
k max  and sizes of boundary grains, experimental 1 and cal-

culated 2 graphs were built (Fig. 3.7).
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 Fig. 3.7 Dependence of the probability of screening  
grains (the number of throws) on their size: 1 – calculated; 2 – experimental

The position of curve 2 corresponds to the position of curve 1 in terms of the proportionality 

coefficient Kp = 0.95. The probability of sorting the boundary grains of the crushed mixture accord-

ing to the formula (3.5) is determined by the ratio:

P
l K d K

l d
sor

n bc g=
−( )

+( )

2

2
. (3.18)

In accordance with this correction, let’s perform calculations of the optimal productivity and 

the corresponding screening efficiency for experimental screening units. At the same time, let’s 

neglect a similar correction for light grains, taking into account the insignificant size dl.

Let’s find the average value of the grain size composition of the material in each experiment and 

the empirical dispersion S2 for each fraction. As an estimate of variances, let’s take the weighted 

average number of individual empirical variances.

Let’s compare the obtained permissible measurement accuracy, having previously determined 

the nature of the variance discrepancies by the ratio.

The critical value of these ratios for the degrees of freedom K1 = 49 and K2 = 13, F ≈ 2.3. This 

confirms the random nature of the variance discrepancies and the absence of a significant differ-

ence in the measurement accuracy in individual experiments. Hence, with a reliability P = 0.95 and 

an accuracy S′ for the actual grain size composition of the material, one can take the average, 

compiled according to the data of all experiments. As the result shows, the initial characteristic of 

the size of the material practically did not change during the experiments. Using the experimental 

and calculated points, let’s build the graphs of the dependence (Fig. 3.8).

Analysis of experimental data on the number of throws n
k max  revealed the following. The va-

lue n
k max  is influenced by two main parameters: the time of transporting the material over the  

sieve t and the frequency of forced vibrations of the vibrator. The time of transporting the  

material t increases the screening efficiency E even in the case when the limiting grain size dbc is 
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large, i.e. d D
bc

> 0 9. . On the other hand, an increase in the parameter t reduces its vibration 

transport speed v, which reduces the total amount of material passing through the screen per 

unit time. For example, at t = 5 s, P = 26...43 kg/min; for t = 6 s, P = 21...38 kg/min; for t = 7 s, 

P = 16...24 kg/min; for t = 12 s, P = 9...21 kg/min; for t = 16 s, P = 3...14 kg/min; for t = 26 s, 

P = 4...9 kg/min. The graphical meaning is shown in Fig. 3.9.

 Fig. 3.8 Dependence of rational sorting productivity on the time  
of material transportation over the sieve: 1 – calculated; 2 – experimental

 Fig. 3.9 Dependence of the maximum sorting efficiency  
on the number of throws of the material layer on the sieve:  
1 – calculated curve; 2 – experimental curve

As can be seen from the above examples, with an increase in the residence time of the material 

on the sieve tm, an inversely proportional decrease in the productivity of the vibration screen is 

observed. The size of the sorted material has a significant effect on the value of productivity. In this 

case, the productivity P can vary up to 42 %. For example, in the case of transportation during  

the time of material t = 12 s at dbc = 8.4 mm, at d D
bc

= 0 907.  and Sh = 9.64 %, the productivity 

of the screen P = 10.2 kg/min, and at db = 8.32 at d D
bc

= 0 924.  and Sh = 10.8 % screening 

capacity is 12 kg/min.
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Analysis of the experimental data (Fig. 3.9) on the number of material throws n
k max  over the 

sorted material and their influence on the main technological parameters showed that the dis-

crepancy is 5.3–8.1 %.

3.3 Discussion of research results

The studies carried out revealed the influence of the vibration frequency and the angle of incli-

nation on the efficiency of sorting. So, with an increase in the frequency of vibration and the ampli-

tude of vibration of the box, the separation of the material and the speed of sorting increase. The 

particle speed is of greater importance at the frequency of the box vibrations, ω = 45 85...  rad/s. 

When changing the angle of inclination from α = °2 …204°  it was obtained that with an increase 

in the angle of inclination of the sieve from 14° to 20°, the concentration, speed and power are 

more stable. The dependence of the used power on the design and technological parameters of 

the vibration screen is revealed. The number of throws to be sorted is influenced by the transport  

time t of this material over the surface of the sieve and the amount of vibration excitation to this 

material. These parameters are due to the magnitude of the forced vibrations of the vibration 

system, with an increase in both of these parameters [13–16].

An increase in the number of throws of material n
k max  increases the residence time of the 

material on the surface of the sieve, reduces the speed of passage of the material and, in general, 

reduces the productivity of the screen. For example, for n
k max  = 49, P = 26...43 kg/min with an 

increase n
k max  to 67, the productivity of the screen P decreases to 16...24 kg/min, for n

k max  = 211 

it decreases to 3...14 kg/min, and with a value of n
k max  = 367, the productivity of the screen  

is only about 8.1 kg/min.

The efficiency of the sorting process E is also affected by n
k max  as follows: with the number 

of throws n
k max  indicated in the previous paragraph, the efficiency of screening E is respectively: 

87.9 %, 89 %, 91.5 %, 94.7 % (Fig. 3.9, curve 2). The increase in the efficiency of screening E  

in accordance with the increase n
k max is explained by the increase in the time of vibration exposure to 

the medium being separated. This is confirmed by the close placement of curves 1 and 2 (Fig. 3.9).

Conclusions to Section 3

1. The physical and mathematical model of the screen has been substantiated, on the basis  

of which the equations of material movement over the sieve are compiled.

2. Distribution of the vibration amplitude of the material particles from the vibration frequency 

of the sieve has been determined.

3. An experimental model of a vibration screen has been developed and experimental studies  

of its operation have been carried out.
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4. Dependence of the used power on the design and technological parameters of the vibration 

screen has been revealed.

5. The influence of the vibration frequency and the angle of inclination on the sorting efficien-

cy has been determined. So, with an increase in the frequency of vibrations and the amplitude  

of vibrations of the box, the separation of the material increases and the particle speed is of great-

er importance at a frequency of vibrations of the box of 45...85 rad/s.
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4 Research of technical systems of processes  
of mixing materials

Abstract

The process of a vibration concrete mixer has been investigated. Well-coordinated equations of 

motion of the system «mixer – concrete mixture» and their solutions have established the regulari-

ties of changing the parameters of the mixer at different angles of inclination. An experimental design 

of vibration-gravitational mixing has been developed and manufactured, and studies of the working 

process of mixing efficiency have been carried out on it. Research carried out at three warehouses 

of concrete mixtures confirmed the assumptions accepted in the work, the assumption and the 

selected physical and mathematical model of the «Mixer – concrete mixture» system. The use of  

a vibration concrete mixer made it possible to reduce the duration of mixing by 2.5–3 times in com-

parison with conventional free mixing concrete mixers. Provides the preparation of hard concrete 

mixtures and improving the quality of concrete mixtures due to the destruction of defective aggre-

gates and a more uniform distribution of the binder throughout the volume of the mixed mixture.

An algorithm and method for calculating the main parameters of a vibration concrete mixer 

have been developed.

KEYWORDS

Vibration mixer, material, physical, mathematical model, equation, resonance, parameters, 

experimental setup, vibration frequency, productivity.

4.1 Justification of the constructive diagram of the technical system  

for the processes of mixing materials

The technical systems for the processes of mixing materials include mixers, which are classified 

according to the characteristics: the principle of mixing, the nature of work, the method of instal-

lation [1, 2]. According to the principle of mixing the components, concrete mixers are divided into 

two classes: with free mixing of materials (gravitational) and with forced [3]. It is most expedient to 

use gravity mixers to prepare more plastic mixtures with lower resistivity when mixing them [4]. For 

the preparation of hard concrete mixes, mixers with forced mixing of materials are most effective.  

At the same time, modern requirements for the quality of concrete mixtures require the use of 

more efficient mixing equipment. Such equipment includes mixers using vibration effect [5]. In such 

a mixer, up to five component movements take place, and mixing is carried out simultaneously  
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by translational and rotational movements of the components of the mixture. A free-mixing vibra-

tion concrete mixer (Fig. 4.1) includes a cone-cylindrical mixing drum 1, which is mounted on a base 

plate 3 with the help of elastic shock absorbers 2.

 Fig. 4.1 Vibration concrete mixer

This base plate 3 is rigidly connected in its central part to a hollow drive shaft 4, mounted 

in a bearing support 5. At the end of the drive shaft 4, a sprocket 6 is mounted, connected to 

an electromechanical drive (not shown). On the bottom of the mixing drum 1, a circular vibration 

exciter 7 is mounted, which is half mounted in the inner cavity of the mixing drum. In this case, the 

vibration exciter of circular vibrations 7 is connected to the drive motor (not shown in the Fig. 4.1) 

using a flexible shaft 8 passing inside the hollow drive shaft 4. Inside the mixing drum, the vibration 

exciter of circular vibrations 7 is closed with a cone-cylinder protective cap. drum. Blades 10  

are located inside the mixing drum 1. The bearing support 5 is mounted on the traverse of the fixing 

and tipping mechanism.

Free mixing vibration concrete mixer works as follows.

Mixing drum 1 is installed at an angle of 40–45 degrees to the horizon and is loaded with  

a portioned amount of sand, crushed stone and cement. Pour in the required amount of water. The 

mixer drum drive is included. In this case, the rotating mixing drum using the blades 10 provides 

mechanical mixing of the mixture. This preliminary mixing of the components of the mixture con-

tinues for 15–20 s.

Then, with the help of the fixing and tipping mechanism, the mixing drum is set in a verti-

cal position and the vibration exciter of circular vibrations 7. Under the influence of vibration, 
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the mixing drum performs complex vibration movements that cause variable amplitude-frequency  

deformations in the concrete mixture. The vibration action of the applied simultaneous torsional and 

circular vibrations ensures efficient mixing of the concrete mixture. The duration of vibromechanical 

mixing, vibration treatment and vibration activation is 15–25 s, depending on the concrete mix. 

After the end of vibromechanical mixing, the vibration exciter of vibrations is turned off and, using 

the fixing and overturning mechanism, the mixing drum is transferred to its original position. The 

drum is installed at an angle of 40–45 degrees to the horizon and the process of mixing the mixture 

continues for 10–12 seconds until a homogeneous state is obtained. Then the concrete mixture  

is discharged from the mixing drum.

4.2 Determination of the parameters of the mathematical model  

of the vibration mixer

The main parameters influencing the choice of the mathematical model of the vibration mixer 

are the nature of the mixing drum vibrations, the coordinates of the center of gravity of the mixing 

drum, the physical and mechanical characteristics of the mixture, the geometric dimensions of the 

mixing drum and the volume of filling it with the concrete mixture.

When vibration in the vertical direction on the bottom of the mixing drum from the side of 

the processed concrete mixture, support forces will act, which can be represented in the form of 

inertial forces F
in1  and dissipative forces F

ds1, i.e. forces of inelastic resistance F
ds1. These forces 

can be described by the following dependencies:

F m
d z

dt
in pr1 1

2

2
= ; (4.1)

F b
dz

dt
ds pr1 1= ,  (4.2)

where m
pr1 – reduced mass of the concrete mixture interacting with the bottom of the mixing 

drum during vertically directed vibrations; b
pr1  – reduced coefficient of inelastic resistance of the 

concrete mixture.

In this case, the value of the reduced mass of the concrete mixture can be determined from 

the dependence, modified as a result of the refinement, given in [6]:

m
F

k
tgk H

pr r1
1

1

1=
ρ

,  (4.3)

where ρ – dynamic density of the concrete mixture; F1 – the area of the bottom of the mixing drum 

in contact with the concrete mixture; k1  – the wavenumber;
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k
a

1

1

=
ω

;  (4.4)

a1  – phase speed of propagation of the disturbance in the treated layer:

a
E

1 =
ρ

;  (4.5) 

E  – dynamic modulus of elastic deformation of the processed concrete mixture; H
r
 – estimated 

thickness of the processed layer, selected from the condition:

at h
E

≤
π
ω ρ4

, H h
r

= ;  (4.6)

at h
E

>
π
ω ρ4

,  H
E

r
=

π
ω ρ4

, (4.7)

where h  – thickness of the processed layer.

The coefficient of inelastic resistance of the concrete mixture is determined from the following 

relationship:

b k F k H
pr r1 1 1 1 1= η tg , (4.8)

where η1 – coefficient of dynamic viscosity of the concrete mixture;

η ρ1 1= f H E
v r

, (4.9)

where f
v1 – coefficient of internal friction of the concrete mixture.

From the given dependences (4.2) and (4.8), let’s find the specific values of the reduced mass 

and the coefficient of inelastic resistance:

m
k

k mH
ypr r1

1

1=
ρ

tg ,  (4.10)

b k k H
ypr r1 1 1 1= η tg . (4.11)

The specific values of the reduced mass and the coefficient of inelastic resistance of the con-

crete mixture interacting with the cylindrical walls of the mixing drum during horizontal vibrations 

are determined from the following dependencies:

m
m

k
k L

ypr

ypr

r2

1

1

12 1 2 1
=

+
=

+( ) ( )
;

µ
ρ

µ
tg  (4.12)
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b
b k

k L
ypr

ypr

r2

1 1 1
12 1 2 1

=
+

=
+( ) ( )

,
µ

η
µ

tg  (4.13)

where µ  – Poisson’s ratio; L
r
 – length of the processed layer in the horizontal direction.

To determine the nature of the motion of the mixing drum in the vibration operating mode, let’s 

consider the design diagram of the dynamic system «mixing drum – processed medium» (Fig. 4.2).

 Fig. 4.2 Design diagram of the dynamic system «Mixing drum – processed medium»

To determine the value of the reduced mass and the coefficient of inelastic resistance of the 

concrete mixture interacting with the cylindrical walls of the mixing drum during horizontal vibra-

tions in the direction of the coordinate, let’s conventionally divide the entire mixed concrete mix-

ture located in the cylindrical part of the mixing drum into a number of elementary vertical volumes. 

the same width (Fig. 4.2). From Fig. 4.2:

Δ
l

R

n
=

2
.  (4.14)

The length of each i-th volume with the width Δ
l
 located at a distance i

l
Δ  from the drum shell 

is determined from the following relationship:

L R R i
i l
= + −2 2( ) .Δ  (4.15)

Based on the obtained expressions (4.12), (4.13) and (4.15), let’s determine the values of the 

reduced mass and the coefficient of inelastic resistance of the concrete mixture for each elementary 

volume interacting with the cylindrical walls of the mixing drum during horizontally directed vibrations:
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m
h

k
k L

ipr
l

i2

1

12 1
=

+
Δ ρ

µ( )
;tg  (4.16)

b
h k

k L
ipr

l
i2

1 1
12 1

=
+

Δ η
µ( )

.tg  (4.17)

4.3 Equation of motion and analytical description of vibration mixer motion

Based on the obtained expressions (4.10), (4.11), (4.18) and (4.19) of the calculation 

scheme shown in Fig. 4.2 and the method described above, vibrations of a mixing drum loaded with 

concrete can be represented in the form of the following system of differential equations:

– vibrations in the horizontal direction along the coordinate axis:

( ) ( ) sin ;m m
d y

dt
b b

dy

dt
c y Q t

pr
r

pr
r

r
+ + + + =2

2
1
2 2 2

1
2 1 ω  (4.18)

– angular (torsional) vibrations about the X  coordinate axis:

( ) ( ) cos ;m m
d x

dt
b b

dx

dt
c x Q t

pr
r

pr
r

r
+ + + + =2

2
1
2 3 2

1
3 1 ω  (4.19)

– angular (torsional) vibrations about the X  coordinate axis:

( ) ( ) sin ;J J
d

dt
n n

d

dt
k Ql t

x b
xr

b
xr

xr
+ + + + =1

2

2 2 2 2 1

ψ ψ
ψ ω  (4.20)

– angular (torsional) vibrations about the Y  coordinate axis:

( ) ( ) cos ;J J
d

dt
n n

d

dt
k Ql t

y b

yr

b

yr

yr
+ + + + =1

2

2 3 2 3 1

ψ ψ
ψ ω  (4.21)

– vertical vibrations in the direction of the Z  coordinate axis along the X  axis:

z x
xr yr

= ψ ; (4.22)

– vertical vibrations in the direction of the Z  coordinate axis along the Y  axis:

z y
yr xr

= ψ ,  (4.23)

where x
r1 , y

r1 , y
r1 , z

yr
 – linear displacements of the mixing drum in the direction of the coordi-

nate axes X, Y  and Z  under the action of harmonic exciting forces Q tcosω  and Q tsinω  in the 

ope rating mode; ψ
xr
,  ψ

yr
 – angular displacements of the mixing drum relative to the coordinate  
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axes X, Y, respectively, under the action of the moments of exciting forces Q tsinω  and Q tcosω  in 

the operating mode; l1  – distance from the center of application of the exciting force of the vibra-

tion exciter of vibrations to the center of gravity of the vibration dynamic system in the operating 

mode in the direction of the coordinate Z1,

l
ml m h a

m m

pr

pr

1

1

1

0 5
=

+ +

+

( . )
; (4.29)

J
b1 – moment of inertia of the concrete mixture relative to the horizontal axis of gravity passing 

through the center of weight:

J m R m h m h a l
b pr pr pr1 2

2
2

2
2 1

21

2

1

12
0 5= + + + −( . ) ; (4.30)

– coefficient of inelastic resistance of the concrete mixture at angular displacements of the 

oscillating system relative to the horizontal axis;

n hb
b pr2 20 5= . . (4.31)

The solution to the system of differential equations (4.18)–(4.21) for stationary oscillations 

describing the steady motion of a vertically installed mixing drum in operating mode is presented 

in the following form:

y t A t
r r r1 1 1( ) sin( );= −ω j  (4.32)

x t A t
r r r1 2 2( ) cos( );= +ω j  (4.33)

ψ ω ξ
xr r r

t t( ) sin( );= −Ψ1 1  (4.34)

ψ ω ξ
yr r r

t t( ) cos( ),= +Ψ2 2  (4.35)

where A
r1  – amplitude of harmonic oscillations of the oscillating center of gravity of the system in 

the direction of the coordinate Y  in the operating mode; A
r2  – amplitude of harmonic oscillations  

of the center of gravity of the oscillating system in the direction of the coordinate X  in the operat-

ing mode; Ψ1r
 – amplitude of angular (torsional) harmonic vibrations of the mixing drum relative to 

the axis X  passing through the center of gravity of the oscillating system in the operating mode;  

Ψ2r
 – amplitude of angular (torsional) harmonic vibrations of the mixing drum relative to the axis Y  

passing through the center of gravity of the oscillating system in the operating mode; j1r
, j2r

 – phase  

shift angle between the amplitudes of the exciting forces and the amplitudes of the forced vi-

brations; ξ1r
, ξ2r

 – phase shift angle between the amplitudes of the moments of the exciting forces 

and the amplitudes of the angular forced vibrations;
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A
Q

c m m b b
r

pr pr

1

2 2
2

2 2
2 2

=
− + + +[ ( )] ( )

;
ω

 (4.36)

A
Q

c m m b b
r

pr pr

2

3 2
2

2 2
2 2

=
− + + +[ ( )] ( )

;
ω

 (4.37)

Ψ1
1

2 1
2

2 2
2 2r

x b b

Ql

k J J n b
=

− + + +[ ( )] ( )
;

ω
 (4.38)

Ψ2
1

3 1
2

3 2
2 2r

x b b

Ql

k J J n b
=

− + + +[ ( )] ( )
;

ω
 (4.39)

1

2 2

2 2
r

pr

pr

b b

c m m
j

ω
=

+

− +
arctg

( )

( )
; (4.40)

2

3 2

3 2
r

pr

pr

b b

c m m
j

ω
=

+

− +
arctg

( )

( )
;  (4.41)

1
2 2

2 1

r

b

x b

n b

k J J
ξ

ω
=

+
− +

arctg
( )

( )
; (4.42)

2
3 2

3 1

r

b

x b

n b

k J J
ξ

ω
=

+
− +

arctg
( )

( )
.  (4.43)

Using the obtained solutions (4.32)–(4.43) of the system of equations (4.18)–(4.28) of the 

considered dynamic system, let’s successively determine the laws of motion of the bottom and 

walls of the mixing drum, as well as the protective cap, affecting the processed concrete mixture 

both in vertical and horizontal directions, and causing normal and tangential stresses in the pro-

cessed medium, significantly affecting the destruction of internal bonds in the concrete mixture 

and, accordingly, the efficiency of vibration processing and mixing of the prepared concrete mixture.

The law of motion of the bottom of the mixing drum interacting with the processed concrete 

mixture horizontally in the direction of the coordinate can be described by the following equation:

X t x t l a t A t l a t
dr r yr r r r

( ) ( ) ( ) ( ) cos( ) ( )cos(= + − = + + − +1 2 2 2 2ψ ω j ω ξΨ
rr
), (4.44)

where X t
dr

( ) – horizontal displacement of the mixing drum bottom in the direction of the coordi-

nate X, which causes contacting stresses in the concrete medium.

After transformations of expression (4.44), let’s obtain a dependence convenient for analysis 

and computer simulation:

X t A t
dr d

( ) cos( ),= +2 2ω θ  (4.45)
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where A
d2  – amplitude of harmonic vibrations of the bottom of the mixing drum in the direction of 

the coordinate axis,

A A l a A l a
d r r r r r r2 2

2
2

2
2 2 2 22= + − + − −[ ( )] ( )]cos( );Ψ Ψ j ξ  (4.46)

θ2  – angle of phase displacement between the amplitude of the exciting force and the amplitude 

of the forced vibrations of the bottom of the mixing drum in the direction of the coordinate axis X,

θ
j ξ
j ξ1

2 2 2 2

2 2 2 2

=
+ −
+ −

arctg
A l a

A l a
r r r r

r r r r

sin ( )sin

cos ( )cos
.

Ψ
Ψ

 (4.47)

The law of motion of the bottom of the mixing drum interacting with the processed concrete 

mixture horizontally in the direction of the coordinate can be described by the following equation:

Y t y t l a t A t l a t
dr r xr r r r

( ) ( ) ( ) ( ) sin( ) ( )sin(= + − = − + − −1 1 1 1 1ψ ω j ω ξΨ
rr
),  (4.48)

where Y t
dr

( ) – horizontal displacement of the mixing drum bottom in the direction of the coordi-

nate Y , which also causes contacting stresses in the concrete medium.

Transforming expression (4.48), let’s obtain a dependence convenient for analysis and com-

puter simulation:

Y t A t
dr d

( ) sin( ),= −1 1ω θ  (4.49)

where A
d1  – amplitude of harmonic vibrations of the bottom of the mixing drum in the direction  

of the coordinate axis Y,

A A l a A l a
d r r r r r r1 1

2
1

2
1 1 1 12= + − + − −[ ( )] ( )]cos( );Ψ Ψ j ξ  (4.50)

θ1  – angle of phase displacement between the amplitude of the exciting force and the amplitude 

of the forced vibrations of the bottom of the mixing drum in the direction of the coordinate axis X,

θ
j ψ ξ

j ψ ξ1

1 1 1 1

1 1 1 1

=
+ −( )
+ −( )arctg

A a

A a

r r r r

r r r r

sin sin

cos cos
.




 (4.51)

The law of motion of the bottom of the mixing drum interacting with the processed concrete 

mixture in the vertical direction along the coordinate Y  can be described by the following equation:

Z y t y t y t R y r r y R
dr xr r r

( , ) ( ) sin( ) , .= = − − ≤ ≤ − ≤ ≤ψ ω ξΨ1 1 at  (4.52)
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The law of motion of the bottom of the mixing drum interacting with the processed concrete 

mixture in the vertical direction along the coordinate X  can be described by the following equation:

Z x t x t x t R x r r x R
dr yr r r

, cos , .( ) = ( ) = +( ) − ≤ ≤ − ≤ ≤ψ ψ ω ξ2 2 at  (4.53)

Here Z y t
dr

( , )  and Z x t
dr

( , ) – displacement of the bottom of the mixing drum in the vertical 

direction along the coordinates X  and Y, causing normal stresses in the concrete medium.

The law of motion of the mixing drum shell interacting with the processed concrete mixture 

horizontally in the coordinate X  direction can be described by the following equation:

X z t x t z t

A t z t

obr r yr

r r r r

( , ) ( ) ( )

cos( ) cos( )

= + =

= + + +
1

2 2 2 2

ψ

ω j ω ξΨ at −− − ≤ ≤ − +( ) ( ),l a z H l a  (4.54)

where X z t
obr

( , ) – movement of the shell of the mixing drum in the horizontal direction along the 

coordinate X , which causes normal stresses in the medium being processed.

After transformations of expression (4.54), let’s obtain a dependence convenient for analysis 

and computer simulation:

X z t A z t z
obr ob

( , ) ( )cos[ ( )],= +3 3ω θ  (4.55)

where A
ob3  – variable amplitude of harmonic vibrations of the mixing drum shell in the direction of 

the coordinate axis,

A A z A z
ob r r r r r r3 2

2
2

2

2 2 2 22= + ( ) + −( )ψ ψ j ξcos ; (4.56)

θ3( )z  – variable phase angle between the amplitude of the exciting force and the amplitude of 

forced vibrations of the shell of the mixing drum in the direction of the coordinate axis:

θ
j ξ
j ξ3

2 2 2 2

2 2 2 2

( )
sin sin

cos cos
.z

A z

A z
r r r r

r r r r

=
+
+

arctg
Ψ
Ψ

 (4.57)

The law of motion of the mixing drum shell interacting with the processed concrete mixture 

horizontally in the coordinate direction can be described by the following equation:

Y z t y t z t

A t z t

obr r xr

r r r r

( , ) ( ) ( )

sin( ) sin( )

= + =

= − + −
1

1 1 1 1

ψ

ω j ω ξΨ at −− − ≤ ≤ − +( ) ( ),l a z H l a  (4.58)

where Y z t
obr

( , )  – movement of the shell of the mixing drum in the horizontal direction along the 

coordinate, causing normal stresses in the medium being processed.
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Transforming expression (4.58), let’s obtain a dependence convenient for analysis and com-

puter simulation:

Y z t A z t z
obr ob

( , ) ( )sin[ ( )],= −4 4ω θ   (4.59)

where A
ob4  – variable amplitude of harmonic vibrations of the mixing drum shell in the direction of 

the coordinate axis Y,

A A z A z
ob r r r r r r4 1

2
1

2
1 1 1 12= + + −( ) cos( );Ψ Ψ j ξ  (4.60)

θ3( )z  – variable phase angle between the amplitude of the exciting force and the amplitude of 

forced vibrations of the shell of the mixing drum in the direction of the coordinate axis Y,

θ
j ξ
j ξ4

1 1 1 1

1 1 1 1

( )
sin sin

cos cos
.z

A z

A z
r r r r

r r r r

=
+
+

arctg
Ψ
Ψ

 (4.61)

The law of motion of the shell of the mixing drum interacting with the processed concrete mixture 

in the vertical direction along the coordinates Y and X  can be described by the following equations:

– for the cylindrical part:

Z t R t R t
obyr xr r r

( ) ( ) sin( );= = −ψ ω ξΨ1 1  (4.62)

Z t R t R t
obxr yr r r

( ) ( ) cos( );= = +ψ ω ξΨ2 2  (4.63)

– for the tapered part:

Z y t R t

R
y h a

t

obxr xr

r r

( , ) ( )

sin( )

= =

= −
− − −( )











+

ψ

β
ω ξΨ1 1


tg

at hh a y H a− +( ) ≤ ≤ − +( )  ; (4.64)
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y h l a

t h

obxr yr
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( , ) ( )
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cos( ) (

= =

= −
− − +







 + −

ψ

β
ω ξΨ2 2tg

at ll a y H l a+ ≤ ≤ − +) ( ), (4.65)

where Z t
obyr

( ) and Z t
obxr

( ) – displacement of the cylindrical part of the mixing drum in the vertical 

direction along the coordinates Y  and X, causing tangential stresses in the concrete medium; 

Z y t
oby

( , ) and Z x t
obx

( , ) – displacement of the tapered part of the mixing drum in the vertical direction 

along the coordinates Y  and X.
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4.4 Determination of the main parameters of the working process of an operation 

of concrete mixer

Based on the obtained theoretical dependencies (4.1)–(4.65), describing the vibrations of the 

vibration drum in the operating mode, a program was created in the TurboPascal system designed 

to simulate the laws of motion of the mixing drum under the action of disturbing forces generated 

by the displaced vibration exciter of circular vibrations.

Fig. 4.3–4.6 show the theoretical values of the vibration amplitudes of the surfaces of a vi-

bration drum in contact with a concrete mixture of different consistency in the horizontal plane and  

in the vertical direction. Used cement-concrete mixtures with a cone subsidence OK = 3.5–4 cm 

and a stiffness of 30 s, 60 s and 90 s.

The data of the vibration amplitudes of the bottom of the mixing drum (Fig. 4.3, a) and the 

shell of the mixer drum (Fig. 4.3, b) with horizontal (1) and vertical (2) movements in the operating 

mode are given. The calculations were performed for the preparation of a concrete mixture with  

a cone subsidence OK = 3.5–4 cm.

 Fig. 4.3 Amplitudes of vibrations of the surfaces of the mixing drum (mixture  
with cone subsidence OK = 3.5–4 cm)

a b

 Fig. 4.4 Amplitudes of vibrations of the surfaces of the mixing drum (mixture  
with a hardness of 30 s)

a b
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 Fig. 4.5 Amplitudes of vibrations of the surfaces of the mixing drum (mixture  
with a hardness of 60 s)

a b

 Fig. 4.6 Amplitudes of vibrations of the surfaces of the mixing drum (mixture  
with a hardness of 90 s)

a b

When preparing hard concrete mixes, the distribution of amplitudes is somewhat different 

from mobile mixes. Yes, in Fig. 4.5, 4.6 show the results of calculations for mixtures with stiffness 

of 60 s and 90 s for the bottom of the mixer drum (a) with horizontal (1) and vertical (2) and  

the shell of the mixer drum (b) with horizontal (1) and vertical (2) movements.

The data presented show that during the preparation process concrete mixtures are subjected 

to vibration action with sufficiently high amplitudes in the horizontal plane and in the vertical direc-

tion at a frequency of angular vibrations of 292 rad/s, sufficient for effective mixing and vibration 

activation of the concrete mixture.

Thus, the obtained expressions (4.1)–(4.65) make it possible to establish the law of mo-

tion of all surfaces of the inner surface of the mixer interacting with the processed cement- 

concrete mixture during its preparation, to determine the main parameters of the proposed  

vibration device depending on the physical and mechanical characteristics of the processed 

mixture, to justify rational modes. actions on the concrete mix during its vibration processing  

and preparation.

For experimental research, a vibration mixer was developed and manufactured (Fig. 4.7).
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 Fig. 4.7 Design of the experimental device

It is a cone-cylindrical mixing drum 1, which is mounted on a base plate 3 with the help of 

elastic shock absorbers 2. This base plate 3 is rigidly connected in its central part to a drive shaft 4  

installed in a bearing support 5. A worm is built into the cross-beam 6 a gearbox 7 connected to 

an electric motor 8 through a clutch 9. On the bottom of the mixing drum 1, a circular vibration 

exciter 10 is mounted, which is half mounted in the inner cavity of the mixing drum. Inside the 

mixing drum, the circular vibration exciter 10 is closed with a conical protective cap 11, which is 

hermetically attached to the bottom of the drum. Inside the mixing drum 1 there are blades 12.  

The traverse 6 and the locking and tipping mechanism 13 are mounted on the frame 14.

The process of testing the operation of the mixer with the necessary instruments for mea-

suring parameters was carried out in accordance with the requirements of the interstate stan-

dard (GOST 16349-85).

– error of power measuring instruments – no more than 2.5 %;

– rotational speed of the mixing bodies was checked under load;

– weight of the mixer was determined by weighing on a balance;

– total time of one mixing cycle was determined by a stopwatch and was counted from the 

beginning of loading the mixture to the end of unloading the mixed mixture;

– composition, grade of the concrete mixture was determined at the test site;

– during the tests, three batches of mixtures of the same composition were prepared.  

The amount of the mixture was sufficient for testing. A total of three mixtures were used.

All indicators provided by the interstate standard, including vibration parameters (amplitude 

and frequency of oscillations), were recorded through the appropriate equipment on the computer 

display (Fig. 4.8).

On the foundation on the side of the vibration mixer (Fig. 4.8) there is a fixed stand of the 

tripod, in which the sensor is fixed on a special clamp. The other end of the sensor is attached 

to the bottom of the mixing drum through a special bracket. The length of the sensor base and  
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its thickness are selected from the condition that the natural oscillation frequency of the sen-

sor ω0d exceeds the value of the oscillation frequency by 8...10 times.

As a result of the experiments, the value of the vibration amplitude is recorded on the com-

puter screen in the form of vibrograms. Based on the results of the analysis and processing of 

vibration records, both the mutual influence of the working body and the medium and the determi-

nation of optimal modes are established. The analysis of the records was carried out in two stages: 

preliminary analysis of the oscillogram; complete control processing.

By processing a series of typical vibrograms according to the above method, the numerical 

values of the vibration amplitudes of the bottom of the mixing drum and shell were obtained for 

mixtures with different cone draft and different stiffness. Based on the results of data processing, 

graphs were constructed with the repetition of each experiment in three dimensions. Fig. 4.9 

shows graphs comparing the theoretical and experimental values of the amplitude of oscillations of 

horizontal and vertical oscillations of the bottom and shell, depending on the radius, measured from 

the axis of rotation of the drum to the shell of the drum.

 Fig. 4.8 Measurement scheme: ХH – horizontal movements  
of the mixing drum; ХV – vertical movements of the mixing drum

 Fig. 4.9 Comparison of theoretical and experimental values of the amplitude:  
a – horizontal vibrations of the bottom and shell, depending on the radius;  
b – vertical vibrations of the bottom and shell for the mixture G = 30 s

a b
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An assessment of the performed studies has established that the discrepancy between the 

theoretical and experimental numerical values in the vibration amplitudes is 11–15 %.

4.5 Methodology and algorithm for calculating the main parameters  

of a vibration concrete mixer

The initial parameters are the amplitude, the vibration frequency, set depending on the com-

position of the mixture. An important indicator of the vibration process is the selected type and 

direction of vibrations and the nature of vibrations. If, according to the condition of the problem, 

the values of the amplitudes and frequencies of oscillations are absent, then their values can be 

determined based on the fact that the dominant parameter is acceleration. Then such properties 

as amplitude, speed, frequency, acceleration must be considered together.

For harmonic oscillations with frequency, the oscillation amplitude is optimal [7]:

X
g

OPT
=

−( )4 6
2ω

, (4.66)

where g  – acceleration due to gravity (g  = 9.8 m/s). For the frequency ω = −3 14 1. ,s  the optimal 

vibration amplitude is determined by the lower and upper acceleration, i.e. X
OPT

= −0 4 0 6. .  mm.

The second parameter is the drive power of the concrete mixer, which is spent on vibrations 

of the mixture Pv and friction in the bearings of the vibration exciter P
FR

.

The vibration power is calculated according to the maximum value that the existing driving 

force can develop with an increase in the dissipative resistance of the system.

Power per vibration, W, is determined by the dependence [7]:

max ,P F x
av c

= ′
1

4 0 ω  (4.67)

where F0  – driving force necessary to maintain a given amplitude is calculated taking into account 

the effect of the concrete mixture on the working body of the machine; ′x
c
 – amplitude of displace-

ments of the working body, taking into account only the reactive forces of the system:

′ =
+

x
m r

m a m
c

c

0 0 ,  m
F

k
kH

c
=

ρ
tg , (4.68)

where ω – frequency of forced vibrations.

Friction force power in vibration exciter bearings, W,

P F
d

FR

j= 0 2
µ ω, (4.69)

where µ = 0.005...0.008 – coefficient of friction in the bearings; dj – diameter of the bearing journal.
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Motor power for vibration exciter, kW:

P
P P

M
AV FR=

+max
,

1000η
 (4.70)

where µ – transmission efficiency.

The main parameters of the gravitational action, as components of the general process of mix-

ing the concrete mixture, is the drum rotation frequency, which is determined by the dependence:

ω = 2g D. (4.71)

The algorithm for calculating the main parameters and characteristics of a vibration mixer 

based on gravitational and vibration components is shown in Fig. 4.10.

 Fig. 4.10 Algorithm for calculating the parameters and characteristics of a vibration mixer
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4.6 Discussion of research results

The analysis of the obtained expressions (4.32)–(4.65) shows that the mixing drum in the 

process of operation makes complex spatial vibrations, designed to provide an effective vibration 

action on the mixed concrete mixture. Moreover, each point located on the inner surface of the 

mixing drum has its own law of motion. As a result, the mixed concrete mixture will experience an 

alternating amplitude-frequency action, which causes multidirectional normal and tangential stres ses 

in the mixture, which ensures the ultimate destruction of internal bonds and greater mobility in it, 

which contributes to an increase in mass transfer and effective mixing [8–13].

The use of a vibration concrete mixer makes it possible to reduce the mixing time by  

2.5–3 times in comparison with conventional free mixing concrete mixers. Provides the preparation of 

hard concrete mixes and improving the quality of concrete mixes due to the destruction of defective 

aggregates and a more uniform distribution of the binder throughout the volume of the mixed mix. 

An experimental design of vibration-gravitational mixing has been developed and manufactured, and 

studies of the working process of mixing efficiency have been carried out on it. Research carried out 

at three warehouses of concrete mixtures confirmed the assumptions accepted in the work, the 

assumption and the selected physical and mathematical model of the «Mixer – concrete mixture» 

system. It was found that the use of vibration and gravitational action makes it possible to reduce 

the mixing time from 90 to 60 s. The strength of control concrete cubes is 17–18 % higher than in  

a gravity mixer. The discrepancy between the theoretical and experimental numerical values for the vi-

bration amplitudes is 11–15 %. The proposed design and the studies carried out on it have confirmed 

the effectiveness of the vibration mixing method. As a result of the studies performed, it was found 

that the nature of the vibration of the mixing drum is close to harmonious [14]. The amplitude of verti-

cal oscillations of the bottom varies in the range of 0.3–0.4 mm at a distance R = 208–220 mm from 

the drum bottom. At a distance of R = 120 mm, the vibration amplitude slightly decreased and its av-

erage value is 0.2 mm. Horizontal displacements of the drum bottom have huge vibration amplitudes – 

0.02 mm. When loading with a concrete mixture, the amplitudes of vibrations at the same radius have 

significantly decreased, and their average value fluctuates between 0.2–0.25 mm and 0.14–0.16 mm.

Conclusions to Section 4

1. Well-coordinated equations of motion of the system «mixer – concrete mixture» and their 

solutions established the regularities of changing the parameters of the mixer at different angles 

of inclination.

2. The distribution of the amplitudes of vibrations of the working body of the vibration solvent 

has been obtained, depending on the distance of application of the energy source.

3. An experimental design of vibration-gravitational mixing has been developed and manufac-

tured, and studies of the working process of mixing efficiency have been carried out on it.
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4. It has been determined that the use of a vibration concrete mixer makes it possible  

to reduce the duration of mixing by 2.5–3 times in comparison with conventional free mix-

ing concrete mixers. Provides the preparation of hard concrete mixes and improving the quality  

of concrete mixes due to the destruction of defective aggregates and a more uniform distribution 

of the binder throughout the volume of the mixed mix.

5. The results of experimental studies are presented and a comparative analysis based on 

theoretical data has been carried out.

It has been found that the use of vibration and gravitational action can reduce the mixing time 

from 90 to 60 s. The strength of control concrete cubes is 17–18 % higher than in a gravity mixer.

6. An algorithm and method for calculating the main parameters of a vibration concrete mixer 

have been developed.
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5 Study of technical systems of materials  
compaction process

Abstract

The working process of concrete mixture compaction is investigated. The model of the pro-

cessing medium is determined, which is characterized by three stages. At the first stage of 

compaction it is a free-flowing medium, at the second and third stages of compaction it is an 

elastic-viscoplastic medium. This result lies in the definition of the physical and mathematical 

model, the equations of motion. The vibration system «machine-medium» at any moment of 

movement consists of two components – one is capable of accumulating energy that passes 

from one form to another (reactance), and the second is energy dissipation (active resistance). 

The influence of active and reactive forces on the general movement of the system under study 

has been investigated and determined. By solving the equations, analytical dependencies were 

obtained, which established the laws of motion of the «Vibration machine – sealing medium» 

system. Practical implementation for technical systems for the formation of concrete products 

and soil compaction processes under the main pipeline has been carried out. An algorithm and 

method for calculating the main parameters of vibration systems for compaction of working 

media have been developed.

KEYWORDS

Vibration system, medium, compaction process, concrete mix, soil, physical, mathematical 

model, reactance, active resistance, equation, analytical dependences, parameters, experimental 

units, amplitude, vibration frequency.

5.1 Determination of physical models of the process of vibration compaction  

of materials

The vibration effect on the concrete mix is of great practical importance and forms the basis of 

all modern technology for compaction of consistencies [1–3]. The essence of the vibration action 

lies in the fact that during vibrations, the concrete mixture acquires the properties of fluidity due 

to the violation of bonds between the particles. The compaction process is characterized by the fol-

lowing movement of concrete mixture particles: individual, general (general) vibration of concrete 

mixture particles as a continuous system. The uniform movement of particles from one equilibrium 

position to another occurs predominantly in the surface layer.
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Based on a general view of the compaction process, it can be noted that the concrete mix at dif-

ferent stages obeys different laws. At first, it can be represented as a free-flowing medium, where 

the vibration movement of its particles occurs, that is, the forces of dry friction mainly affect. With 

subsequent compaction, the mixture becomes more mobile and behaves like an elastic viscoplastic 

body. Along with the properties of a viscous liquid, the mixture is clearly elastic. Thus, the physical 

model of the mixture should take into account three stages of the compaction process (Fig. 5.1).

 Fig. 5.1 Stages of the compaction process

The elastic properties according to Hooke’s law (Table 5.1) are presented in the form of  

a linear (linear model) or nonlinear (nonlinear model) layer of a concrete mixture.

Viscous properties according to Newton’s law (Table 5.1) are modeled by a damper consist-

ing of a piston moving in a cylinder with a liquid. Other connections of elements with each other 

are possible, which is due to the need to take into account certain properties and composition of 

the components of a real mixture. The equations describing the propagation of a wave process in  

a mixture can be represented as follows:
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The first equation (5.1) describes the displacement of the layer of the mixture u(z, t) as an 

elastic body with density at a speed c. The second equation (5.1) describes the motion of the mix-

ture as an elastic-viscous body with density with a frequency-dependent dissipation of energy taken 

into account in the equation by the coefficient η. The third equation (5.1) describes the motion of 

the mixture as an elastic – viscous body with density ρ with a frequency-independent dissipation of 

energy taken into account in the equation by the coefficient γ. At different stages of the concrete 

compaction process (Fig. 5.1), all equations (5.1) can be applied. The first equation (5.1) is not 

applicable in the case of a possible resonance, since the absence of a dissipative component in the 

resonance zone gives a solution for the amplitude of oscillations А→∞. Therefore, the second and 

third equations (5.1) are left to choose from. At the present stage of development of vibration  
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technology for compaction of building mixtures, the third equation (5.1) is more applied due to the 

fact that for a specific vibration frequency, the stress state is determined by the vibration amplitude.  

Therefore, in further analytical studies, the third equation (5.1) is used.

 Table 5.1 The main types of physical models

Model  
properties

Physical model
Model name

scheme Mathematical notation

Elastic σ ε τ= =Ε; xG Hooke

Plastic τ τ=
pl

Saint-Venant

Elastic-plastic τ τ=
pl
; τ = xG Prandtl

Viscous
τ η=

dV

dz

Newton

Elastoviscous with 
stress relaxation τ η=

dV

dz
; τ = xG

Maxwell

Elastoviscous with  
delayed deforma-
tions

τ = xG +η
dV

dz

Voigt

Elastoviscous with 
creep phenomenon

τ = xG;  τ η= +x G
dV

dz1 1

Kelvin

Elasto-visco-plastic τ = xG;  τ τ= +x G
pl1 1 Bingham

Elasto-visco-plastic 
with relaxation τ = xG;  τ τ= +x G

pl1 1 ;  τ τ η= +
pl

dV

dz

Shvedov

Elasto-visco-plastic 
in the process of 
shear deformation

τ = xG;  τ η= +x G
dV

dz1 1 ; τ τ η= +
pl

dV

dz1

Generalized 
Kelvin and 
Shvedov

When vibrations are transmitted from the working body to the mixture (Fig. 5.2), elas-

tic waves propagate in the latter, which carry the energy that goes to the compaction of the 

mixture layers.
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 Fig. 5.2 «Vibration unit – concrete mix» block diagram

Based on the above reasoning, the «machine – medium» vibration system by different signs 

of their behavior will be represented from the point of view of modeling as subsystems with dis-

crete (machine) and distributed (medium) parameters.

The next premise is based on the fact that the «machine – medium» vibration system at any mo-

ment of movement consists of two components – one is capable of accumulating energy that passes 

from one form to another (reactance), and the second is energy dissipation (active resistance) [3].

Thus, the task of accounting for the medium to be processed is reduced to determining the 

active and reactive forces in the contact zone and introducing them into the equation of motion of 

the vibration unit.

For this purpose, the «vibration unit – concrete mix» design diagram according to the me-

thod [2] is shown in Fig. 5.3.

 Fig. 5.3 Design diagram of the «vibration plant – concrete mix» system:  
х – displacement; F(t) – external forced force; u(z, t) – longitudinal displacement  
of the current section of the concrete mixture column; Rz = 0 – reaction of the 
concrete mixture in the section, provided that z = 0; Rz = h – reaction of the  
concrete mixture in the cross section of the column, provided that z = h
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The wave equation of displacement of the current section of the column of concrete mixture 

is taken in the form (5.1):

∂
∂

= +
∂
∂
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t
c i

u

z
( ) .γ

Here ∂ ∂2 2u t  – acceleration of the concrete mixture layer; ∂ ∂2 2u z  – the second derivative 

of the displacement of the concrete mixture layer u along the coordinate of the mixture column z;  

с – speed of the mixture layer; γ  – coefficient of resistance of the concrete mixture, which 

characterizes the quantitative value of energy dissipation; і – imaginary unit showing the rotation 

between the elastic and dissipative components by the angle π/2.

The solutions of the wave equation (5.1) will be used in the form:

u z t u e u e ekz kz i t, .( ) = +( )−
1 2

ω  (5.2)

The displacement u is determined by the product of two functions, one of which depends on 

the arguments z z( )  and T t( ) :

z z u e u ekz kz( ) = − −
1 2 , (5.3)

T t e i t( ) = ω .

In solution (5.2) u1  and u2  are constants determined by the boundary conditions, k  – complex 

wavenumber: k i= +( )α β ,  where α, β  – coefficients [1–3]:
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The coefficient α determines the attenuation of the wave propagated in the layer of the me-

dium, and the coefficient β determines the attenuation of the same wavelength. Indeed, if there 

is no resistance (γ = 0), then α = 0, β ω= c
o
, that is, the wave under this condition propagates 

without extinction, which corresponds to the first equation (5.1).

The main task is to provide an analytical description of the dynamics of the «vibration unit – 

concrete mix» hybrid system.

The design diagram of the vibration system (Fig. 5.4) is described by the equation obtained  

on the basis of the use of the reaction method [4–6]:

m m a x b m d x c x Fo t
c c o

+( ) + +( ) + = ⋅ ω ωsin .  (5.5)
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The solution to this equation gives an expression x x t
o

= +( )sin ω γ  for determining the vibra-

tion amplitude of a vibration machine, taking into account the entire complex of resistance forces:

x
Fo

c mw m a b m w d
o

c c

=
−( ) +



 + +( )2 2

2
2

2

ω ω
, (5.6)

where a – wave coefficient of the reactance of the concrete mixture; d – wave coefficient of the 

active resistance of the concrete mixture;
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Because of the task at hand, it is important to determine not only the influence of the nominal 

resistance forces on the amplitude value of displacement in the contact zone, but also to find an 

expression for determining the nature and magnitude of the distribution of the amplitudes of dis-

placement over the layers of the mixture z z h= ( ).
Using the solution of the wave equation, let’s find an expression for finding the displacement 

of any layer of the mixture:

x z t
x h z i

h i
eo i wt

1

1 1

1 1
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−( ) +( )
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+( )ch

ch

α β

α β
j .  (5.8)

The modulus of expression (5.8) gives a formula for the amplitude of the displacement of the 

mixture layer:
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When to enter an additional element, for example when loading, the limit conditions are 

changed. Now the stress on the upper contacting surface will not be equal to zero. It is obvious 

that the surcharge, like the working body, in its motion will also perceive the influence of the 

active and reactive resistances of the medium. By analogy, the force of resistance to surcharge 

fluctuations can be expressed as:
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The notation is accepted here k w c= ; m Sh
A

= ρ ;  δ α β= + i .
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5.2 Investigation of the parameters of vibration machines for the compaction  

of concrete mix

To study the parameters of vibration machines for the compaction of a concrete mixture according 

to the obtained formulas, calculations were made according to the following variable parameters: the 

height of the mixture column h = 0 1 1 5. ... . ;m  the frequency of the oscillations w = 100 300.. ;1 c  

the speed of propagation of vibrations in the concrete mixture C
c

= 30 50... ;m/s  the loss factor 

γ = 0 05 1 0. ... . ; the ratio of the masses of the concrete mixture mc to the mass of the vibration 

machine m: m m
c

= 0 4 1 0. ... . ; static pressure. Fig. 5.4 shows the results calculations.

 Fig. 5.4 The results of calculations of changes in the parameters of vibration machines  
for the processes of compaction of a concrete mixture: a – the influence of the ratio of the  
masses of the medium and the machine on the amplitude of oscillations; b – the dependence  
of the amplitude of the oscillations on the height of the mixture column; c – the influence  
of the wave number on the amplitude of the oscillations; d – the influence of the loss factor  
on the vibration amplitude of the working body

a b

c d

The effect of the mass ratio of the medium and the machine on the vibration amplitude depends 

on the specific height of the mixture column. So, in zones far from resonance, these are the heights 

of the mixture column h = 0.2 g and h = 0.5 m (Fig. 5.4, a, curve 1 and curve 2), the amplitude 



Dynamic processes in technological technical systems

84

of the oscillations decreases. In the resonance zone h = 0.3 m (Fig. 5.4, curve 3), the amplitude 

of oscillations increases, which is confirmed by the graph (Fig. 5.4, b). A noticeable effect on the 

amplitude has the speed of propagation of oscillations (Fig. 5.4), the value of which is included in 

the determination of the numerical values of the wave coefficients a and d (5.7). So, an error in 

determining the vibration speed by 10 % can lead to a discrepancy between the calculated and 

actual vibration amplitudes by 150 % (Fig. 5.4, curve 2).

The degree of influence of active resistance forces (Fig. 5.4, d) is determined by the height 

of the mixture column. In the zone of the greatest value of the vibration amplitude for a height of 

h = 0.3 m (curve 1, Fig. 5.4, d), an increase γ  leads to a natural decrease x
o
. For the height (curve 1, 

Fig. 5.4, d), the picture is the opposite: here an increase γ  leads to an increase in the amplitude 

of oscillations x
o
.

The change γ  from 0.1 to 0.3 led to an increase in the x
o
 amplitude from 0.156 to 0.173 mm.

The considered examples clearly confirm the taken into account the reactive and active resis-

tance of the concrete mixture.

5.3 Study of the parameters of soil compaction processes under the main pipeline

Main pipelines are rightly considered the energy arteries of Ukraine, because they provide en-

ergy resources not only for the needs of the state’s own economy, but also for the transportation 

of oil and gas to more than 15 European countries. The current state of ensuring reliable and safe 

operation of trunk pipelines requires the urgent development and implementation of new equipment 

and technologies for capital repairs of pipelines, the use of which will significantly accelerate the 

pace of repair work with a decrease in material and labor costs for their implementation [7–9].

A feature of the new technology is that after a complex of works on replacing insulation under 

the repaired pipeline, soil is poured and compacted under the pipe to such an extent that it excludes 

subsidence of the latter after repair.

A schematic diagram of soil compaction under the pipeline by two surfaces symmetrically 

located relative to the longitudinal axis of the pipeline, synchronously moving against each other 

along the required trajectory, is shown in Fig. 5.5. In the process of compaction, there is a mutual 

influence of stress diagrams in the soil from both soil-compaction surfaces, which leads to the for-

mation of a generalized stress diagram in the zone of the vertical soil mass under the main pipeline.

The stress state of the massif depends on many factors, primarily on the magnitude of the ap-

plied external loads, load modes, physical and mechanical characteristics of the compacting soil, the 

size of the soil mass under the pipe, the shape and size of the trench, and the design parameters 

of the soil compacting working equipment.

The values of technological factors in this study are taken to be fixed. The diameter of the 

pipeline is taken Dp = 1220 mm, as the most common in Ukraine. The weight of one running meter 

of the pipeline is assumed unchanged and maximum in value, for the case when the pipe is filled with  



5 Study of technical systems of materials compaction process

85

oil qp = 14.3 kN/m. The height of the soil mass under the pipeline (the height of the placement of the 

lower point of the pipe relative to the bottom of the trench) is taken no more than H = 820 mm. 

The geometrical dimensions of the trench for pipeline repair Dp = 1220 mm, the following: depth 

h = 3000 mm, width of the trench at the top bt = 4400 mm and at the bottom bb = 2620 mm (Fig. 5.5).

The speed of application of loads to the soil-packing surfaces Vl reflects the mode of operation 

of the soil-packing equipment. It must be consistent with the overlap factor of the compaction 

zone [10, 11]. Soil moisture W has a significant effect on the characteristics of its compaction. 

Let’s believe that the compacted soil has an optimal moisture content Wo [12, 13].

The structural and force factors that significantly affect the soil compaction process under 

the pipelines include the geometric dimensions of the sealing surfaces, their relative position in 

the trench relative to the pipeline and the pressure they create on the compacted soil mass. Flat 

undeformed surfaces (blades) of rectangular shape are taken as working surfaces.

Determining the approach to the study of the stress-strain state of the soil mass under the 

pipeline, let’s note that in the elastic region the stresses are directly proportional to the value of 

the applied loads. With a known value of stresses in the soil mass from the action of each fixed 

pressure of the sealing blades on the soil, it is possible to determine the value of stresses for 

another value of the applied pressure to the soil mass [14, 15]. Thus, with a known stress in the 

soil mass under the action of a fixed pressure P created by the working surfaces, it is possible to 

find new stresses in the soil mass for other values of the applied pressure of the blades on the soil:

′ =
′
⋅σ σ

P

P
, (5.11)

where Р – fixed pressure created by the blades on the soil mass; σ  – known value of stresses in 

the soil mass from the action of a fixed pressure.

 Fig. 5.5 Scheme of compaction of the soil mass under the main pipeline
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It follows from this that the pressure P created by the blades on the soil can be excluded from 

the number of variable factors.

Since the pressure on the soil from the blade is distributed evenly both along the length and 

along its width, the problem of determining the stress-strain state of the soil under the pipe in 

the direction along the pipeline can be considered as flat. Consequently, the stresses in the soil, 

when they are determined within the framework of flat surrender, will depend on the value of the 

pressure under the blades, regardless of the width of the blades B. On the other hand, under all 

equal loading conditions (fixed pressures), when the width of the blade changes, the stresses in the 

soil mass will change proportional to the width of the blade B:

′ =
′
⋅σ σ

B

B
, (5.12)

where ′σ  – stress at an arbitrary blade width; σ  – stress determined for a fixed blade width.

Therefore, such a geometric parameter as the width of the blade B is also referred to as 

constant factors.

Combining formulas (5.11) and (5.12), let’s obtain the dependence of the stress σ′ for ar-

bitrary P′ and B′ at a known stress σ arising in a flat body with thickness B and a given load P:

′ = ⋅
′

′
⋅σ σ

P B

PB
 (5.13)

Thus, on the basis of consideration and analysis of the factors affecting the stress-strain 

state of the soil under the pipeline, it was established that the unchanged (constant) ones should 

include: h = 3000 mm, bt = 4400 mm, bb = 2620 mm, Н = 820 mm, Dp = 1220 mm, qp = 14.3 kN/m, 

hd = H+0.5Dp, P = 10, µ = 0.37.

Consequently, the constant factors, the value of which must be determined experimentally, in-

clude: the compression rate Vl, the compaction delay time td, the compaction overlap coefficient Ko, 

the elastic modulus E, the optimal moisture content Wo.

In the process of studying the stress-strain state of the soil under the pipeline, it is necessary 

to determine the effect on the characteristics of the stress state of the following parameters: 

blade angle α, blade length L and width B, blade pressure P on the ground, distance l from blade 

to pipe, as well as distance S between blades (Fig. 5.6). Determination of the rational values of 

these factors and their interaction in the process of soil compaction is the main task of the study.

The essence of the study is to determine the effect of changes in the linear parameters L and 

B of the sealing blades, the pressure P they create on the ground, on the provision of the neces-

sary stresses in the soil mass under the pipeline, taking into account the parameters α, l and S, 

characterizing the position of the blades in the trench relative to the pipeline of a given diameter.

To construct a mathematical model of the stress state of the soil mass under the pipeline, 

let’s select the values of the variable factors characterizing the compaction process for the zero 

level and the limits of change of these values are the intervals of variation of the factors. The value 
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of the variation intervals is chosen based on the following considerations and requirements. The 

compression angle was chosen α = 90°...70°, based on the values of the angle of the prism of the 

soil massif under the pipeline, at which a sufficient stability coefficient of the massif will be ensured. 

When choosing the intervals for changing the linear parameters of the blades L and B, we leave, 

first of all, from the position of ensuring guaranteed non-damage of the pipeline insulation coating 

during soil compaction L = 450...650 mm.

Based on the results of studies of soil compaction with stamps, the recommended width of the 

stamp should be equal to half of its length, because it is with this ratio that the maximum depth 

of the active compaction zone, B = 225...325 mm, is achieved during the compaction process.  

In further studies, let’s take the value of the blade width to be constant and equal to B = 300 mm.

Since it is known that the depth of the core during soil compaction [13] is equal to two 

dimensions of the smaller side of the stamp [11], and taking into account the predicted increase 

in the active zones as a result of their overlap as a result of the oncoming motion of the sealing 

blades, let’s take S = 1200...1600 mm. The levels of the selected factors and the intervals of their 

variation are presented in Table 5.2.

 Table 5.2 Factor levels and intervals of their variation study of the stress state of the MP soil bed

Independent variables
Variation levels Variation  

intervals ΔiUpper +1 Basic 0 Low –1

X1 α, degree 90 80 70 10

X2 S, mm 1600 1400 1200 200

X3 L, mm 650 550 450 100

X4 l, mm 250 200 150 50

The design diagram of soil compaction under the pipeline is shown in Fig. 5.6. The geometrical 

dimensions of the investigated soil massif were determined on the basis of the dimensions bt, bb, 

h of the trench profile, built by the pipeline opening machine Dp = 1220 mm. The height of the soil 

massif under the pipe Н is taken in accordance with the size of the developed soil massif under the 

pipe Н = 820 mm.

The soil mass, compacted under the pipeline, is bounded by two inclined surfaces symmetrical 

about the vertical axis passing through the center of the pipeline, the positions of which are regu-

lated by the values of the compression angle X1 and the distance between the blades X2 (Fig. 5.7). 

It is accepted that the value of the parameter X2 is calculated horizontally, located relative to the 

lower point of the pipeline at a distance of 1/3H.

In this case, the mass of compacted soil is limited from the top of the generatrix of the pipe of 

a given diameter Dp, and from the bottom by the bottom of the excavated recess, which is located 

at a distance H from the lower point of the generatrix of the pipeline. Since the pipeline wall and 

trench walls have significantly higher elastic moduli than the compacted soil mass, they can be 
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considered undeformed surfaces. Therefore, in the zones where the compacted soil borders on the 

generatrix of the pipeline and the walls of the trench, it is legitimate to impose boundary conditions 

for the movement of the soil perpendicular to the undeformed surfaces.

 Fig. 5.6 Design scheme for determining the stress state  
of the soil mass under the pipeline

 Fig. 5.7 Results of calculating the stress state of the soil  
mass under the pipeline for typical experimental plans

Taking into account the above, for further research let’s take soil compacted isotropic in volume.

The sizes, which are determined (reviews) in the study, are equivalent stresses at the characte-

ristic points of the soil mass along the axis under the pipeline. Typical points are considered (Fig. 5.7):  
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Y1 – the magnitude of stresses in the soil mass in the area under the pipeline; Y2 – the value of 

stresses in the middle part of the soil massif at a distance of 1/2N from the pipeline; Y3 – the 

magnitude of stresses in the lower part of the massif at the level with the bottom of the trench; 

Y4 – the value of stress in the soil at a distance of 1/4H from the pipeline.

Determination of the rational values of the parameters X1...X4, B and P, their functional 

interdependence and influence on the stress state of the soil compacted under the pipeline made 

it possible to provide the necessary values of the soil compaction coefficients and the uniformity 

of its compaction.

The visual presentation of the results of calculating the stress state of the soil [8] under the 

pipeline using the finite element method made it possible to evaluate the influence of the interaction 

of compaction nuclei in the soil mass created by the blades of the working body, under the action 

of various combinations of values of the initial parameters that determine the compaction process. 

Typical results of calculating the stress state of the soil indicate that there may be combinations 

of initial parameters at which the expected effect of superposition of compaction nuclei is not 

observed, the stresses in the soil mass at different depths under the pipeline are insignificant, 

therefore, the coefficients of soil compaction remain minimal. The combination of the initial parame-

ters (Fig. 5.8) provides a more uniform soil compaction under the pipeline, which indicates the 

presence of the effect of the interaction of compaction nuclei in the soil.

Thus, it can be argued that by changing the combinations of the initial parameters that determine 

the process of soil compaction under the pipeline, it is possible to control the interaction of soil com-

paction nuclei, as well as to influence the value of the final indicators of this process [11, 12, 16–18].

As a result of processing the data of numerical experiments [10], in accordance with the 

folded matrix, mathematical models were obtained to determine the stress state of the soil at the 

characteristic points of the massif under the pipelines, which are predictive models. Their adequacy 

was confirmed by the Fisher test with a confidence level of 0.95 [11].

σ1

1 2

3

0 08637 0 01696 0 02101

0 02524 0 0030
=

′
′
⋅

− ⋅ + ⋅ −

− ⋅ −
P B
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x x

x

. . .

. . 66 0 003671
2

4
2⋅ + ⋅






x x.
; (5.14)

σ2 1 2 30 09741 0 0027 0 00798 0 01312 0 0024=
′

′
⋅ − ⋅( − ⋅ + ⋅ + ⋅

P B

PB
x x x. . . . . xx2

2 ); (5.15)

σ3 2 3 1
20 0725 0 00509 0 01162 0 00276=

′
′
⋅ − ⋅ − ⋅ − ⋅( )P B

PB
x x x. . . . ; (5.16)

σ4 1 3 40 09889 0 00642 0 00605 0 01496 0 0030=
′

′
⋅ − ⋅( + ⋅ − ⋅ +

P B

PB
x x x. . . . . 66 2

2⋅ )x . (5.17)

Thanks to the predictive models (5.14)–(5.17), it became possible to control the process of 

interaction of the compaction nuclei by changing the linear dimensions of the blades, the parameters  
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of their installation, namely: the compression angle α = Х1, the distance between the blades S = Х2, 

the blade length L = Х3 mm, the distance from the blade to the pipeline l = Х4, blade width B.

Based on the solution of the system of equations (5.14)–(5.17), a rational combination of 

the output parameters of the soil compaction process under the pipelines was found: α = 75°, 

S = 1400 mm, L = 600  mm, l = 180 mm, В = 300 mm, as well as the dependence for the charac-

teristic points 1...4 of the change in the values of the compaction coefficients on the pressure of 

the blades on the ground is built (Fig. 5.8).

 Fig 5.8 The value of the pressure of the blades on the soil  
from the coefficient of its compaction

This made it possible to obtain the value of the pressure of the blades on the soil P = 0.2...0.35 MPa, 

at which the necessary values of the soil compaction coefficients under the pipeline will be provided 

within the range of Kу = 0.9...0.95.

Rational values of the parameters of the working body and operating modes under which the 

interaction of soil compaction nuclei under the pipeline is guaranteed, adopted for subsequent 

research and for use in the design of working equipment for soil compaction under the pipeline.

5.4 Discussion of research results

A certain model of the processing medium, based on a general view of the compaction pro-

cess, is characterized by three stages. This is at the first stage of compaction of a granular me-

dium (Fig. 5.1), at the second and third stages of compaction, an elastic-viscoplastic medium.  
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This important result requires a clear definition of the physical and mathematical model, which 

is suggested by equations (5.1). Further studies are required to determine the temporal as-

sessment of the course of these stages. Application of the idea of considering the «technical 

system – medium» system as a system that at any moment of movement consists of two com-

ponents. One is capable of storing energy that passes from one form to another (reactance), 

and the other is capable of dissipating energy (resistance). A certain significant influence of 

the components of resistance on the movement of a technical system (Fig. 5.4) testifies 

to the hypothesis put forward about the need to take into account the forces of resistance 

of the medium. A technical system is a system with discrete parameters, and a medium –  

with distributed parameters. In this case, this general system is reduced to a computational 

system in the form of a system with discrete parameters, in which the wave phenomena of 

the medium are preserved and are represented by a contact force. The obtained wave coef-

ficients (5.7) have general properties. They can be used in any equations of motion for such 

technical systems. This is the novelty of the method of analytical study of vibration systems for 

compaction of mixtures.

The presentation of the results of calculating the stress state of the soil under the pipeline 

using the finite element method made it possible to assess the influence of the interaction of 

compaction of nuclei in the soil mass. By changing the combinations of the initial parameters that 

determine the process of soil compaction under the pipeline, it allows to control the interaction 

of soil compaction nuclei, as well as to influence the value of the final indicators of this process. 

Based on the results of studies of soil compaction with stamps, the width of the stamp was de-

termined (B = 225...325 mm). Its value is equal to half of its length, since according to this ratio, 

the maximum depth of the active zone of compaction is achieved during the compaction process. 

A rational combination of the initial parameters of the soil compaction process under the pipe-

lines (α = 75°, S = 1400 mm, L = 600 mm, l = 180 mm, В = 300 mm) has been established under 

which the interaction of soil compaction nuclei under the pipeline is guaranteed.

Conclusions to Section 5

1. The model of the processing medium, characterized by three stages of compaction, has 

been determined.

2. The review and analysis of physical and mathematical models of the process of compaction 

of technological media has been carried out.

3. A model of the «vibration plant – medium» hybrid system is proposed, in which active and 

reactive resistances to wave coefficients are taken into account.

4. The results of calculations of changes in the parameters of vibration machines for the 

processes of compaction of concrete mixture have been obtained, confirming the implementation  

of accounting for the reactive and active resistance of the concrete mixture.
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5. Predictive mathematical models have been created to determine the stress state of the 

soil during compaction at the characteristic points of the massif under the pipelines, which make 

it possible to obtain rational values of the parameters of the working bodies for soil compaction.

6. Regularities of movement of technical systems for compacting concrete mixtures and soils 

and their rational parameters have been established.

7. An algorithm and methodology for calculating the main parameters of vibration systems for 

compaction of working media have been developed.
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6 Research of the processes of acoustic cavitation 
technology for processing dispersed media

Abstract

The operation process of acoustic treatment of technological media is investigated. The 

assessment and substantiation of methods for studying the parameters of acoustic treatment of 

technological media is done. The functional relationships between the acoustic parameters of the 

cavitation apparatus and the rheological properties of the processing technological media have 

been revealed. The process of staged acoustic treatment of technological media is described. 

A number of criteria and key parameters were determined, the use of which was carried out 

as an assessment in the calculation algorithm, depending on certain known initial data of the 

cavitator and the medium. The values of the input resistance of the compensator are determined 

and the condition for the maximum transfer of energy from the acoustic apparatus to the tech-

nological medium is obtained. To calculate the parameters of the «cavitator – technological me-

dium» ultrasonic cavitation system, an algorithm and method for creating a synergistic system  

were developed.

KEYWORDS

Acoustic system, cavitator, medium, bubble, stage, cavitation process, physical, mathematical 

model, rheological properties, equations, analytical dependences, parameters, amplitude, vibration 

frequency, intensity, energy, wave resistance.

6.1 Assessment and justification of the choice of methods for studying  

the parameters of acoustic treatment of technological media

Cavitation technology occupies a leading place in a number of advanced and effective me-

thods for processing liquid media and creating new materials. This technology is being imple-

mented for a number of different technological processes, including dispersion, emulsification, 

homogenization, degassing, and others [1–6]. Cavitation refers to vibration processes widely 

used in food [1–3], chemical [4, 5], mechanical engineering [6], construction [7], and other 

industries. The generally accepted definition of cavitation as a physical phenomenon is the pro-

cess of the formation of cavities (of a certain size of bubbles) in a fluid flow under the influence 

of external pressure. Depending on the method of pressure formation in the medium, cavitation 

can be hydrodynamic or acoustic.

DOI: 10.15587/978-617-7319-49-7.ch6
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In hydrodynamic cavitation, a decrease in pressure occurs due to an increase in the local 

speeds of the liquid flow [5]. If a decrease in pressure is due to the passage of acoustic waves 

of a sound or supersonic spectrum of vibration frequencies, cavitation is considered acoustic [6].

During cavitation, the energy density of the sound field is transformed into a high energy 

density inside and around the bubble, which collapses over time. Consequently, energy is spent 

on the formation of shock waves, thermal energy, local electrification of bubbles, excitation of 

sonoluminescence, and the formation of free radicals [8]. In this case, during cavitation, there is 

a change in the rheological properties of the technological medium, such as viscosity, plasticity and 

elasticity [9]. Therefore, the determination of the parameters of acoustic treatment of technolo-

gical media and energy requires the use of a computational model [10], which takes into account 

these changes. The key parameter of the evolution of gas and air bubbles in the acoustic field is 

the pressure that is formed in the contact zone of the «cavitator – medium» system [11–14].  

The specified parameters and characteristics (Fig. 6.1) [15, 16].

 Fig. 6.1 Parameters of the development of the cavitation process  
when processing technological media
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The dominant influence on the sequence of the cavitation process is exerted by the following 

acoustic parameters and properties of the medium [17, 18]:

F f A A f v W P L t l p c E p
i

= { }, , , , , , , , , , , , , , ,σ µ  (6.1)

where F – functional (integral criterion for evaluating a process); A – amplitude of oscillations of 

the contact zone «acoustic apparatus – medium» zone; Ai – flow amplitude of medium oscillations 

at a distance хі from the boundary of the contact zone «acoustic apparatus – medium»; f – vibra-

tion frequency of the acoustic apparatus; v – speed of vibrations of the contact zone «acoustic 

apparatus – medium»; W – energy, P – power; L – intensity; t – time; l – characteristic size of 

the medium in the direction of propagation of the acoustic wave in it; p – the pressure on the 

medium; σ – stress in the medium; c is the speed of propagation of an acoustic wave in a medium; 

E – modulus of elasticity of the medium; ρ – density of the medium; µ – coefficient of viscosity 

of the medium.

Integral parameters of function (6.1) are energy, intensity and power. Ultrasonic energy 

from the emitting surface of the ultrasonic apparatus to the medium undergoes several stages 

of transformation:

– accumulation of energy in cavitation bubbles during their formation and expansion;

– transformation of energy into energy of a shock wave during a burst of a cavitation bubble.

6.2 Determination of functional dependencies between the acoustic parameters 

of the cavitation apparatus and the rheological properties of the processing 

technological media

Let’s consider the influence of the parameters of the cavitation process on the formation of the 

volume of the cavitating technological medium. By analogy with the general functional (6.1), the rate 

of change in the volume of bubbles V can be represented by the following functional dependence:

V t f t R l n p p
l l g g e i

( ) ( , , , , , , , , , , ).= 0 ρ µ σ ρ µ  (6.2)

Taking time t,  bubble radius R0,  density ρ
l
 as the main independent parameters in terms 

of dimension and using the basic provisions of the theory of dimensions [19], let’s reduce all pa-

rameters (6.2) to a dimensionless form with respect to the formed bubble volume: t – time, [T];  

l  – characteristic length in the direction of the wave motion of the bubbles, [L]; R0 – initial bubble 

radius, [L]; n  – the number of bubbles per unit volume, [1/L3]; ρ
L
 – density of the medium, [M/L3];  

µ
L
 – viscosity, [M/LT]; σ  – surface tension, [M/T2]; ρ

g
 – gas density, [M/L3]; µ

g
 – gas visco-

sity, [M/LT]; p
e
 – external pressure, [M/LT2]; p

i
 – pressure inside the bubbles, [M/LT2]. Then the 

functional dependence (6.2) can be represented in dimensionless form:
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The next analysis procedure (6.3) is to assess the importance of taking into account the com-

ponents of this dependence on the rate of formation of the volume of the cavitating technological 

medium. If to accept the condition of bubble bursting time τ
B

 in the form [20]:

τ
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ρ ρB
l

e i
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−

0 915 0. ,  (6.4)

then dependence (6.3) can be re-formed into the following form:

V

R

f l N
R R R

p

p p
B

l

L B l B

g

l

g

l B

e

e i
4

3 0
3 0

2
0
3 2

0
2

π τ

µ
ρ τ

σ
ρ τ

ρ

ρ

µ

ρ τ
=

−
; ; , , , , ,

tt

B

2

2τ






.  (6.5)

For media with low viscosity at the stage of bubble burst, according to the data of [20], the 

viscosity and surface tension can be neglected. Then dependence (6.5) for such conditions can be 

simplified to the form:

V

R

f l N
p

p p

t

B

e

e i B
4

3 0
3

2

2

π τ τ
=

−






; ; , .  (6.6)

The obtained dependence testifies to the importance of the influence of pressure, bubble diame-

ter and burst time on the rate of formation of a volume of a cavitating medium with low viscosity. 

For other technological media, dependence (6.3) is used. The calculations of the numerical values 

of the volume of the cavitation zone depending on the intensity are given in Table 6.1.

 Table 6.1 Numerical value of the formation of the volume of the cavitation zone, depending on  

the intensity

Intensity, W/cm2 5.0 10.0 20.0 30.0 40.0 50.0

The volume of the cavitation zone, m3·10–4 0.10 0.30 0.40 0.42 0.44 0.46

The importance of the data in this table lies in the fact that the ratio of the volume of 

non-bursting ΔVl (long-lived bubbles) to the volume of bubbles that burst ΔVb is an estimate  

of the efficiency of the cavitation process:

KV = ΔVl /ΔVb. (6.7)
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In general, a number of criteria and key parameters have been determined, the use of which is 

proposed as an estimate in the calculation algorithms, depending on certain known initial data of the 

cavitator and the medium (Table 6.2). of the cavitation process of processing technological media The 

main set of criteria involves the assessment of the energetics of the process as a key characteristic, 

and taking into account possible changes in key parameters from the stage of nucleation of bubbles 

to the final stage – a burst of bubbles. Criteria that directly determine the reliability of the choice of 

the mode (harmonic or pulsed mode) are extremely important. These include criteria 8, 9 and 12. The 

importance of criterion 8 lies in the reliability of the selected speed of the cavitation apparatus, and 

criterion 9 is a direct indicator of the ratio of the burst time and the period of the technological pro-

cess. The most numerical value of this criterion determines the provision of the minimum value of the 

ratio (6.7) and the possible expediency of using a pulsed mode of loading on the technological medium.

 Table 6.2 Criteria and key parameters for evaluating the effectiveness of the cavitation process of 

processing technological media

No. Criterion, parameter Analytical dependence

1 2 3

1 The intensity of the cavitation process by the type of vibration

1.1 Sinusoidal vibrations, I, W/cm2

I
p

c
=

2

2ρ
; I A f= ×2 3

1.2 Two-frequency oscillations, I, W/cm2

I
A

T

kn
=

×
×

+( )α
π4

1

22

2

1.3 Multifrequency oscillations, I, W/cm2

I
A

T

k n
i i=

×
×

+( )∑α
π4

1

22

2

1.4 Non-linear (non-sinusoidal) fluctuations,  
I, W/cm2 I

A

T
=

×α
π4 2

2 System synergy coefficient (efficiency), ks ks = Es /Eп.х.

3 The rate of change in the stress state of 
the medium in time υ

s s. , N/m2s υ
σ

s s

d

dt. =

4 Coefficient of the ratio of the volumes of 
long-lived and cavitating bubbles, Kv

Kv = ΔVd /ΔVс

5 Coefficient of energy change over time for 
the entire period of bubble processing, µ,  J/s

µ = 1 0/ (ln / )T E E
k

6 Energy absorption coefficient, ap, m–1 Аp = Psp /I

7 Coefficient of the ratio of wave resistances 
of the cavitation medium, kr k

c

c
K

r
k k

c c

n= = +

















ρ
ρ

β
β

1

1
0

1 2/
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 Continuation of Table 6.2

1 2 3

8 Speed ratio, kv Ks = v0 /ck

9 Coefficient of the ratio of the burst time to 
the time of the oscillation period, kt

kt = τ/T

10 Contact zone work, A
cz

,  J A m x
cz c

= π ω µ0
2 2

11 Work on the formation of cavitation  
bubbles, Acb, J

A R P N
cb m

=
4

3
3

0π

12 Specific work of the cavitator, A, J A P t= ⋅

13 Specific work of volume, A
c
 cavitating 

medium, J
A E V

c c
= Δ

14 Coefficient of conversion of acoustic energy 
into energy of shock waves, η

y
η η

τy

y

k

E

E

T
=

15 Productivity of the cavitation process, ΔP, m3/s ΔP = kP/Ес

16 Bubble displacement amplitude, Ab, µm
A

I

cb
=

1 2

ω ρ

17 Bubble speed amplitude, vb, µm/s
ν

ρb

I

c
=

2

18 Bubble acceleration amplitude, ab, µm/s2

a
I

cb
= ω

ρ
2

19 Natural bubble oscillation frequency: 
discrete model, ω

n
,  rad/s ω

γ
ρ

σ σ
ρ ρ

πδ
ωn

np np

R
P

R R

c

R
= +





− +








 − 





3 2 2 2 2

0
2 0

0 0
3

0
3

2

20 Natural bubble oscillation frequency: contin-
uous model, ω

n
,  rad/s ω

π
ρn

c

c
l

E iE t

t
= +( )( )

( )2

/ / /

21 Relative bubble size, kr Kb = Rm /R0

The application of this or that criterion is due to the initial information and the set goal formu-

lated before the researcher to select the model and parameters, or by the engineer to create the 

necessary acoustic wave system for a specific technological processing process or create a new 

technological medium.

A similar example can be given for creating the required acoustic wave system. To implement 

the criteria-based assessment of the justification of the rational choice of the structural-parametric 

system «acoustic apparatus – technological medium», an algorithm has been developed (Fig. 6.2).

The essence of the algorithm lies in the ability to vary not only the initial parameters and the 

layout of the cavitator relative to the processing medium, but also to determine the influence of 
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variable parameters on the maximum value of a particular criterion (Table 6.2). Depending on the 

formulation of the problem, a criterion is selected, which is fixed in block 8. Further, in block 2 

«Formation of the technological scheme», preliminary calculations are made for the mode of ener-

gy transfer to the medium in accordance with the selected criterion. An important stage of the 

algorithm is blocks 3 and 5, which determine the physical and mathematical models based on the 

research results [7–9, 12–18]. It is in blocks 4, 6, 7 that the initial data are formed to determine 

the numerical values of the impact parameters and the limits of their rational use. The completion 

of the calculation is the parameters that serve as the initial information for making decisions to 

improve the rational design and technological parameters of the acoustic cavitator.

 Fig. 6.2 Scheme of criteria-based assessment of the justification of the rational  
choice of the «acoustic apparatus – technological medium» structural-parametric system
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This technology of the proposed algorithm is a fundamentally new system of automatic enume-

ration of parameters to fulfill the condition for ensuring the criterion of block 9. The second impor-

tant aspect of this algorithm is the creation of a control system for the processing of objects by 

an ultrasonic cavitation unit in the optimal operating mode. The energy absorption coefficient (cri-

terion 6), which characterizes the change in the specific energy Psp and the ultrasound intensity I  

in the irradiated medium, serves as a criterion for evaluating the efficiency of the acoustic treat-

ment of this medium.

6.3 Determination and assessment of the influence of the wave impedance  

of the medium on the action of the acoustic apparatus

An important parameter of the cavitation process is the wave resistance of the medium of the 

acoustic apparatus. The characteristic impedance is the ratio of the acoustic pressure Pa to the 

vibration speed of the particles in the medium υ:

Z P
a a

= ± υ.  (6.8)

The importance of knowing the coefficient Za is that it is an important characteristic of the 

interaction of the «acoustic apparatus – medium» system, not only as a resistance, but also as  

a characteristic of wave motion. Therefore, the obvious task of an effective acoustic device is its 

design, which ensures the transfer of maximum energy for the implementation of the cavitation 

process. That is why the signs should be taken into account in formula (6.9): the upper (plus) iden-

tifying the wave transmitted from the radiation surface into the medium (incident wave), and the 

lower (minus) for the wave traveling in the opposite direction, i.e. from the border of the system 

«apparatus – technological medium» (wave). Obviously, for efficient transmission of the energy of an 

acoustic wave, the properties of the apparatus and the medium must be consistent with each other.

This consistency consists in the fact that their wave supports must be the same, which is 

practically impossible in real conditions of the cavitation process. Indeed, the acoustic resistances 

for solid materials from which the emitting surface of the acoustic device is made, and the resis-

tance of the technological medium, differ significantly from each other.

For example, such a hard material as sapphire has an acoustic resistance for longitudinal waves: 

Z
a
= ⋅ ⋅44 3 106 2. ( ),kg m s  and for water Z

a
= ⋅ ⋅1 5 106 2. ( ),kg m s  for air Z

a
= ⋅ ⋅4 27 102 2. ( )kg m s  [21]. 

Comparing these digital values, it becomes obvious that in order to solve the problems of rational 

design of an acoustic apparatus and determine its parameters, it is necessary to analytically inves-

tigate the sequence of acoustic matching of the apparatus and the technological medium in order to 

obtain the conditions for maximum energy transfer to the processing medium. For this, the process 

of propagation of an acoustic wave from the radiation surface of the apparatus to the processing 

medium is considered (Fig. 6.3).
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 Fig. 6.3 Passage and reflection of the incident wave at the interface of the 
«emitting surface of the cavitation apparatus – process medium» system

Let’s assume that a plane acoustic wave along the X-axis from the apparatus to the boundary 

with the medium propagates with acoustic resistance Z
a
, and in the medium at the border with the 

radiation surface of the apparatus along the same X-axis, due to the action of this resistance, wave 

resistance Z
c
 arises. It is quite obvious that, in addition to the wave transmitted into the medium, 

a wave moving in the opposite direction arises at the interface between the radiation surface and 

the medium. Thus, a complex wave field is formed, which can be represented by the transmission 

and reflection coefficients of the wave in the form:

K P P K P P
ref aref ainc pas ainc aref

= =; . (6.9)

By analogy with solving the equation of motion, it is possible to write expressions for the inci-

dent and reflected waves of pressure and speed:

P x P e P e x e e
ainc

ik x

aref

ik x

xinc

ik x

xref

ik x( ) = + ( ) = +− −1 1 1 1; ,υ υ υ  (6.10)

where k c1 1 1= ω /  – the wavenumber; i  – imaginary unit.

Applying the condition of continuity of motion parameters in the contact zone of the «appara-

tus – medium» system (no violation of continuity):

P P
a e a e

= =; ,υ υ  (6.11)

let’s obtain:

P

Z

P

Z

P

Z
ainc

a

aref

a

apas

e

− = . (6.12)
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Dividing the left and right sides by the amplitude of the acoustic pressure P
ainc

 and using (6.9) 

let’s obtain expressions for determining the reflection and transmission coefficients of the wave:

K Z Z Z Z K Z Z Z
ref e a e a pas e e a

= −( ) +( ) = +( ); .2  (6.13)

The condition for determining the wave impedance for its maximum transmission can be rea-

lized by introducing a compensator between the boundary of the radiation surface of the apparatus 

and the medium, which plays the role of resistance to the load and the reflection of acoustic waves 

exclusively in the zone of the apparatus (Fig. 6.4).

 Fig. 6.4 Passage and reflection of the incident wave in the system «radiation 
surface of the cavitation apparatus – compensator – technological medium»

1 – cavitator;  
2 – compensator;  
3 – medium

In this case, the load resistance must be equal to the wave resistance of the medium: Z Z
k e

= .

Using solution (6.10) with the replacement x l= ,  where l  – the length of the radiation surface 

of the apparatus, where the wave propagates, let’s obtain the resistance in the section ( ):x l= −

Z x l
P l

l
Z

e k 5

e k 5
in

a
a

ik l

ref

ik l

ref

ik l

ik l( )
( )

( )
= − =

−
−

=
+

−





−

−υ

1
1

1
1









.  (6.14)

Taking into account expression (6.14):

Z l Z
Z k l iZ k l

Z k l iZ k l
in a

e a

a e

= − =
+
+

cos sin

cos sin
.1 1

1 1

 (6.15)

If to assume that a compensator with a length is installed between the radiation surface of 

the apparatus and the medium l = l 4, where l – the wavelength in the compensator, then  

let’s obtain the following dependence:

k l1 2 4 2= ( ) ( ) =π l l π . (6.16)
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Substituting (6.16) into (6.15), let’s obtain an expression for determining the input wave impedance:

Z Z Z
in a e

l 4 2( ) = .   (6.17)

So, choosing the value of the input resistance of the compensator with a length of l/4, let’s ob-

tain the condition for maximum transmission, according to which the characteristic impedance of the 

apparatus and the compensator is in agreement. Indeed, by placing an auxiliary layer of material with 

such an acoustic impedance between the boundary of the apparatus and the medium, it is possible to 

ensure the equality of the acoustic impedance of the apparatus and the equivalent transmission line. 

Then the waves of reflection from both boundaries of the additionally installed layer will be equal to the 

amplitude and will move in antiphase direction, which will lead to their mutual compensation. And the 

shift between the phases of movement for 180° is provided by the difference in wave path between the 

boundaries at half the wavelength. Equality of amplitudes is ensured by the optimal choice of the wave 

impedance of the compensator. If the compensator has its own parameters: resistance Z
k
, wavenum-

ber k
k
 and thickness lk, then provided that l

k k
= l 4 is the input resistance at the boundary x l

k
= − :

Z Z Z
in k e

= 2 / . (6.18)

To fulfill the condition under which there were no reflected waves from the section x l
k

= − , 

the input impedance (6.17) must be equal to the acoustic impedance of the apparatus Z1 :

Z Z Z
a k e

= 2 . (6.19)

From (6.19) let’s obtain an expression for calculating the acoustic resistance of the compensator:

Z Z Z
k a e

= .  (6.20)

To apply dependence (3.72), which allows matching the acoustic impedance of the apparatus 

and the medium, it is necessary to determine the real numerical values of the wave impedance of 

technological media under conditions of their cavitation treatment.

One of the most important parameters, on which the wave impedance of the technological 

medium depends, is the wave propagation speed c. In terms of physical content, the dependence 

of the wave propagation speed determines the ratio of elastic ( )E  and inertial (mass ρ) characte-

ristics of the technological medium:

c E= ρ. (6.21)

An experimental device was created to measure the speed of wave propagation in a techno-

logical medium (Fig. 6.5).
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 Fig. 6.5 Experimental device for measuring the speed  
of propagation of waves in a technological medium

The essence of the device is as follows. An electrical signal of a fixed ultrasonic frequen-

cy is referenced from the pulse generator to the transmitter. The sensor, which in this case  

is a transmitter and receiver, converts the incoming signal into elastic vibrations of the same 

frequency (inverse piezoelectric effect) passing through the layer of the technological medium. The 

receiver converts elastic vibrations of ultrasonic frequency into an electrical signal of the same 

frequency (direct piezoelectric effect) and sends the signal to the computer screen. The computer 

screen displays the generator impulse and the signal transmitted through the tube with the pro-

cess medium (Fig. 6.6).

 Fig. 6.6 Vibrograms for measuring acoustic parameters: a – water: f = 2.58 MHz; b – f = 52 kHz

a b

The distance between them h characterizes the time t of passage of elastic vibrations from the 

source to the reflector and back. Consequently, the speed of propagation of waves in the techno-

logical medium is determined by the formula:

с = h/t. (6.22)
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6.4 Methodology and algorithm for determining the rational parameters  

of the working process of acoustic treatment of technological media

An algorithm was developed to calculate the parameters of the «cavitator – technological 

medium» ultrasonic cavitation system (Fig. 6.7).

 Fig. 6.7 Algorithm for calculating the process parameters  
of the «cavitator – technological medium» ultrasonic cavitation system

The initial parameters used for the calculation are formed depending on the specific processing 

process or the creation of a new technological medium. The first step in the process of selecting 

the initial parameters is to substantiate the general scheme of the structural-parametric system 

«acoustic apparatus – technological medium» (Fig. 6.1) and the mode of action of the transducer 

on the medium. The structural-parametric scheme selected according to the algorithm (blocks 2–4, 

Fig. 6.1) requires specification of the limiting values of the parameters (block 6, Fig. 6.1) and the 

choice of a mathematical model of the «K-S» system (block 5, Fig. 6.1). In the future, the proce-

dure for formulating the initial data, the calculation of acoustic parameters and the calculation of 

the rheological characteristics of the medium are carried out [4, 7–9, 11–15, 18–20, 22–26]. 

The criterion for the reliability of the calculation is the intensity (block IV, Fig. 6.7). When the 

numerical value of the intensity is provided, the procedure for calculating the process parameters 

is completed (block V, Fig. 6.7).
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6.5 Discussion of research results

The value of the input resistance of the compensator of length l/4 is determined and the condi-

tion of maximum transmission is obtained, according to which the wave impedance of the apparatus 

and the compensator is in agreement. By placing an auxiliary layer of material with such an acoustic 

impedance between the boundary of the apparatus and the medium, equality of the acoustic impe-

dance of the apparatus and the equivalent transmission line is ensured. Then the waves of reflection 

from both boundaries of the additionally installed layer will be equal to the amplitude and will move in 

antiphase direction, which will lead to their mutual compensation. And the shift between the phases 

of movement for 180o is provided by the difference in wave path between the boundaries at half the 

wavelength. As a result, the maximum transfer of energy from the acoustic device to the techno-

logical medium is created. For the implementation of the criterion assessment of the justification 

of the rational choice of the «acoustic apparatus – technological medium» structural-parametric 

system, an algorithm is proposed (Fig. 6.1). The essence of the algorithm lies in the ability to vary 

not only the initial parameters and the layout of the cavitator relative to the processing medium, but 

also to determine the influence of variable parameters on the maximum value of a particular crite-

rion (Table 6.2). The necessary degree of influence and consideration of stages, rational modes and 

parameters for the development of techniques that implement an increase in the efficiency of the 

cavitation process in conditions of minimizing energy costs have been determined.

Conclusions to Section 6

1. The estimation and methods of research of parameters of acoustic treatment of techno-

logical media have been carried out. The functional relationships between the acoustic parameters 

of the cavitation apparatus and the rheological properties of the processing technological media 

have been revealed. The process of staged acoustic treatment of technological media is described.

2. The analytical dependences of the determination of the main parameters of the cavitation 

apparatus have been obtained and the regularities of the processes of staged acoustic treatment 

of technological media in conditions of energy minimization have been established.

3. A number of criteria and key parameters have been determined, the use of which is carried 

out as an assessment in the calculation algorithm, depending on certain known initial data of the 

cavitator and the medium. The values of the input resistance of the compensator have been deter-

mined and the condition for the maximum transfer of energy from the acoustic apparatus to the 

technological medium has been obtained.

4. An algorithm is proposed to substantiate the rational choice of the «acoustic apparatus – 

technological medium» structural-parametric system, which allows to vary not only the initial pa-

rameters and the layout of the cavitator relative to the processing medium, but also to determine 

the effect of variable parameters on the maximum value of a particular criterion.
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Abstract

The main states of reliability of a technical system and its elements are investigated by the 

example of vibration platforms for compacting concrete mixtures. Experimental studies on the de-

velopment of vibration platforms for failure have been carried out. Complex indicators were used, 

which were the coefficient of technical utilization, the coefficient of availability and durability. The 

received data of malfunctions was made by fixing by groups of prefabricated units, parts and ele-

ments to determine the data on their operating time. Based on these data, the analysis of the ope-

rating time of the main elements to failure and the most frequently out of order was carried out.  

The conducted research identified the main prefabricated units and failing parts: engine, gearbox, 

synchronizer, vibration exciter, propeller shafts, couplings. At the same time, propeller shafts and 

couplings most often failed. In some cases, the destruction of bearings in vibration exciters has been 

evidenced. The parameters of the Weibull distribution law have been determined and graphs have 

been constructed for the model of reliability and failures of propeller shafts of vibration platforms.  

A graph of the dependence of reliability on the operating time and graphs of the regularities of the 

distribution of resource indicators and the distribution function, which served as information for the 

development of recommendations, were built.

KEYWORDS

Technical system, reliability, vibration platform, prefabricated units, complex indicators, distri-

bution laws, technical utilization factors, availability and durability.

7.1 Statement of the problem and analysis of methods for determining  

the reliability indicators of vibration platforms

Ensuring the reliability of vibration platforms in the construction industry [1–3] is an im-

portant problem of increasing their efficiency. The process of operating technical systems is 

impossible without performing technical services, the most important task is to restore the 

working condition of machines or units by eliminating failures during operation, as well as  

overhaul or refurbishment at manufacturing enterprises. Repair planning assumes the avail-

ability of information on reliability indicators in order to perform high-quality repairs with the  

least amount of time.
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In vibration platforms, when performing work, there is a probability of failure (random and 

fluctuations) in the process of deviation of specified fluctuations, considered as a result of changes 

in time of the parameters of the system (amplitude of fluctuations, accelerations, permissible 

stresses in the structural elements of vibration platforms). The analysis of random events of oscil-

latory processes [1, 2] makes it possible to assess such deviations associated with the processes 

of accumulation of failures, which are the subject of the theory of reliability.

Assessment of the reliability of technical systems generally implies an integrated approach 

to solving the procedure for assessing reliability indicators at all stages of the existence of such 

systems. Methods for assessing such indicators are based on the use of mathematical models of 

the existence of a system, depending on the stage of the life cycle of a technical object. The physical 

essence of the existence of a system is due to the presence of a number of factors and factors 

that must be taken into account when creating a model.

So at the design stage, methods are used to predict reliability characteristics based on general 

methods of probability theory, analytical mechanics, theory of machines and devices, resistance of 

materials, vibration theory, etc.

Structural methods of calculation are characteristic at the stages of manufacturing and opera-

tion of technical structures, since they involve the consideration of the system by means of a struc-

tural-functional diagram. In such a logical scheme, the transition of a system from one state to 

another, the relationship between such states, the interaction of system elements, taking into ac-

count their functional purpose, manufacturing technologies, and conditions of use are investigated.

Physical methods are used to determine reliability, durability and safety of technical objects for 

which degradation mechanisms are known under the influence of external and internal factors, which 

leads to failures – the limiting state during operation. Such methods are based on the representation 

of processes using mathematical models capable of determining reliability indicators taking into ac-

count the design features, manufacturing technology of its individual elements, operating modes, etc.

Each of the methods has its own advantages and disadvantages, therefore, in specific cases, it 

is more efficient to use a combination of such methods to solve the problem. This approach allows 

one to obtain a result that has not only an imaginary understanding of the existence of a technical 

system, but also has a physical essence, confirmed by experimental research.

One of the methods that satisfy an integrated approach to solving the problem is the probabilis-

tic-physical method of reliability analysis. This method of reliability analysis involves the use of probabilis-

tic-physical reliability models, the parameters of which have a specific physical interpretation and relate 

the value of the probability of failure and the physical (determining) parameter, which leads to failure. 

Among the advantages of this method, there is a quantitative assessment of the reliability indicators of 

systems (elements) both on the basis of statistical information about failures and statistical information 

about physical processes leading to failures. In this case, all data is used in aggregate and separately.

Thus, the application of the above method will make it possible to assess the necessary reliabi-

lity indicators, including the complete characteristic – the distribution law based on the processing 

of statistical data on the failure of technical structures.



Dynamic processes in technological technical systems

112

Prediction of the reliability of vibration platforms occurs at all stages of design, operation 

and repair [3–5]. At the same time, it is important to obtain the design parameters of parts and 

assemblies depending on predicting reliability indicators: mean time between failures, reliability, 

durability and maintainability.

Today in this area the works of such scientists as: I. Kravchenko, V. Bolotin, A. Barash, A. Pro-

nikov, K. Frolov and others are known. As a basis for research for assessing the reliability of 

vibration platforms, a model was adopted in which the object under study is in one of the following 

states: serviceable, faulty, efficient, disabled and extreme. The structural and logical diagram of 

the technical system and the path of transition from one state to another is shown in Fig. 7.1.

 Fig. 7.1 Scheme of the main states of object reliability: 1 – damage;  
2 – failure; 3 – transition to the limiting state; 4 – recovery; 5 – repair

For the implementation of research, the following states of the system and their evaluation 

criteria were adopted:

– working condition – a property of the vibration platform, in which it meets all the require-

ments of the normative, technical and design documentation;

– faulty condition – a property of a vibration platform, in which it does not meet at least one 

requirement of regulatory, technical and design documentation;

– operable condition – a property of a vibration platform, at which the value of all parameters, 

characterizing the properties of performing specified functions, meet the requirements of norma-

tive, technical and design documentation;
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– condition – a property of a vibration platform, in which the value of at least one parameter 

characterizing the property of performing a given function does not meet the requirements of 

regulatory, technical and design documentation;

– boundary condition – a property of a vibration platform [5], in which its further use for its 

intended purpose is unacceptable and impractical, or the restoration of its serviceable or service-

able state is impossible or impractical (Table 7.1).

 Table 7.1 Criteria for the limiting state of the components of the vibration platform

Unit or unit name Limit state criteria

Frame structures 1. Tiring transverse cracks along the perimeter of more than 40 %.
2. Concavity, twisting and other damage exceeding permissible limits, for elimination of 
which it is necessary to completely dismantle the frame structure

Gear transmission 1. Limiting wear of teeth.
2. Crumbling of the working surface of the tooth with a total area of more than 25 %

Clutch coupling Worn splines or bearing seat on the shaft or breakage of the shaft, in which it is 
necessary to replace it

Propeller shaft 1. Crack in pipes, forks along welded seams.
2. Limiting wear of spline joints.
3. Limit wear of the bores for the bearing shells

Failures are divided by reason of occurrence, nature of manifestation, interrelation, groups of 

complexity and method of detection. In addition, there are resource and degradation failures. The 

classification of failures depending on the nature of their occurrence and the course of development 

processes leading to the onset of failure are shown in Fig. 7.2.

 Fig. 7.2 Classification of failures

Thus, improving the quality and reliability of a vibration platform [5] depends on many reasons, 

the main of which is the quality of vibration equipment. An integral part of quality is the accuracy 

class of the vibration platform or the error with which the vibrations are simulated. Therefore, 
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the task of the study is not only to assess the reliability of existing structures, but also in new 

technical systems of complex structure. To solve such a problem, a set of criteria is proposed, the 

assessment of which will improve the quality of such technical systems.

7.2 Ensuring the reliability of vibration platforms in the construction industry, 

taking into account the methods of analysis

Vibration platforms are widely used in the construction industry in the manufacture of concrete 

and reinforced concrete products. The effectiveness of their work largely depends on a fairly speci-

fic accounting of the operating forces of the system and the reliability of the parts of the vibration 

platforms. Currently, there are practically no works on the development of methods for assessing 

the reliability of vibration platforms in various modes of their operation. However, the practice of 

operating vibration platforms in the construction industry testifies to the frequent failure of parts 

and assemblies of these machines, which significantly reduces their performance in the operating 

modes provided for by the technology. As a result of this situation, formed goods may be defective. 

Therefore, the problem of reliability methods, determination of its criteria and improvement of the 

design of elements of vibration areas is urgent.

In accordance with DSTU 2861-94, reliability analysis for vibration platforms can be carried 

out in order to:

– checking the feasibility of the established requirements and assessing the likelihood of achiev-

ing the required level of reliability of the components and the object as a whole;

– verification of the effectiveness of the proposed (implemented) measures for finalizing the 

design, manufacturing technology, maintenance and repair strategies to improve reliability;

– predicting reliability and choosing the best ways to ensure or improve reliability.

Considering the above, the methods of analyzing the reliability of vibration platforms [1–6] are 

used to predict the reliability, maintainability, readiness and measures to guarantee safety, as well 

as to fulfill the consequences of forecasting with the given requirements.

Consequently, the tasks of reliability analysis and their scope depend on the stage of the life 

cycle of vibration platforms, the depth of development and reliability, the consequences of failures 

and their limiting states, and other factors.

The DSTU 2861-94 standard establishes two main approaches to the analysis of the reliability 

of all objects, including vibration platforms:

– analysis of the reliability of vibration platforms based on the results of measures and methods 

of ensuring reliability at the stages of design, production and operation in accordance with the 

reliability assurance program;

– quantitative methods for analyzing the reliability of vibration platforms based on the analysis 

of operating conditions, causes and mechanisms of failures, reliability indicators of elements, main-

tenance and repair strategies.
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The analysis of the reliability of vibration platforms presupposes a reliability assurance  

program (Fig. 7.3), according to the results of the implementation of which the desired result  

can be achieved.

 Fig 7.3 Block diagram of the reliability assurance program

The analysis of the reliability of the vibration platform system is carried out using the fol-

lowing methods:

– qualitative analysis (determination of types of malfunctions, failure mechanisms of elements 

and their consequences for the system, analysis of the functional diagram of the system, analysis 

of the maintenance and repair system, construction of structural diagrams of system reliability);

– quantitative analysis (construction of mathematical models of the reliability of elements and 

systems according to the indicators under consideration, obtaining quantitative indicators of reli-

ability by calculation or modeling, analysis of the importance of failures and sensitivity, assessment 

of the possibility of improving the characteristics of the system based on backup subsystems and 

maintenance and repair strategies).

 Fig. 7.4 Diagram of the stages of the methodology  
for analyzing the reliability of vibration machines
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Accordingly, the assessment of the analysis results involves comparison with the mandatory 

reliability indicators and recommendations for measures to comply with the mandatory reliability 

indicators, which may include a design review, identification of weak points, imbalances, modes, 

replacement of parts with a high risk of malfunctions, development of alternative ways to improve 

reliability, implementation trade-off analysis and cost estimation of vibration platform design op-

tions as a whole.

7.3 Experimental studies of reliability assessment based on fuzzy logic

The solution to the problem of increasing the reliability and efficiency of vibration machines is 

achieved by studying the parameters and characteristics of failures of the elements of a vibration 

machine in the operation stage to develop recommendations for determining the reliability indica-

tors of units and parts of vibration machines with an increase in their efficiency.

To a large extent, the study of reliability indicators requires the involvement of a large number 

of observations, which in fact takes quite a significant amount of time. Taking this into account, it 

is necessary to carry out studies of reliability indicators using modern information technologies and 

alternative solutions to the problem.

When performing work on modeling the assessment of the reliability of vibration machines 

based on a fuzzy model, it is necessary to represent them in the form of fuzzy networks, the ele-

ments and sets of elements of which implement various components of fuzzy models and stages 

of fuzzy inference.

In his work, Lotfi Asker Zadeh presented a fuzzy productive model as follows [4, 7]:

(i): Q; P; A ⇒ B: S; F; N, (7.1)

where Q – field of application of fuzzy products; P – condition for the activation of the fuzzy produc-

tion core; A – condition of the kernel (antecedent); B – kernel output (consequent); S – method 

for determining the quantitative value of the degree of truth of the kernel output; F – coefficient of 

confidence of fuzzy products; N – post condition of the productive rules.

A fuzzy imitation of the relationship between antecedent and consequent can be viewed as 

fuzzy production:

if x∈А, then y∈В;

X – domain of definition of the antecedent;

A – fuzzy set visible on X;

µ
A

E( ) ∈ 0 1,  –membership function of an odd set A;

Y – area of definition of the consequent;

B – fuzzy set defined on Y;

µ
B

E( ) ∈ 0 1,  – membership function of an odd set B.
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If the ratio function of odd sets A E
A

− ( )µ , is known, then for odd sets В, the ratio function is 

determined by the composition rule:

µ µ µ
B

x X
A R

C T x x y( ) = ( ) ( )( ){ }
∈

sup , , , (7.2)

where sup – operation of determining the upper limit of the sets of parts; T – T-norm operation.

When modeling the failures of vibration machines as a rule for calculating fuzzy implication, the 

classical fuzzy implication of L. Zadeh:

µ µ µ µ
R A B A

x C x y x, max min , , .( ) = ( ) ( )  − ( ) { }1  (7.3)

For the purpose of inference, the main methods in a fuzzy production model are forward and 

backward inference. Direct inference is based on such a concept as fuzzy modus ponens.

In the process of developing a fuzzy production model, the assessment of failures of vibration 

machines requires the formulation of certain conditions X E i n
i

= { } =, ,1  – factors that are the 

source of failures, and therefore the entire range of conclusions Y y j m
V

= { } =, ,1  is an indicator 

of failures of various elements and components of vibration machines.

Based on the previously established objects and concepts of the systems under consideration, 

namely vibration platforms, it is necessary to formulate the corresponding linguistic variables:

M – electric motor;

S – synchronizer;

C – clutch;

R – bearing (roller);

P – propeller shaft;

SP – support;

F – frame (vibration plate).

Let’s take B as the initial linguistic variable – the level of failure.

Let’s define terms for input and output linguistic variables. For input linguistic vari-

ables P, R, M let’s introduce term-sets {critically low, low, average, high, critically high},  

for S, C, SP, F – {low, medium, high}. The term sets of the initial linguistic variable describe the 

failure detection rate – {absent, unlikely, low, high enough, critically high}.

The level of failure of a vibration platform is estimated in the process of fuzzy inference, using 

a large number of fuzzy rules that make up the aggregate knowledge base of a given subject area, 

represented in the form:

If is and is then is( ) ( ), ( ),x A x B y C1 2

where A, B, C – linguistic values, identified in a fuzzy way through the corresponding membership 

functions for the variables x1, x2 and y.
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As a result of the study, a fuzzy knowledge base was determined, presented in the form of 

certain rules [7].

For further modeling of this kind of system, the Fuzzy Logic Designer software toolkit is used, 

which is a MATLAB b2020 extension package containing tools for designing a fuzzy logic system [6].

When determining the shapes of the curves of membership functions, it is taken into account 

that they are constructed subjectively according to the results of a survey of experts, therefore, 

in a sense, they are «approximate». The most common membership function is of the Gaussian 

type [8, 9], but in practice, the shape of the membership function curves is chosen based on the 

complexity of the calculations. The most widespread are triangular and trapezoidal membership 

functions due to their versatility and lower requirements for computing resources in their hardware 

implementation.

To display the selected fuzzy subsets of linguistic variables, let’s them. The parameters of the 

input membership functions are shown in Fig. 7.5.

 Fig. 7.5 Parameters of input linguistic variables

The Mamdani algorithm, which has received the greatest practical application in fuzzy modeling 

problems and consists in the application of a mini-maximum composition of fuzzy sets, is used as  

a mechanism for the fuzzy logical inference being developed.
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The process of processing fuzzy inference rules in this case consists of four stages:

1. Fuzzification, which consists in determining the degree of truth, that is, the value of the 

membership function for the premises (left-hand sides) of each rule.

2. Fuzzy inference, which consists in applying to the conclusions (right side) of the rules of 

the calculated truth value for the premises of each rule. As the inference rules in the Mamdani 

method, the minimum (min) operation is used, which «cuts off» the membership function of the rule 

conclusion by height, which corresponds to the calculated degree of truth of the rule prerequisite.

3. A composition that combines, using the maximum (max) operation, all fuzzy subsets defined 

for each variable output, and forms one fuzzy subset for each variable output.

4. Defasification, which realizes the scalarization of the composition result, i.e. transition from 

fuzzy subset to scalar value.

The scheme of the described fuzzy inference system implemented in the MATLAB medium  

is shown in Fig. 7.6.

 Fig. 7.6 Scheme of a fuzzy inference system in MATLAB
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This system makes it possible to assess the failures of vibration platforms based on the input 

linguistic variable, the parameters of which are shown in Fig. 7.7.

 Fig. 7.7 Output linguistic variable parameters

When performing the appropriate calculation, it is possible to preliminarily assume based on 

certain studies and observations that have input data, namely:

1. Engine – probability of failure 0.2.

2. Bearings – probability of failure 0.7.

3. Propeller shafts – probability of failure 0.7.

4. Frame (vibration plate) – probability of failure is 0.1.

5. Clutch – probability of failure is 0.4.

6. Synchronizer – probability of failure 0.25.

Thus, taking into account the corresponding coefficients, let’s obtain the results of construct-

ing fuzzy logic, which in this case will be based on certain 27 rules, according to which the overall 

failure rate of the vibration platform will be 0.624 (Fig. 7.8).

Accordingly, based on this range of values, it can be argued that the level of failure of the 

vibration platform is at a sufficiently high level.

Conducted similar studies of the presented fuzzy model for different sets of initial data also 

showed acceptable results (Fig. 7.9–7.12).

Failure to operate the vibration platform leads to downtime of the entire technological line and 

damage to the concrete mixture that has already been supplied to the line. In turn, this approach 

as a whole gives a clearer idea of which constituent elements need to be paid more attention to 

during the repair and maintenance of vibration platforms.

The use of this approach can significantly reduce the cost of maintaining vibration platforms 

and, accordingly, reduce the downtime rate of the production lines of the shop.
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 Fig. 7.8 Results of calculating fuzzy logic for 27 rules

 Fig. 7.9 Indicators of the effect of motor and bearings on failure
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 Fig. 7.10 Indicators of the effect of engine and propeller shafts on failure

 Fig. 7.11 Indicators of the effect of propeller shafts on failure
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 Fig. 7.12 Impact of bearing failure

7.4 Calculation of vibration reliability of a technical system

When calculating the vibration reliability of optimal vibration protection, a vibration platform [7] 

was considered as a system described by the equation of motion:

 u u u a t+ ⋅ + ⋅ = −2 0
2

0ε ω ( ).

Accordingly, the quality conditions are reflected in the form:

u t u a t a( ) , ( ) ,* *≤ ≤  (7.4)

where a a u= +0
  – absolute vibration acceleration. As a criterion for the optimality of the system 

in terms of reliability, the condition is selected so that the reliability functions (7.4) at the time 

instant t T= *  acquire a maximum value.

P t P
a x a a x u

j t

j j( )
( , ) , ( , )

, ,...; ,

sup

*

sup

*=
≤ ≤

= ∈ 







τ τ
τ τ

τ12 0






. (7.5)
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Taking into account the high reliability of systems for stationary oscillations, this condition, 

according to:

P t d
t

( ) ( ) ,≈ − ∫1
0

l τ τ

is equivalent to the condition l ε ω( ) min, , ,Γ = 0  where the average number of emissions per unit 

time is calculated for a rectangular region of available states (7.5).

It is proposed that the process a t0( ) at the output of the system is narrow-linear with  

a carrier frequency θ . In Fig. 7.5 the results of the corresponding calculation data l( )Γ  are carried 

out at u a* *m, .= =−10 203 m s2

In Fig. 7.13 a graph is built according to the calculation l( )Γ  performed for the case of an 

exponentially correlated process at the input with a correlation K a
a0 0

2( ) exp .τ σ τ= ⋅ −( )  Con-

sidering the above, calculations have been made for the parameter values m ε ω0 0 5= . , a* ,= 2 0σ  

U a* .= ( ) ⋅ −σ0
2 410  Curves 1 in Fig. 7.5, 7.6 correspond to band emissions a a< *, curve 2 – 

band emissions U U< *, curves 3 are plotted for the total number of emissions.

 Fig. 7.13 Optimization in terms of reliability with  
a narrow-linear initial impact

 Fig. 7.14 Optimization for reliability with an exponentially  
correlated initial action
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Basically, vibration loading is accompanied by a process of accumulating fatigue damage. The cal-

culation of damages characterized by a one-dimensional process v t( )  was carried out accordingly. 

Accordingly, this process is rather slow, therefore, it requires a transition from v v f v s
k k k k+ = +1 ( , ) 

to a continuous analogue – a kinematic level:

dv

dt
g v s= ( , ). (7.6)

In such a case, the measure of damage v t( ) is an unfortunate function, 0 1≤ ≤v . In the above 

equation (7.5) s t( )  – some characteristic value for the load process f t( ),  for example, amplitude. 

Taking this into account, the quality condition was chosen in the form v v< =* ,1  s s v< *( ),  where 

s v*( ) – the limiting value of the bearing capacity, taking into account the accumulation of damage. 

In this case, the reliability function:

P t P v s s v t( ) ( ) , ( ) ( ), , .*= < < ∈ { }τ τ τ1 0

As a rule, as the damage caused by the fatigue process takes place:

V
N S

k

jj

k

=
=

∑ 1

1 ( )
,

where N S
j

( )  – the number of cycles leading to failure with a characteristic S
j
,  then the condition 

of fatigued failure takes the form:

1
1

N S
jj ( )

.∑ =

To assess the durability, a value T*  equal to the duration of the load, which is necessary to 

achieve the condition v v= =* ,1  is used. Therefore, with a low dispersion of durability, the value T* 

is close to the mathematical expectation T . The value T*  is called the expected durability. Accord-

ingly, if do not take into account the probability of instantaneous destruction due to the process 

bursting beyond the level s v*( ),  then the expression for the expected durability takes the form:

T T
p s s

N s
e*

( )

( )
,= ⋅











∞ −

∫
d

0

1

 (7.7)

where T
e
 – some effective cycle period; p s( )  – distribution of the parameter s  – the loading 

process f t( ).

Having considered the suitable processes, it can be argued that for stationary normal narrow- 

linear load processes, the maximum value m s t f t( ) ( )max=  is taken as the characteristic value m s t( ).  

In this case, the distribution of the maximums of the normal process was found by the formula:
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Calculations made according to the formula (7.7) with a power-law approximation of the fa-

tigue curve:
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s

s
s s

N s s

m

= ⋅




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≥

→ ∞ <

1
1

1

1

( ),

, ( )

give this expression:
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where X s N s m
s

= 1 1 1σ ; , ,  – empirical constants; P X T( , )2  m function X 2  – Pearson distribution. 

The same expression, expressed due to an incomplete gamma function Γ( , ),a x  is:
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Accordingly, for wide-linear load processes, there are different ways to select the load pa-

rameter, leading to different estimates of durability. To give an example of a cycle, the following  

maxima, maximum values, half-difference of subsequent maxima and minima, maximum process va-

lues at a certain characteristic time interval, etc. are considered. To schematize a given process by 

a load of some equivalent narrow-linear process, methods have been proposed: outliers (the num-

ber of cycles coincides with the average number of process zeros), maxima (the number of cycles 

is taken as the average number of process maxima), swing (a cycle is characterized by an amplitude 

equal to half the process increments between adjacent ones), full cycles (a method consisting in 

the sequential elimination of the process of intermediate cycles with increasing amplitudes), etc. 
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Having considered the expression for the probability density p s( ) of the load parameter s t( )  in the 

case of a stationary normal process f t( ),  the distribution of the maxima p s1( ) is given by formu-

la (7.8). By emission method:

P s
s s

s s

0 2

2

22
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by calculation method:
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where β  – coefficient of wide linearity of the process; a c s
k

, ,  – some constants.

The nature of the dependence of the expected durability (7.7) on the nature of the wide  

linearity β  is shown in Fig. 7.7.

 Fig. 7.15 Comparison of estimates of expected durability when schematizing  
by different methods: 0 – bursting; 1 – maximums; 2 – swings; 3 – full cycles

The expected durability corresponding to the probability density P s
i
( ) is indicated T

i
 accordingly.  

The calculations took into account that s m1 0 5= =, .

The maximum method gives a lower estimate for the expected durability, the swing and full 

cycles method overestimates this estimate. For narrow-linear processes, all of the above methods 

lead to practically the same results.



Dynamic processes in technological technical systems

128

7.5 Justification and application of the provisions of the mathematical theory  

of reliability

Let’s consider the exploitation of a number of N  elements over time t.  Let there be N
p
 able-bodied 

and n  failed elements by the end of the service life. In this case, the relative number of failures Q t( ) :

Q t
n

N
( ) = . (7.9)

If N  is large enough, it can be viewed Q t( ) as the probability of failure.

Then the probability of failure-free operation is P t( ) :

P t
N

N

n

N
Q t

p( ) = = − = − ( )1 1 .  (7.10)

It follows from (7.10) that:

P t Q t( ) + ( ) = 1. (7.11)

The distribution of conditions in time is characterized by the distribution density function f t( ) of  

the operating time to failure:

f t
dQ t

dt N

dn

dt

dP t

dt
( ) =

( )
= =

( )1
. (7.12)

In this case, the probability of failures and failure-free operation in the density function f t( ) is 

expressed by the dependencies:

Q t f t t
f

( ) = ( )∫ d
0

. (7.13)

P t Q t f t t f t t
t

t

( ) = − ( ) = − ( ) = ( )∫ ∫
∞

1 1
0

d d . (7.14)

Failure rate l t( ) :

l t
f t

P t
f t

dP t

dt

dP t

dt P t
( ) =

( )
( ) = ( ) = −

( )










= −

( )
⋅ ( ) . (7.15)

Let’s rewrite (7.15) as:

− ( ) =
( )
( )l t dt

dP t

P t
.  (7.16)



7 Study of reliability of technical systems reliability

129

Integrating (7.16), let’s obtain:

ln .P t t t P t e
t t t

t

( ) = − ( ) ( ) =
∫

∫
− ( )

l
l

d or
d

0

0  (7.17)

During the period of normal operation, failures have a constant intensity, since worn out (gra-

dual) failures do not appear yet, but only sudden failures occur, i.e.

l lt
m

t

( ) = = =
1

const,  (7.18)

where m
t
 – mean time to failure, hours.

Probability of failure-free operation:

P t e e
t

t

t

( ) =
∫

=
−

−
l

l
d

0 .  (7.19)

It obeys the exponential law of distribution of failure-free operation t and is the same for any 

equal period of time (Fig. 7.16).

 Fig. 7.16 Function of probability P(t) of failure-free operation,  
probability density f(t) and failure rate l(t) according to exponential distribution 
during normal operation

The significant advantage of the exponential distribution is its simplicity: it has only one parameter. 

Distribution density in general:

f t
dP t

dt
e t( ) = −

( )
= −l l . (7.20)

7.6 Research of indicators of reliability of technical systems

Experimental studies were carried out on the basis of the collected information on the deve-

lopment of vibration platforms to failure [1, 3]. The received data of malfunctions was carried out 
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by fixing by groups of prefabricated units, parts and elements, in order to separately determine the 

data on their operating time. Based on these data, an analysis of the operating time of the main 

elements between failures and the most frequent failures was carried out.

The studies carried out [2, 7, 10–19] identified the main prefabricated units and parts that 

fail: engine, gearbox, synchronizer, vibration exciter, propeller shafts, couplings, photographs of 

such failures are shown in Fig. 7.17.

 Fig. 7.17 Photo fixation of failures of mechanical assemblies and parts of vibration platforms:  
a – failure of the coupling; b – failure of the electric motor; c – failure of the bearing assembly;  
d – failure of the vibration block; e – failure of the propeller shaft; f – failure of the synchronizer

According to the results of the study, it was found that most often propeller shafts and 

couplings failed. Destruction of bearings in vibration exciters was recorded only in a few cases.

In the investigated technical objects, depending on the design, the working body can consist of 

both separate elements such as a vibration plate or a form, and of a welded frame. In the course of 

research, in this group of elements, frequent defects were found as a result of contact of vibration 

plates with a form (Fig. 7.18).

Based on the results of the performed structural examinations, the main elements were 

established (Fig. 7.19), the failure of which has a direct impact on the reliability and safety of 

vibration machines.

The research methodology for the operating time of parts to failure consisted in conducting an 

experiment in real operating conditions of VB-10V vibration platforms.

Due to the frequent fixation of the identified failures of the propeller shafts of vibration 

platforms, the results of which are shown in Table 7.2. The construction of a statistical series  

for studying the distribution patterns of continuous random variables is possible with a sufficient 

number of observations. In this case (if N>30) the values obtained during observation in the 

va riation series were grouped, and the entire series of values of the observed trait from t1 to tn  

was divided into ordinary intervals.
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 Fig. 7.18 Photo fixation of failures of the working bodies of vibration platforms: a – failure  
of vibration plates; b – deformation of the limiters; c – damage to the contact platform; d – damage  
to the protective casing; e – damage to vibration plates; f – blockage of the vibration platform

The number of intervals was determined from the condition of detecting the regularity of the 

distribution of the indicator values depending on the sample size N.

The number of intervals was determined by the formula:

K N= , (7.21)

where N – the sample size. 

For the convenience of further calculations, all intervals are assumed to be equal, targeted and 

without gaps. However, in some cases, when processing statistical data that are rather unevenly dis-

tributed, it is sometimes convenient in the area of the highest distribution density to choose narrower 

intervals than in the area of the smallest. The value of the interval was determined by the formula:

h
T T

K
=

−
−

max min ,
1

 (7.22)

where Tmax and Tmin are the highest and lowest values of reliability indicators in the summary table 

of information.

The left and right boundaries of the distribution area are shifted by 0.5h and taken accordingly:

t T h0 0 5= −min . , (7.23)

t T h
k

= +max . ,0 5  (7.24)

where t0  – the left border of the first interval; t
k
 – the right border of the last interval.
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 Fig. 7.19 Main structural elements of vibration  
platforms affecting reliability
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 Table 7.2 Operating time to failure of propeller shafts

Operating time to failure, h

125 148 126 131 127

130 155 135 164 133

150 157 145 166 141

162 178 175 192 163

167 184 195 200 182

186 188 202 242 239

199 215 209 252 242

222 226 268 261 271

225 236 272 275 288

287 269 280 288 290

In subsequent calculations, the average value of the interval was taken:

t
t t

avi
i i=

+−1

2
,  (7.25)

where t
i
 – value of the right limit of the n-interval.

After determining the boundaries of the intervals of the grouping, the frequencies і, the number 

of observations that fell into each of the intervals [hi], i = 1, K.

The sum of the frequencies of all intervals is equal to the sample size:

n N
i

i

k

= =
=
∑

1

50. (7.26)

Another characteristic of the statistical distribution is the frequency Pt (relative frequency), which 

is determined for each interval by the ratio of frequency ni to the total number of observations N:


P

n

N
i= . (7.27)

Empirical distribution density of resources f t
i
( ) in the i-th interval i = 12 3, , ...

f t
n

N h
i

i

i

( ) .=
⋅

 (7.28)

Empirical function:

    
F P P F P

k i
i

k

2 1 2
1

(t) ; (t) .= + =
=
∑  (7.29)
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The average value of the resource Тr.av., hours was found by the formula:

T

t n

N
r av

av i
i

k

. . .= =
∑

1  (7.30)

The standard deviation of the investigated quantity (resource) σ:

σ = −=
∑t n

N
T

av i
i

k

r av

2

1 2
. . (7.31)

The results of processing observational data using the sum method are summarized  

in Tables 7.3, 7.4. 

 Table 7.3 Numerical values of distribution parameters

Interval 
number

Interval limits
Interval  
mid point t

av

Frequen-
cy n

i

T
2
av

T
av
n
i

T
2
av
n
i

1 111.25–138.75 125 7 19 251.6 971.25 134 761.2

2 138.75–166.25 152.5 10 27 639.1 1 662.5 276 391

3 166.25–193.75 180 8 37 539.1 1 550 300 312.8

4 193.75–221.25 207.5 6 48 951.6 1 327.5 293 709.6

5 221.25–248.75 235 7 61 876.6 1 741.25 433 136.2

6 248.75–276.25 525 7 76 314.1 1 933.75 534 198.7

7 276.25–303.75 580 5 92 264.1 1 518.75 461 320.5

∑ = 50 ∑ = 10 705 ∑ = 2 433 830

 Table 7.4 Calculation of characteristics by the method of sums

Interval number Interval mid point t
cav

Frequency n
i

K1 = 110 K2 = 84

1 125 7 7 –

2 152.5 10 – –

3 180 8 33 –

4 207.5 6 25 61

5 235 7 19 36

6 525 7 12 17

7 580 5 5 5

l1 94= l2 119=
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Auxiliary intervals are determined:

µ l1 1 1= −k . (7.32)

The average value of the resource Тr.av., hours, is found by the formula:

T t
h

N
r av av i

i
. . .= −

µ
 (7.33)

The mean square deviation of the resource σ,  taking into account the auxiliary intervals:

σ
µ µ

=
−

h
N

N
2 1

2

. (7.34)

Variation coefficient:

V
T

r av

=
σ

.

.  (7.35)

Actual value of the criterion l  for extreme points:

l
σp

t

j j
t t j N= − =−

1
11( ), , , (7.36)

where t
j
 and t

j −1 are adjacent information points. In this case, the condition l l
p T

<  is fulfilled.

Thus, as a result of checking the information for outliers, it was found that the minimum and 

maximum values of the sample are tmin = 125 and tmax = 126 with probability γ = 0 95. .

The histogram of relative frequencies (Fig. 7.20) indicates that in this case the process is 

subject to the Weibull distribution law:

f t
b

a

t

a
exp

t

a

b b

( ) =






−




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











−1

, (7.37)

where a  and b  are distribution parameters a 0; b 0.  

It was found that Pearson’s criterion χ2  with a large number of observations reduces errors 

to a minimum, which compares favorably with other goodness-of-fit criteria:

χ2

2

1

= ⋅ ⋅
−





=
∑N h

f t f t

f t
i

i i

cp ii

k
( ) ( )

( )
;  (7.38)

where N  – the total number of observations; h
i
 – width of the i-th interval; k  – the number of 

staking intervals; f t f t
i i

( ), ( ) – respectively empirical and theoretical probability density of distribution;  

t
av i

 – midpoint of the i-th interval for a continuous random variable or possible values for a discrete one.
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 Fig. 7.20 Concordance plot of empirical and theoretical distribution

Therefore, it was found that P r x( , ) .2 0 99=  exceeding the accepted significance level of 0.95. This 

gives grounds to assert that the hypothesis that the empirical distribution belongs to cannot be rejected:

P t
t

a

b

( ) = −


















exp . (7.39)

The Weibull distribution law is characterized by the dependences:

F t Q t
t

a

b

( ) = ( ) = − −




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











1 exp .  (7.40)

In relation to these calculations, the possibility of failure and trouble-free operation was ob-

tained (Fig. 7.21).

 Fig. 7.21 Probability of failure and failure-free operation
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7.7 Discussion of research results

The results of the studies carried out indicate a low level of reliability of the propeller shaft, 

which leads to long downtime during the unplanned repair time, which is 0.8–1.2 hours, if there 

are spare parts in stock. As a result of processing the statistical information of the propeller shaft 

reliability indicators, it was found that the average resource is 262 hours, the standard deviation 

is equal to σ = 53 2.  hours, the coefficient of variation is V = 0.27.

A hypothesis is put forward about the error of the empirical distribution of resource indicators 

in comparison with the theoretical Weibull’s law. The parameters of the Weibull distribution law 

were determined and graphs were constructed for the model of reliability and failures of propeller 

shafts, the graphs of the regularities of the distribution of resource indicators P(t) and the distri-

bution function F(t) used in the developed recommendations.

Summarizing the presented calculation method, it is possible to build an algorithm for calculat-

ing the determination of the reliability indicators of vibration platforms (7.22).

Conclusions to Section 7

1. The main states of reliability of a technical system and its elements have been investigated 

by the example of vibration platforms for compacting concrete mixtures.

2. The model for assessing the reliability has been developed based on fuzzy logic, implemented 

in the MATLAB b2020 medium.

3. The obtained results of modeling, taking into account the normalized indicators of reliability, 

show a «sufficiently high» level of failure.

4. When processing statistical data on the operating time to failure of the propeller shafts 

of vibration platforms, the Weibull distribution law has been established and the possibility of  

failure-free operation of such structural elements has been determined.

5. The obtained results of experimental data processing can be used in the development of new 

designs of similar technical systems.
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8 Research of stress-strain state of elements  
of technological technical constructions

Abstract

The distribution of stresses and strains in the elements of vibration structures of machines 

has been investigated. Vibrograms of changes in the stresses of the forming surface were ob-

tained for individual elements located near the application of a dynamic external force. Comparing 

the obtained results of the stress-strain state of the forming structure, a new effect of using 

high frequencies of the operating mode when compacting concrete mixtures was discovered. 

Due to the application of a spatial forced force to the forming structure, a complex stress-strain 

state of metal structures is created. And direct contact with the concrete mix helps to reduce 

energy consumption for the compaction process. The study of the motion of systems related 

to block structures, the adopted model, which is a two-mass vibration system. The identified 

transient process is intended to be taken into account when determining the parameters and 

locations of the vibrators. In such modes, the forms of natural vibrations of the system are 

realized with large vibration amplitudes and, accordingly, a lower frequency. And this opened up  

a real opportunity to reduce the energy consumption of vibration machine drives. The stress-strain 

state of the frame and forms of a vibration unit with spatial vibrations has been investigated.  

The distribution of stresses in the frame elements is uneven. The concentration of stresses in 

the welding places of elements having small values in comparison with the ultimate strength of 

steel has been determined. The static and dynamic loads of the slewing ring of a truck crane 

have been investigated. The positions of the system and its elements with the highest stresses 

are established. The results obtained were used in the design of the metal structures of the 

machines under study.

KEYWORDS

Metal structure, vibration system, stress-strain state, form-generating structure, model, nu-

merical calculations, natural vibration modes, vibrator, spatial vibrations, truck crane, slewing ring.

8.1 Statement of tasks and research methods

Studying the distribution of stresses and deformations in structural elements of vibration ma-

chines will allow analyzing and identifying places of stress concentration, which allows optimization 

of design solutions.
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Based on the existing methods and a certain mathematical description (see Section 2), the 

problem arises of specifying the constituent elements of the pre-static and dynamic action of the 

load determined in the study of the machine-medium systems.

Thus, the formulation of the problem of computer modeling is reduced to the construction of 

a system that replaces and reflects the actual system, and in cognitive processes is in the corre-

sponding similarity with it.

In the general case, any existing or created object can be considered in three-dimensional 

space both under static and dynamic action on it [1, 2]. Since the entire system is three-dimen-

sional [3, 4], then all elements belonging to it also have three coordinates of displacements and 

three angles of rotation relative to the axes, that is, six degrees of freedom (DOF).

In accordance with the principles of modeling, the determination of the structural parameters 

of the elements is based on the ratio of the geometric dimensions and the type of arising (possibly 

arising) stresses in the structural elements.

So, to simulate a structural element located only in the field of tensile – compression forces (pro-

vided that it works in the zone of elastic deformations) and its length with respect to the cross section 

differs by an order of magnitude, it is enough to consider a one-dimensional problem. Since the pro-

cesses occurring within the section can be neglected. The model that will reflect the behavior of such 

a system will look like a bar, the ends of which are clamped by a fixed and movable hinge, respectively.

For structural elements that are in the field of complex types of forces and the ratio of overall 

dimensions to plane to height are within several orders of magnitude, a system of two-dimensional 

elements with a thickness – plates – should be considered. Accordingly, structural elements that 

have overall dimensions of the same order and (or) are in a complex stress-strain state are con-

sidered volumetric elements and, accordingly, the system (model) is considered three-dimensional.

Knowledge of the stresses in the sealing layers under the action of a force load allows one to 

determine the sealing zone and, as a result, to determine the parameters of the sealing equipment 

with sufficient reasoning.

Improvement of the structures of vibration machines is possible by simulating the operation of 

this structure under loading, starting from the stage of an unloaded structure and ending with its 

full load [5, 6]. The study of displacements and deformations of structural elements of technolo-

gical machines will allow identifying places of stress concentration and optimizing design solutions 

using finite element analysis [7].

At all nodes, generalized coordinates l1 are specified, called nodal offsets, the totality of which 

for a given element is written in the form of a matrix:

l l l l{ } = { }1 2, ,..., ,
N

T
 (8.1)

where N – total number of node displacements of the element; the sign T means the transposition of 

the matrix. Nodal displacements can represent the components of the vector of displacement of the 

nodes along the coordinate axes, as well as the angles of rotation of the element at the nodal points.
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Within each element, for the components of the displacement vector of any point M, an ap-

proximation is set in terms of nodal displacements, which are unknown quantities:

u M
i ik k
= ( )Φ l ,  i = 12 3, , ,  k N= 12, ... ; (8.2)

the same in matrix notation u{ } = { }{ }Φ l  and vector form:

  
u e

ik k k
= = { }{ }Φ Φl l ,  (8.3)

where Φ
ik

M( )  values are called functions of the shape of the element and express the relationship 

between the nodal displacements and the displacement of the point M of the body; polynomials 

are usually used as a shape function; outside the element, these functions are set equal to zero;  
Φ Φ

k ik i
e= , 

   
Φ Φ Φ Φ{ } = { }1 2, ,..., ,

N
 

e

i
 – unit vectors.

Relations (8.3) are substituted into the body equilibrium equation, from which the nodal dis-

placements l{ }  for each element are determined.

When using the finite element method, it is most convenient to obtain the body balance equa-

tion based on the principle of possible displacements. Let 

u  is the field of displacements of points 

of a deformable body under the action of external loads applied to it. By setting each point a small 

displacement δ

u  allowed by the constraints imposed on the body (movement is possible). Accord-

ing to this principle, the increase in the work of internal forces is equal to the work of external 

forces on possible displacements, i.e.:

δ δU W= . (8.4)

Denoting as 

q  the external load distributed over the volume of the body V, and as 


p  – the load 

distributed over its surface S.

Let’s obtain:

δ δ δW q u V p u S
V S

= ⋅ + ⋅∫ ∫
   

d d . (8.5)

The expression for the work of internal forces has the form:

δ σ δεU V
V

= ⋅∫ d ,  (8.6)

where σ σ=
ɺɺ

� �

y i j
e e  – stress tensor; ε ε=

ɺɺ

� �

y i j
e e  – strain tensor; 


e

i
 – unit unit vectors, i, j = 1, 2, 3.

Then relation (8.4) takes the form:

σ δε δ δ⋅ = ⋅ + ⋅∫ ∫ ∫d d dV q u V p u S
V V S

   
. (8.7)
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In the case of small deformations of the body:

ε = ∇

u, (8.8)

where

∇ =
∂
∂

+
∂

∂











  
u

u

x

u

x
e ei

j

j

i

i j

1

2

– tensor operator; i, j = 1, 2, 3; x x x1 2 3, ,  – coordinate axes directed along the unit vectors 
  
e e e1 2 3, , .

Substituting (8.2) into (8.8), let’s obtain an expression for the components of the strain 

tensor in terms of the nodal displacements:

ε ly
ik

j

jk

i

k
x x

=
∂
∂

+
∂

∂











1

2

Φ Φ
.  (8.9)

or in matrix form:

ε l{ } = { }{ }B , (8.10)

where

B
x x

ik

j

jk

i

{ } = ∇{ } =
∂
∂

+
∂

∂
























Φ

Φ Φ1

2

– matrix associates deformations with nodal displacements. The relationship between the compo-

nents of stress and strain tensors for an elastic body is expressed by a law:

σ ε y ykl kl
D= ,  (8.11)

where D
ykl −  the elastic constants of the body, i, j, k, l = 1, 2, 3, or in matrix form σ ε{ } = { }{ }D .

Substituting expression (8.30), let’s find the dependence of the stress tensor on nodal dis-

placements:

σ l{ } = { }{ }{ }D B .  (8.12)

After transformations, let’s obtain the equation of equilibrium of an elastic body containing the 

movement of its points:

D u u V q u V p u S
V V S

∇ ⋅ ∇( ) = ⋅ + ⋅∫ ∫ ∫
     

δ δ δd d d . (8.13)
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Let’s apply relation (8.13) to a finite element with some volume V
e
 bounded by the surface S

e
, 

and find:

δl l
i i j j i i

SVV

D V q V p S

eee

∇ ⋅ ∇ ⋅ − −











=∫∫∫

     
Φ Φ Φ Φd d d 0,  (8.14)

where i j N, , ,..., .= 12

Since δl
i
−  arbitrary nonzero values, the last equality requires all expressions in curly braces 

to rotate to zero. From these conditions, let’s obtain a system of linear algebraic equations ex-

pressing the equilibrium conditions for a finite element:

K f{ }{ } = { }l ,  (8.15)

where K D V
y V jɺɺ

� �

= ∇ ⋅ ∇∫ Φ Φ d  – stiffness matrix of the element, which, using relations (8.10) and 

(8.12), can also be written in the form: K B D B
T{ } = { } { }{ };

f q V p S
i i

V

i

Se e

= ⋅ + ⋅∫ ∫
   

Φ Φd d

– vector of nodal forces of the element, where i j N, , ,..., .= 12

The set of equations (8.15) for all elements is supplemented by the equations of ligatures 

imposed on the body (limiting conditions), which are a system of equations for the equilibrium of 

the body under consideration, written in a form similar to (8.35):

K f{ }{ } = { }l , (8.16)

where K{ }  is called the global body stiffness matrix; l{ }  and f{ }  – vectors of nodal displace-

ments and forces of the whole body.

Equations of the type (8.16) are used for strength analysis of structures under static load. 

From their solution, the vector of nodal displacements is determined, then, according to rela-

tion (8.2), one can find the displacement of the points of the body, and according to (8.8)–(8.11) 

or (8.13) – deformations and stresses.

From (8.15) it is easy to obtain the equation of motion of the element. By introducing, ac-

cording to the d’Alembert principle, the volumetric forces of inertia into the integral for the nodal 

forces (8.15):

   
q

u

t

in

j j
= −

∂
∂

= − ⋅ρ ρ l
2

2
Φ ,  (8.17)

let’s obtain a system of equations:
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M K f{ }{ } + { }{ } = { }l l , (8.18)

where M V
y i j

= ⋅∫ ρ
 
Φ Φ d  – mass matrix of the element; ρ – material density; l  – the second 

time derivative of the vector of nodal displacements. In the presence of viscous resistance forces 

in the system, proportional to the speeds of the points, the matrix of damping coefficients {B} is 

introduced into (8.38), after which the equations of motion take the form:

M B K f{ }{ } + { }{ } + { }{ } = { } l l l . (8.19)

When studying the problems of elastic resistance of structural elements, the equilibrium equa-

tion is added taking into account the change in the geometry of the body in the deformed state:

K K
d{ } − { }



{ } =β l 0, (8.20)

where by means of a matrix of geometric stiffness K
d{ },  called differential in MSC.vN5W, the 

work of external forces due to a change in the geometry of the body is taken into account;  

β – loading parameter.

Equating to zero the determinant of the system (8.40) det ,K K
d{ } − { }



 =β 0  let’s find the 

value of the load parameter β β1 2, , ,  at which there are nontrivial displacements for nodal dis-

placements l{ }, i.e. new forms of body balance appear, different from the original. Such values β,  

called critical, show how many times the critical load F cr , at which the loss of resistance of the 

original form of body balance occurs, is greater than the current load F:

F F
i

cr

i
= β , i = 12, , (8.21)

The first lowest critical load F cr

1  is usually of practical interest, since only it will be realized 

during the operation of the structure. To study the working process of energy-saving machines 

and their structural elements for the implementation of specific technological work processes, the 

following research sequence was established:

– justification and development of calculation schemes for the machine;

– analysis of the basic forms, amplitudes and frequencies of vibration of the structure;

– determination of modes, rational parameters to create a new highly efficient design.

8.2 Investigation and determination of stresses and strains in the forming 

surface of the structure of vibration machines

The search for constructive solutions for the creation of machines with a variable amplitude-fre-

quency oscillation mode is to search for an increase in the efficiency of the working process. 
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Revealing new phenomena in the operation of compacting machines and taking them into account 

when modeling work processes. Improvement of models that adequately meet the real conditions 

of motion of a vibration machine. An effective approach in this direction is the use of continuous 

models, which make it possible to take into account the propagation of waves, both in the design of 

a vibration machine and in the compacting mixture. This approach is the basis for determining the 

real distribution of amplitudes and frequencies of oscillations and the use of multi-mode effects.

So, it is assumed that the design, subject to research and further creation, allows to trans-

fer the maximum amount of energy from the working body to the medium due to the frequency 

spectrum with different energy components and the use of internal resonance phenomena of the 

system by choosing an operating mode that is coordinated in elastic-inertial and elastic-viscous 

properties of the machine and medium.

Thus, on the basis of the created finite element model, studies of the structure were carried 

out in terms of natural frequencies and vibration modes. The calculation of frequencies and modes 

of vibration was carried out in two stages. At the first stage, according to the nonlinear theory, 

static prestressing of the structure by all acting forces is performed, then at the second stage, 

the frequencies and, accordingly, the vibration modes are calculated.

Studying the distribution of stresses and deformations in structural elements of vibration ma-

chines will allow analyzing and identifying places of stress concentration, which allows optimization 

of design solutions.

To study and determine the stresses and strains in accordance with the goal, the task of cal-

culating the supporting structures of the system in its more critical states is posed. Therefore, for 

research, the design of a vibration unit was selected, which is a form-forming surface for compact-

ing a concrete mixture. The structure consists of a welded box-section frame mounted on rubber 

resilient supports and a metal sheet as a shaping surface. Loads of auxiliary structural elements 

and concrete mix were included in the dynamic component of forces.

The total number of finite elements turned out to be 59 856, the number of nodes – 100 998. 

It is assumed that the structure frame is rigidly fixed on rubber supports and the materials of all 

elements are deformed only in the elastic stage.

The nature of the stress-strain state of the structure under the action of external forces and 

gravity is illustrated in color in Fig. 8.1.

The scale of displacement values corresponding to this palette is represented on the left in the 

form of a colored column. As follows from Fig. 8.1 the maximum values of the equivalent stres-

ses of the forming surface are 2.5 MPa. Higher values of stresses are concentrated in the area  

of application and distribution of the driving force.

The frame design accepts a maximum stress of 11.7 MPa (Fig. 8.2). The area of action of such 

stress values is limited by the contact zones of the frame with the supports and is of a local nature. 

In general, the frame of the structure is in a state of uniform stress distribution.

In order to study the behavior of the forming surface under dynamic action, the distribution of 

stresses in time is analyzed. In particular, Fig. 8.3 shows vibrograms of changes in the stresses 
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of the forming structure for individual elements located near the application of a dynamic external 

force. As seen from Fig. 8.3, at the beginning, a transient process was detected, caused by the 

exit of the system from a state of rest into oscillatory motion. An increase in the amplitude of 

stress changes at this stage is a consequence of the transition of the system through resonance 

modes at lower vibration frequencies.

 Fig. 8.1 Equivalent stress distribution (SolidVonMisesStress) of the forming  
surface (time 0.0748 s)

 Fig. 8.2 Equivalent stress distribution (SolidVonMisesStress) of the structure  
frame (time 0.0748 s)

In such modes, the forms of natural vibrations of the system are realized with large vibration 

amplitudes and, accordingly, a lower frequency. When the operating mode is set, negative stress 

arise in structural element 18 857. The nature of the change in these stresses is periodic and 

antiphase in comparison with the applied spatial force. The stress of element 48 345 are positive 

and vary with an offset of π/2 relative to the applied force. This dependence is explained by the 

spatial arrangement of the elements in relation to the point of application of the force. But the 

nature of the change in this force of the force load, since it changes along the two axes of space.
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For structural elements 48 114 and 17 290, which are located symmetrically on the opposite 

side of the applied force, the nature of the change is shown in Fig. 8.4. In contrast to the previous 

vibrograms, one can see the absence of in-phase changes in stress in relation to the forced force. 

The significant difference can be explained by the dissipation phenomena occurring in the structure.

 Fig. 8.3 Dependence of shear stresses (Solid XY ShearStress) of the forming  
surface (elements 48 345 and 18 857) and the vertical component of the driving force

 Fig. 8.4 Dependence of shear stresses (Solid XY ShearStress) of the forming  
surface (elements 48 114 and 17 290) and the vertical component of the driving force

It is quite obvious that the change in the stress-strain state of the system under study is 

rather difficult. Such a change is associated with the implementation of complex spatial vibra-

tions and the multi-mode of the sealing process. An important criterion for evaluating a design 

from the point of view of the efficiency of the compaction process is shear stress. Indeed,  

in the presence of such stresses in the medium, there is an intensive movement of particles 

and compaction.
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To analyze the shear stresses of the forming surface, time intervals are selected that cor-

respond to 1/4 of the period of oscillation of the driving force. Fig. 8.5 shows the distribution of 

stresses in the XY plane at a time of 0.0748 s, which is taken as a relative origin.

 Fig. 8.5 Distribution of shear stresses (Solid XY ShearStress) of the forming  
surface (time 0.0750 s)

This is evidenced by the zones with the maximum positive stress values, in which the force is 

applied. The entire surface is in a complex sign-like stress-strain state.

When the force is turned by an angle of π/4, the stress distribution changes (Fig. 8.6). The 

appearance of additional zones of maximum stresses indicates the transfer of the load in the hori-

zontal direction and the presence of bending and torsional vibrations. In this case, the middle of the 

structure is at relative rest.

 Fig. 8.6 Shear stress distribution (Solid XY ShearStress) of the forming  
surface (time 0.0768 s)

When the force returns to an angle of π/4, almost the entire surface of the forming surface  

is disturbed (Fig. 8.7). Deformation and stress have a sign-like character indicating the presence 
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of wave phenomena. The transfer of stresses occurs in the direction of the diagonal connecting the 

points of application of external dynamic forces.

 Fig. 8.7 Shear stress distribution (Solid XY ShearStress) of the forming  
surface (time 0.0786 s)

In the period of time 0.0806 s (3/4π), the propagation of oscillations continues, as evidenced 

by a change in the stress distribution (Fig. 8.8). Deformation and stress are alternating in nature, 

as in the previous period of time, but their stress distribution is more uniform and orderly. It should 

be noted that there are zones in the corners of the forming surface. In these zones, the change in 

stresses is less intense and most of the surface perceives positive stress values. At the same time, 

the number of surface areas with negative stress values is insignificant.

 Fig. 8.8 Shear stress distribution (Solid XY ShearStress) of the forming  
surface (time 0.0806 s)

Comparing the obtained results of the stress-strain state of the forming structure, the follow-

ing can be noted. The use of high frequencies of the operating mode will allow obtaining a new effect 

when compacting concrete mixtures. Due to the application of a spatial forced force to the forming 
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structure, a complex stress-strain state of metal structures is created. And direct contact with 

the concrete mix helps to reduce energy consumption for the compaction process.

To study the motion of systems related to block structures, a model was adopted (Fig. 8.9), 

which is a two-mass vibration system. The lower mass of the system consists of four vibration 

blocks resting on elastic elements calculated according to the vibration isolation conditions.

The upper mass simulates the shape with the medium to be processed. Between the upper and 

lower masses there are elastic elements, the stiffness of which is taken from the condition for the 

realization of the resonant mode of motion and providing the technological process.

In order to carry out research, the following overall dimensions of the structure were adopted:

– total length 3.30 m;

– width 0.50 m;

– height 0.34 m.

The model was investigated by the finite element method. The finite element model of the 

structure was compiled by approximating all load-bearing elements, including the forming surface, 

with two-dimensional finite elements of the PLATE type, elastically deformed under the action of  

a longitudinal force, bending moments in two planes and a torque.

Vibration isolation supports and elastic elements of the model are adopted as three-dimen-

sional CE of the SOLID type, since the processes occurring in such structural elements are more 

complex in terms of energy dissipation.

The total number of finite elements was 19 258, the number of nodes was 19 912, and the 

total number of searched variables was 20 928.

It is assumed that at the extreme points, the supports rest on the foundation and are fixed, 

therefore, in the model, the extreme nodes of the supports are restrained in the X, Y, Z directions, 

and rotations in all three axes are also prohibited.

It is believed that the materials of the entire structure are deformed only in the elastic stage.

When checking the strength and determining the functioning of a system that can be subjected 

to loads that are different in their nature and applied in various combinations, it is advisable to first 

analyze the behavior of the structure under the simplest loads, and then complicate them with the 

addition of other disturbances.

 Fig. 8.9 Model of block vibration unit
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To check the model and assess its functioning under the action of static and dynamic loads, the 

following research stages were taken:

– static calculation under the action of the weight of structural elements and the equivalent 

load of the medium being processed;

– modal analysis;

– dynamic analysis of the structure under the action of a forced force with a vibration frequen-

cy close to the natural vibration frequency.

The studies of the unit (Fig. 8.10) were carried out in several stages. at the first stage,  

a modal analysis was carried out in order to determine the main forms and the corresponding 

vibration frequencies.

 Fig. 8.10 General view of a 3D model of a block vibration unit with directional vertical vibrations

 Fig. 8.11 First vibration mode (Mode 1, f = 1.14 Hz)

So, at an oscillation frequency f = 1.14 Hz (Fig. 4.12), f = 1.32 Hz (Fig. 8.12), the vibration 

unit will vibrate in the first and second modes of vibration in the horizontal plane (XY). This mode 

of vibration is due to the value of the stiffness of elastic supports, which in the horizontal direction 

have an insignificant stiffness due to geometric features and physical and mechanical characteristics.

Fig. 8.13 shows the operating mode of the unit at an oscillation frequency f = 2.57 Hz. In this 

mode, vibrations are performed in the horizontal plane and have a twisting character.

When the mode is realized at a frequency of f = 4.10 Hz (Fig. 8.14), the oscillations are di-

rectional in the vertical direction. This mode corresponds to the resonant mode of vibration, when 

the vibration frequency corresponds to its own frequency on vibration isolation elastic elements.
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 Fig. 8.12 Second vibration mode (Mode 2, f = 1.32 Hz)

 Fig. 8.13 Third vibration mode (Mode 3, f = 2.57 Hz)

 Fig. 8.14 Vibration mode (Mode 8, f = 4,10 Hz)

The implementation of oscillations according to the mode at a frequency of f = 16.61 Hz (Mode 23)  

is a consequence of the influence of the rigidity of the form (Fig. 8.15). Oscillations occur due to the 

bending of the structure in the YZ plane. Such modes are insufficient for the process of compaction 

of concrete mix. Purely unidirectional oscillations with low frequencies do not cause stresses in the 

medium that do not exceed the voltage loss of continuity. The operating mode, in which the phase 

displacement will be realized, is possible when increasing to a frequency of f = 27.40 Hz (Fig. 8.16). 

This is due to the fact that with increasing frequency, the numerical values of the compressive 

stresses of the mixture layers and the rupture stress of the layers increase significantly. Also, this 

mode implements vibrations of the shaping surface, which are realized on elastic elements.
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 Fig. 8.15 Vibration mode (Mode 23, f = 16.61 Hz)

 Fig. 8.16 Vibration mode (Mode 29, f = 27.40 Hz)  

A further increase in vibration frequencies and the implementation of the corresponding vibration 

modes leads to vibrations of the vibration unit form (Fig. 8.17), which is explained by the sufficient 

stiffness of the form frame and the corresponding stiffness of elastic elements (rubber gaskets).

Since the operating mode of such structures is considered as close to resonance, the choice 

of the operating mode must be carried out in such a way that the value of the operating frequency 

is 0.90–0.95 of the natural frequency.

Thus, the operating mode is adopted with a vibration excitation frequency of 25 Hz.

The implementation of the dynamic analysis was carried out in order to obtain the distribution 

of the vibration amplitudes of the shaping surface along the length of the structure with the appli-

cation of a driving force on each vibration block.

 Fig. 8.17 Vibration mode (Mode 31, f = 35.72 Hz)
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To analyze the dynamics with directional vibrations, the values of displacements in time  

were obtained.

To study the behavior of the shaping surface, a list and place of points on the surface of the 

form were determined with the determination of the distribution of vibration amplitudes depending 

on the location of blocks with vibration exciters (Fig. 8.18).

Thus, the implementation of oscillations in one period is shown in Fig. 8.19.

 Fig. 8.18 Arrangement of control points on the surface 

 Fig. 8.19 Distribution of vertical vibrations along the length of the forming surface

As can be seen from the distribution, the oscillations are carried out in the vertical plane, which 

fully confirms the classical approach to modeling such systems with discrete parameters when con-

sidering a one-dimensional problem. The maximum value of the vibration amplitude is 0.22–0.25 mm.
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So, the implementation of oscillations for one period is shown in Fig. 8.20. As can be seen from 

the distribution, oscillations occur in the vertical plane, which fully satisfies the classical approach 

to modeling such systems with discrete parameters when considering a one-dimensional problem 

and thus confirms the adequacy of the created model within the framework of the research. The 

maximum value of the vibration amplitude is 0.22–0.25 mm.

The analysis of vibrations in the horizontal direction was carried out relative to the  

Y-axis (Fig. 8.20), showed the practical absence of vibrations and displacements of the forming 

surface. The vibration amplitudes are 2⋅10–7 m, which is three orders of magnitude less than in 

the vertical direction and it is quite obvious that such values can be neglected.

 Fig. 8.20 Distribution of horizontal vibrations along the length of the forming surface

Likewise, the absence of oscillations along the X axis, since the forcing force is directional and 

does not act in this direction.

The considered mode of operation of the block structure of the vibration platform with direc-

tional vertical vibrations made it possible to analyze the distribution of amplitudes along the length 

of the forming surface and confirm the adequacy of the adopted model.

To implement the idea of a polyphase oscillation mode, studies of a finite element model have 

been carried out. Modeling of the vibration unit movement was carried out under two conditions 

of application of external forces: the first option provided for the application of a driving force with  

a shift angle of 90° on each vibration unit (Fig. 3.2, j1 = 0; j2  = 90°; j3  = 180°; j4  = 270°); the 

second variant of the load with angles j1 = 0; j2  = 60°; j3  = 120°; j4  = 180°, respectively. The 

frequency and value of the driving force were similar to the case of directional vertical vibrations.
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So, as a result of dynamic analysis, distributions of vibration amplitudes along the Z (Fig. 8.21, a) 

and Y (Fig. 8.21, b) axes were obtained for the angle j = 90°.

 Fig. 8.21 Distribution of vibration amplitudes along the length of the structure  
for one period of vibration (angle = 90°): a – X axis; b – Y axis

a

b

The maximum value of the vibration amplitude within the framework of the studies performed was 

obtained at the boundary of the form and, respectively, are 0.6 and 1.1 mm in time intervals from 3/4π 

to 7/4π for oscillations of the Z axis, and for oscillations in the Y direction – 22⋅10–6 and 5⋅10–6 mm.  
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It should be noted that there are points at which vertical vibrations occur to a much lesser extent, but at 

the same points there are vibrations with a horizontal component, therefore, at these points vibrations 

are present in both directions and there are all the conditions for compaction of the building mixture.

Distribution of vibration amplitudes at angle j = 60° is shown in Fig. 8.22 in practice, it is 

possible to see a similar picture with the previous study, although there is a certain difference, 

which consists in the fact that there are no points with less vibration intensity.

 Fig. 8.22 Distribution of vibration amplitudes along the length of the structure  
for one period of vibration (angle = 60°): a – X axis; b – Y axis

a

b
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So there are places where the displacements pass through the zero mark, but compared to the 

previous mode of operation, these points do not have a clear position along the length of the form, 

but shift with each π/4 time interval. Thus, transferring vibrations to a larger volume of concrete 

mix near the contact zone. It should be noted a certain increase in the amplitude of oscillations in 

the horizontal direction in comparison with the shear angle j = 90°, as for vertical oscillations, that 

is, a decrease in the values to 0.6 and 0.8 mm.

Comparing the three operating modes of the block platform (j = 0°, j = 60°, j = 90°), it is 

possible to note a positive contribution to the qualitative characteristic of oscillations when changing 

phase angles other than 0. And when comparing the general distribution of amplitudes at an angle  

of j = 90° and j = 60°, it is obvious that it is the shift angle j = 60° that has the advantage. 

For a more detailed study of the motion of the shaping surface with this implementation of the 

model (Fig. 8.10), let’s consider modeling the motion in time.

The movement of the surface at points 1, 2, 16, 17 (Fig. 8.18) in time indicates the presence 

of different values of the vibration amplitudes (Fig. 8.23). So, at point 16, the amplitude of oscilla-

tions reaches 0.6 mm, and at point 2, at the same time, it has a value of 0.2 mm, which is evidence 

of the presence of a wave process.

At other points (Fig. 8.24) vibrograms of movement are identical in character to those dis-

cussed above. In terms of magnitude, the amplitudes of the oscillations are of lesser importance. 

At point 14, the magnitude of the amplitude reaches 0.4 mm, and at point 3, in the same period of 

time, the amplitude of the oscillations is 0.1 mm. At points 14 and 15, there is practically no phase 

displacement between the vibration amplitudes.

 Fig. 8.23 Vibrograms of movement of points 1, 2, 16, 17 in time
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Vibrograms of movement at points 5, 6, 12, 13 in time (Fig. 4.25) are similar in nature, as for 

other points (Fig. 8.24, 8.25).

 Fig. 8.24 Vibrograms of movement of points 3, 4, 14, 15 in time

 Fig. 8.25 Vibrograms of movement of points 5, 6, 12, 13 in time

However, there are also certain differences. So, it was recorded that at points 6, 12 and 13 

the vibration amplitudes have similar numerical values within 0.18–0.23 mm. The change in the 
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oscillation amplitudes at points 7, 8, 9, 10, 11 in time (Fig. 8.26) is characterized by a certain 

deviation in numerical values and in phase.

 Fig. 8.26 Vibrograms of movement of points 7, 8, 9, 10, 11 in time

At these points, the amplitudes of oscillations reach values of 0.27–0.40 mm, that is, the limit 

of change is the smallest in comparison with the movement of points 1, 2 and 16, 17 (Fig. 8.26).

The research results indicate the presence of vibration amplitudes different in shape and nu-

merical values over the area of a vibration unit with a polyphase vibration spectrum.

8.3 Investigation of the stress-strain state of the frame and forms of a vibration 

unit with spatial vibrations

8.3.1 Modeling the stress-strain state of vibration platforms

Determination of the stress-strain state of the vibration platform frame is not an easy task. 

The complexity of the research is associated with various factors: an increase in the number of 

finite elements, the use of various types of finite elements in one numerical model, problems of 

mechanical properties of rubber platform supports, modeling of various types of loads (static and 

dynamic), modeling of welded joints of a space frame [8, 9].

The following types of finite elements can be used to calculate frames and shapes:

a) the frame elements are modeled with SOLID55 elements. The element is a three-dimensio-

nal hexagon with eight nodes located at the corners. This type of element allows the use of  
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isotropic, plastic and other nonlinear types of materials, with the exception of hyperelastic ones. 

Elements of this type can take degenerate shapes. Degenerate elements have at first a quadran-

gular or hexagonal shape, but by combining two or more nodes that take the shape of a triangle for 

flat elements or a tetrahedron, prism or wedge for volumetric ones;

b) welded seams are taken as idealized and modeled from volumetric finite elements in the form 

of a six-node triangular prism with the same bases equal to the leg;

c) to model rubber supports, a finite element SOLID185 is used – an element similar to  

SOLID55, but allows the use of hyperelastic materials.

The displacements of the lower planes of the supports are limited in the X, Y, Z directions, 

which simulates a rigid clamping of the structure in the foundation. The vibration exciters on the 

frame are shown conditionally, and their effect on the frame is determined by the driving force. 

The load on the frame from the form and the concrete mix is simulated by applying a uniformly 

distributed load.

8.3.2 Vibration platform with vertical vibrator

A vibration platform with a horizontal vibrator is divided into finite elements (Fig. 8.27). For it, 

a displacement distribution diagram was obtained (Fig. 8.28) in the X, Y, Z directions and a stress 

distribution diagram (Fig. 8.29).

The largest total displacements of the frame elements (Fig. 8.28) are observed in the outer 

frame elements, their maximum value is 0.0615 mm.

 Fig. 8.27 Final element diagram of a frame with a vertical vibrator
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 Fig. 8.28 Distribution of total displacements:  
a – frames with a vertical vibrator; b – frames with  
a vertical vibrator (the top sheet is conventionally not shown)

a

b

Movement in the vertical direction – along the z-axis, has both positive and negative va-

lues (Fig. 8.29), which indicates the presence of small deflections (0.0569 mm) on the cantilever 

sections of the frame and local bends on the side channels of the frame.
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 Fig. 8.29 Distribution of vertical displacements:  
a – frames with a vertical vibrator; b – frames with  
a vertical vibrator (the top sheet is conventionally not shown)

a

b

The highest values of the equivalent stress reach 10.6 MPa (Fig. 8.30). They are observed 

in the places where vertical and horizontal channels are welded at the place where the vibrator 

is attached. The values of these stresses are less than the maximum standard stresses, which 

indicates that the strength of the welded seams is ensured.



8 Research of stress-strain state of elements of technological technical constructions

165

 Fig. 8.30 Distribution of equivalent stresses:  
a – frames with a vertical vibrator; b – frames with  
a vertical vibrator (the top sheet is conventionally not shown)

a

b

In the direction of the X axis, the distribution of displacements is circular in nature, with  

a maximum (0.042 mm) at the place of load application; the outermost parts of the frame are  

the least deformable.
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The distribution of stresses in the frame elements is uneven. The concentration of stresses 

is observed in the places of welding of elements, but the stress raisers have small values of 

4.12 MPa in comparison with the ultimate strength of steel.

The stress in the direction of the X axis is distributed circularly, similar to the distribution  

of displacements. Moreover, the highest stress values are observed in the two nearest cells to 

the place of load application.

8.3.3 Vibration platform with horizontal vibrator

The structure of the vibration platform VPGP-6.3×3.6 (Fig. 8.32) includes a movable frame 

with overall dimensions in plan 6.28×3.66, made of channels and a steel sheet made of calm-melting  

steel st.3sp. In the windows of the moving frame, vibration plates with welded-on M30 nuts are rigidly 

attached. On the moving frame there are rigid transverse stops for fixing the form with the concrete 

mixture. The vibration exciter is bolted to the movable frame. With the help of a V-belt transmission, 

the vibration exciter shaft rotates from an electric motor with a power of 30 kW. The windows of 

the movable frame are closed with metal covers that prevent particles of the concrete mixture 

from entering the platform’s vibration drive. The movable frame rests on 8 rubber-metal supports 

attached directly to the foundation of the vibration platform. The supports are attached to the moving 

frame with the help of protrusions on the supports entering the mounting holes in the moving frame.

 Fig. 8.31 Vibration platform VPGP-6.3×3.6 for the formation of ribbed slabs  
of coatings with the dimensions of the movable frame in the plan of 6.3×3.6 m:  
1 – movable frame, 2 – elastic support, 3 – vibration exciter of torsional  
vibrations, 4 – electric motor, 5 – foundation
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The vibration platform model was loaded with the same uniformly distributed load, but the 

design and direction of vibration movement were changed.

For this option, a deformed diagram, a displacement distribution diagram (Fig. 8.32) and  

a stress distribution diagram (Fig. 8.33) were also obtained.

 Fig. 8.32 Distribution of total displacements:  
a – frames with a horizontal vibrator; b – frames with  
a horizontal vibrator (the top sheet is conventionally not shown)

a

b
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The most total displacements of the frame elements are 0.0782 mm (the area is marked in red 

in the diagram). Such deflections occur in the side channels of the frame on the cantilever sections 

free from supports (Fig. 8.33). In the center of symmetry of the frame, local deflections of up  

to 0.0608 mm are also observed.

 Fig. 8.33 Distribution of equivalent stresses:  
a – frames with a horizontal vibrator; b – frames with  
a horizontal vibrator (the top sheet is conventionally not shown)

a

b
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Equivalent stresses have a maximum value of 16.6 MPa (Fig. 8.33). These values can be seen in 

the channels located above the frame supports and in the welds at the vibrator attachment points.

Dynamic calculation of the form [10] (Fig. 8.34) is performed in the ANSYS/LS-Dyna finite ele-

ment analysis program. The program simulates the compaction of a mixture in a metal form during 

the operation of a shock-vibration unit. For the numerical model, two types of finite elements are 

used that implement the elastic and plastic properties of the metal form and mixture (Fig. 8.35).

The force resulting from the fall of the form from a height of 8 mm, taking into account the 

acceleration of gravity and the static and dynamic action of the loader on the metal form, is taken 

as the maximum load.

 Fig. 8.34 Metal form

 Fig. 8.35 Numerical model of the form with wood concrete mixture
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Fig. 8.37 shows the picture of stress distribution on a deformed structure diagram. The loader 

is not shown in the Fig. 8.37, since the distribution of stresses and strains in it is not important 

for the task at hand. As can be seen from the Fig. 8.37, the stress in the elements of the form  

is on average 15–60 kPa, and the subsidence of the concrete mixture during compaction is about 

38 mm, as shown in the work.

 Fig. 8.36 Stress distribution in structural members

 Fig. 8.37 Stress concentration at the corners of the form
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The greatest deformation and stress concentration (60–65 kPa) occurs in the corners of the 

form, where the welded seams of the structure are located (Fig. 8.37).

8.4 Investigation of the stress-strain state of cranes metal structures

The study of static dynamic loads of the slewing ring of a truck crane was carried out in order 

to establish the position of the system and its elements with the highest stresses. The basic laws 

of the theory of elasticity and plasticity were used to construct a computational mathematical 

model of a loaded support-rotary contour. Equations of motion were drawn up taking into ac-

count the behavior of structural elements and the machine as a whole under the simultaneous 

action of various loads. The design model was taken in the form of a structure consisting of rods 

rigidly connected to each other at the nodes. For each bar, this section is shown with geometric 

characteristics. As a calculation method, the finite element method was used with the definition 

of displacement (deformation), force (stress) at the mesh nodes of structural elements of the 

support-rotary contour. The distribution of stresses for each structural element was obtained 

depending on the type of load.

In the theoretical studies [7–11], a scientific hypothesis was proposed according to which the 

development of reliable and most efficient machines for various technological purposes is based 

on the establishment and general purposeful use of the regularities of changes in the internal 

properties of the working bodies of machines and the technological load, which is a processing 

material. The implementation of the hypothesis is provided by the solution of a scientific idea [11]. 

Recently, the development and creation of the design of machines for various technological purpo-

ses is carried out in the direction of searching for design solutions with a changing operating mode.  

In the process of operation of such machines, the maximum allowable use of the internal resources 

of the machine structure is assumed, which in turn necessitates ensuring strength and reliability 

with specified dynamic parameters. An integral assessment of the state of metal structures of the 

finished product can be carried out on the basis of dynamic tests. The idea of such tests is to find 

the actual dynamic characteristics of the structure (natural frequency, vibration amplitude, etc.) 

with the subsequent comparison of these characteristics with the characteristics obtained by the 

method of mathematical modeling of the given structure system. The mathematical model should be 

created in such a way as to adequately describe the real structure and its behavior under various 

loads, and also be able to reflect the modeling of various kinds of imperfections associated with 

manufacturing and direct operation as intended.

Under dynamic loads on structural elements inherent in most machines for technological pur-

poses, the main type of damage is the formation and development of cracks due to the accumula-

tion of fatigue stresses. Durability in case of tedious destruction is determined by the long-term 

cyclicity of the action of loads on the supporting structures of the machine and its individual ele-

ments, as a result of which a crack is formed, which gradually develops and leads to destruction.
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The solution to the problem of determining the study of the stress-strain state is carried out 

by using an integrated approach that combines analytical calculations, mathematical modeling and 

experimental research directly.

For the implementation of these tasks, the following sequence of research was envisaged:

– analysis of the behavior of structural elements of the machine from the point of view of 

taking into account all types of loads that were carried out during its operation and determining the 

possible combination of loads acting on the elements;

– development of a computational model of the research object, taking into account the ge-

neral or individual most loaded nodes or structural elements;

– drawing up equations of motion, taking into account the behavior of structural elements and 

the machine as a whole under the simultaneous action of various loads;

– assessment of real loads for the development of an algorithm for determining the stress-

strain state, identification of the most stressed structural elements;

– development on a computer model of a matrix of control points for the limiting values of the 

integral characteristics of the state of the structure for subsequent use in field tests;

– carrying out computer calculations to determine stresses and strains by applying a number 

of possible loads to the model;

– development and implementation of experimental studies on samples reflecting the real ope-

rating conditions of a part or machine unit;

– adjusting the computer model until the comparison of the integral characteristics obtained by 

measurements at control points during the experiment and during simulation can differ from each 

other within the permissible error (the computer model obtained in this way will be adequate to the 

real design within the limits). points of adequacy – points of control of integral characteristics);

– development of recommendations for improving the existing or creating a new design, cor-

responding to the basic idea of the equal strength of stress distribution, regardless of the applied 

forces on the elements of the loaded product. The analysis of possible loads was carried out on the 

basis of the studies carried out using the example of truck cranes. This is due to the fact that these 

machines are a classic example of the structure of a system in which static and dynamic loads are 

organically combined, which require correct accounting for safe crane operation under real load 

conditions. The basic laws of the theory of elasticity and plasticity were used to construct a com-

putational mathematical model of a loaded SC [11–14]. Equations of motion were drawn up taking 

into account the behavior of structural elements and the machine as a whole under the simultaneous 

action of various loads. In the case of a dynamic effect on its metal structure (Fig. 8.38) as a linear 

elastic body, the equations of motion in the adopted coordinate system (Fig. 8.39) are as follows:

z F U
i j j i i, , ,+ = ⋅ρ  (8.21)

where z
i j j, ,  – stress tensors, (і, j = 1, 2, 3); F

i
 – components of volumetric forces; ρ – material 

density; U
i
 – displacement vector.
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 Fig. 8.38 Design diagram of the support contour of a truck crane

 Fig. 8.39 Coordinate system of the acting forces  
on the support contour of the truck crane

If to take into account the viscous properties, then let’s replace the operator from (21):
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where k – viscosity coefficient.

Equation (22) in this form remains unchanged.

Let’s introduce designations for the speeds of wave propagation in the SC:
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For the case when the force F t( )  is ordinary and acts along the ОХ1 axis (at the origin of the 

coordinate system):
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If the force acts along the ОХ2 axis, then it is necessary to replace the indices:
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If the force acts along the OX3 axis, then it is necessary to replace the indices:
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For a plane problem (х3 = 0); for a one-dimensional problem: (х1 ≠ 0; х2 = х3 = 0).

The SC design scheme is taken in the form of a structure consisting of rods rigidly connected 

to each other at the nodes (Fig. 8.40) in a rectangular coordinate system X, Y, Z and is built along 

a line connecting the centers of gravity of the cross-sections of the rods.

Each element is designated by small circles numbered with Arabic numerals. The serial num-

ber of the bar (element) is shown in a circle. For each bar, this section is shown with geometric 

characteristics. As a calculation method, the finite element method was used with the definition 

of displacement (deformation), force (stress) at the nodes of the mesh of structural elements of 

the SC structure (Fig. 8.41).

The correctness of the results of mathematical modeling largely depends on the mecha-

nical characteristics of structural materials and the study of the operation of complex assem-

blies of load-bearing structural elements. Experimental studies of the connection of parts to each  

other (Fig. 8.42, a) and nodes (Fig. 8.42, b) were carried out by the test method for determin-

ing the mechanical characteristics to check the results of analytical calculations. Tests on these 

stands allowed to propose the design of the elements used in real structures of the defense 

industry complex.
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 Fig. 8.40 Design diagram of the frame of a truck crane

 Fig 8.41 Stress-strain state of the frame of a truck crane

It is found that the maximum loads occur in the position of the crane unit perpendicular to the 

main axis of the vehicle on which the crane unit is fixed. At the same time, it is found that of all  

the nodes of the crane unit, the greatest stresses arise in the support contour (SC), which en-

sures the rotation of the lifting mechanism by 360 degrees.
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 Fig. 8.42 Testing of structural elements of metal structures:  
a – tensile welded joint; b – bracket test

a b

By changing the dynamic and static loads and analyzing the results obtained, similar to Fig. 8.41,  

the research results were introduced into the SC structure in such a way that all the elements had 

the same order of numerical values of stresses, which in the final design solution made it possible 

to reduce the SC mass by 30 %.

8.5 Discussion of research results

The research results (Fig. 8.1) indicate that the maximum values of the equivalent stresses 

of the forming surface are 2.5 MPa. Higher values of stresses are concentrated in the area of 

application and distribution of the driving force. The frame design accepts a maximum stress of 

11.7 MPa (Fig. 8.2). The area of action of such stress values is limited by the contact zones of 

the frame with the supports and is of a local nature. Vibrograms of changes in the stresses of the 

forming surface are given for individual elements located near the application of a dynamic external 

force. This is a fundamentally new result. It consists in the fact that the detected transient process 

is intended to be taken into account when determining the parameters and locations of the vibra-

tors. In such modes, the forms of natural vibrations of the system are realized with large vibration 

amplitudes and, accordingly, a lower frequency. And this opens up a real opportunity to reduce the 

energy consumption of the drives of the vibration machine. The stresses for structural elements 

located symmetrically on the opposite side from the applied force are investigated (Fig. 8.5).  

In contrast to the previous vibrograms, there is no in-phase change in stresses in relation to the 

forcing force, which confirms the inclusion of dissipative forces in the design model. An important 
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criterion for evaluating a design from the point of view of the efficiency of the compaction pro-

cess is shear stress. Indeed, in the presence of such stresses in the medium, there is an inten-

sive movement of particles and compaction. To analyze the shear stresses of the forming struc-

ture, time intervals were selected corresponding to 1/4 of the period of oscillation of the driving  

force (Fig. 8.6). The zones with the maximum positive stress values, in which the force is applied, 

have been determined. A complex sign-like stress-strain state of the structure under the action 

of a spatial load has been confirmed. This study has a limitation in terms of the adopted law of the 

change of dissipative forces.

A fundamentally new result has been obtained, which consists in the fact that the implemen-

tation of a complex vibration mode as an effective method of accelerated compaction of concrete 

mixtures is ensured by the arrangement of unbalances at a certain angle on each separate vibration 

unit. As a result, energy consumption is reduced by 30 %, and the process of forming a concrete 

product is reduced by 20 %. The presence of different forms of the polyphase spectrum is con-

firmed by the vibration modes (Fig. 8.11–8.17) and the distribution of the vibration amplitudes 

of the form surface along the length of the structure for one period of vibration. The use of such 

effects is determined by the overall dimensions of the product in terms of plan and height, which 

affects not only the phase deployment of the unbalances along the central axis of the vibration unit, 

but also the magnitude of the static moment of the unbalances.

The design diagram of an energy-saving vibration plant with a polyphase vibration spectrum has 

been substantiated. Modeling of the working process of a vibration plant is based on the use of the 

finite element method using the MSC.NASTRAN calculation complex (MSC.Software, Germany).

As a result of the research, the main modes of vibration have been determined by the numerical 

values of the frequencies of 1.32 Hz, 4.10 Hz, 16.61 Hz, 27.40 Hz. The calculated value of the 

oscillation frequency of the operating mode is 25 Hz. The most effective in the framework of the 

research carried out is the vibration form of 24.31 Hz. The implementation of this form of vibration 

provides an energy-saving mode of operation of the vibration unit.

A polyphase spectrum of vibrations of the unit has been established and proposedat an exci-

tation frequency of 25 Hz, according to which vibration amplitudes of 0.27...0.6 mm are realized. 

The investigated vibration mode of the computational model is a confirmation of the energy-saving 

mode, which is a prerequisite for calculating and creating a new class of vibration unit.

Analysis of the stress-strain state of frames with horizontal and vertical vibrators shows that in 

the elements of the proposed frame structures during the operation of vibration platforms, stress-

es arise significantly less than the design resistance of steel, which provides the condition for the 

strength of the structure. The deflections in the frame elements are much less than permissible, 

which indicates the sufficient planar and spatial stiffness of the created frames and metal forms.

Frames with a vertically positioned vibrator work in tension and bending. The movements of the 

frame members are distributed circularly from the vibrator location. The greatest stresses arise 

at the welding points of the longitudinal and transverse channels and the top sheet in the vibrator 

attachment area. Their maximum values are 11.4 MPa.
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For the distribution of displacements of frames with horizontally located vibrators, areas of 

both positive and negative deflections are characteristic. At the junction of the vibrator with the 

frame, a wave-like bend is observed, and in the cantilever sections, deflections of 0.0672 mm are 

observed. The maximum stress in the vertical direction is 16.6 MPa.

In the manufacture of frames of such structures, special attention should be paid to the quality 

of welded seams in the area of the vibrator and in the attachment points of the supports in order 

to minimize the possibility of cracks in them.

Conclusions to Section 8

1. In the course of the research, finite element models of vibration machines have been de-

veloped to implement the transfer of energy in the vertical direction with a fixed frequency, with 

a polyphase direction of external forces, with a spatial direction of movement in the vertical and 

horizontal planes.

2. The study of the nature of the distribution and the numerical values of stresses and strains 

has been done in the forming structure of the unit, depending on the angle of instantaneous action 

of the external force of the vibrators and vibration frequencies.

3. The maximum values of the equivalent stresses of the forming surface are 2.5 MPa. Higher 

values of stresses are concentrated in the zone of application and distribution of force, the maxi-

mum stresses are 11.7 MPa.

4. The results obtained indicate the presence of vibration amplitudes of different shapes and 

numerical values over the area of a vibration unit with a polyphase vibration spectrum.

5. Stress concentrators in structural elements of machines for technological purposes have 

been determined, taking into account the working loads.

6. The static and dynamic loads of the support contour of a truck crane have been investigated.

7. The obtained research results are taken into account when making further design decisions 

when creating such machines.
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