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KIRISH. MRGHO�RSHUDWRUQL�EHULOJDQ�X]OXNVL]�IXQNVL\DJD�NR¶Saytirish operatorining xususiy 

LQWHJUDOOL�� \D¶QL� QRNRPSDNW� LQWHJUDO� RSHUDWRU� \RUGDPLGD� TR¶]J¶DOLVKL� VLIDWLGD� DQLTOD\PL]���

Asosiy maqsadimiz shu operatRUQLQJ� VSHNWULQL�� DQLTURJ¶L� XQLQg muhim spektrini, muhim 

spektrdan tashqarida yotuvchi xos qiymatlarining RSHUDWRU�SDUDPHWUODULGDQ�ERJ¶OLT�UDYLVKGD�

PDYMXGOLN�PDVDODVLQL� � KDPGD�[RV�TL\PDWODUQLQJ� MR\ODVKXY�R¶UQLQL� � WRSLVKGDQ� LERUDWGLU��Bu 

PDVDOD� VKXQLQJGHN�� >�@�>�@�>�@�>�@�>�@� DGDEL\RWODUGD� TDUDOJDQ�� >�@� LVKGD� ELU� R¶OFKDPOL�

Shredinger operatorining parametrning kichik qiymatlaridagi diskret spektri va rezonanslari 

R¶UJDQLOJDQ�� Dastlab kiritilgan operatornLQJ� VRGGD� [RVVDODULQL�� \D¶QL� XQLng chiziqli, 

FKHJDUDODQJDQ�YD�R¶]-R¶]LJD�TR¶VKPD�RSHUDWRUODU� VLQILJD� WHJLVKOL� HNDQOigini bayon qilamiz. 

Keyinchalik esa berilgan RSHUDWRUQL� WR¶J¶UL� LQWHJUDOJD� \ig¶LOXYFKDQOLN� PDVDODVLJD�

WR¶[WDODPL]�� � %X� ELODQ� EL]� NR¶SD\WLULVK� RSHUDWRULJD� TR¶VKLOJDQ� [XVXsiy integral operatorni 

WR¶OD� LQWHJUDOOL kompakt operatorga keltiramiz hamda berilgan operator spectral xossalarini 

R¶UJDQLVK� PDVDODsini mos Gilbert fazosida anialangan R¶]-R¶]LJD� TR¶VKPD� FKL]LTOL�

chegaralangan operatorlar oilasining spektraO�[RVVDODULQL�R¶UJDQLVKJD�NHOWLUDPL]��   

 

Model operatorning kiritilishi va uning sodda xossalari  

BL]�EHULOJDQ�X]OXNVL]� IXQNVL\DJD�NR¶SD\WLULVK�RSeratorining biror xusuiy integrally integral 

RSHUDWRU� \RUGDPLGD�TR¶]J¶DOLVKLQL� LIRGDORYFKL� ELU�PRGHO�PRV�*LOEHUW� ID]RVLGD� � RSHUDWRULQL�

NLULWDPL]�� %X� RSHUDWRUQLQJ� NLULWLOJDQ� *LOEHUW� ID]RVLGD� VRGGD� [RVVDODULQL�� DQLTURJ¶L� XQLQJ�

chiziqli chegaralangan operatorODU� VLQILJD� TDUDVKOL� HNDQOLJLQL�� R¶]-R¶]LJD� TR¶VKPD� RSHUDWRU�

ekanligini isbotlaymiz.    

Faraz qilaylik � @QQ SS ;�#T  - Q -R¶OFKDPOL� WRU�� � � � � QQQ
TTT u 

2
 XQLQJ�'HNDUW� NR¶SD\WPDVL�YD�

� �� �2

2

Q
TL   esa  � �2Q

T  da aniqlangan va kvadrati bilan integrallanuvchi funksiyalarning Gilbert 

ID]RVL� ER¶OVLQ�� � %L]� Q
T   WRUGD� HOHPHQWODUQL� TR¶VKLVK� YD� KDTLTL\� VRQPJD� NR¶SD\WLULVK�

amallarini har bir koordinatasi S2  PRGXO��WDTTRVODPD��ER¶\LFKD�[XGGL� Q
R   da mos ravishda 
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HOHPHQWODUQL�TR¶VKLVK�YD�KDTLTL\�VRQJD��NR¶SD\WLULVK�DPDOODUL�NDEL�NLULWDPL]���0DVDODQ� 1 Q  

R¶OFKDPOL�KROGD�TX\LGDJL�PLVROODUQL�NHOWLULVKimiz mumkin:  
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Xuddi shunnday 2 Q  R¶OFKDPOL�KROGD�TX\LGDJL�PLVROODUQL�NHOWLULVKLPL]�PXPNLQ�� 

� �,2,2mod
6

5
;

46

7
;

4

7

2
;

3

2
;

4

3
SS

SSSSS
S

SS
¸
¹

·
¨
©

§� ¸
¹

·
¨
©

§ � ¸
¹

·
¨
©

§ ��¸
¹

·
¨
©

§ �  

� � � � � �SSSSSS
S

2;2mod0;10;5,
2

10  � ¸
¹

·
¨
©

§ ��  

6KX� NDEL� L[WL\RUL\� R¶OFKDPOL� WRUGD� TR¶VKLVK� YD� VRQJD� NR¶SDytirish amallarini aniqlaymiz.  

Demak  � �QTL2  Gilbert fazosining elementlarini Q
R  da aniqlangan  va har bir argumenti  

ER¶\LFKD�� S2  davrli hamda � @QSS ;�  da modulining kvadrati bilan integrallanuvchi  ekvivalent 

funksiyalar sinfi deb qarash mumkin. Bu fazoning elementlari sifatida quyidagi funksiyalarni 

misol sifatida  keltish mumkin: 

QQ qqqqgqqqqf sinsinsin)(,coscoscos)( 2121 ��  ��� .  

  � �� �2

2

Q
TL   Gilbert fazosida   

Vhh PP � 0       (1) 

NR¶ULQLVKGD�DQLTODQJDQ��PRGHO�RSHUDWRUQL�TDUD\PL]��%XQGD�� 0h  berilgan uzluksiz funksiyaga 

NR¶SD\WLULVK�RSHUDWRUL��V  HVD�[XVXVL\�LQWHJUDOOL�LQWHJUDO�RSHUDWRU�ER¶OLE��XODU� � �� �2

2

Q
TL  fazoda 

PRV�UDYLVKGD�TX\LGDJL�WD¶VLU�IRUPXODODULJD�HJD�� 

� �� � � � � � � �� �
� �� � � � � � � � � �� �.,,,

,,,,

2

2

2

20

Q

Q

Q

MM TLfdttpftqqpVf

TLfqpfqpuqpfh

T

� 

� 

³
           (2) 

Buyerda � ����,u  � �2Q
T  da aniqlangan haqiqiy qiymatli  berilgan analitik funksiya, � ��M  esa  Q

T  

da aniqlangan haqiqiy qiymatli  berilgan analitik funksiya va 0!P - biror musbat haqiqiy 

qiymatli parameter.  

 1-Lemma.   (1) formula bilan berilgan  Ph  operator � �� �2

2

Q
TL  fazoda aniqlangan 

FKL]LTOL�FKHJDUDODQJDQ��R¶]-R¶]LJD�TR¶VhPD�RSHUDWRUODU�VLQILJD�TDUDVKOL�ER¶ODGL��� 

 Isbot. Dastlab (��� IRUPXOD� ELODQ� EHULOJDQ� RSHUDWRUQL� FKL]LTOL� RSHUDWRU� ER¶OLVKLQL�

WHNVKLUDPL]�� %XQLQJ� XFKXQ� ROGLQEJL� EREGDJL� EHULOJDQ� WD¶Uifga binoan ixtiyoriy 

� �� �2

2, Q
TLgf ��  elementlar va ixtiyoriy C�ED,  sonlar uchun  

� �� �� � � �� � � �� �qpghqpfhqpgfh ,,, PPP EDED � �     (3) 

WHQJOLN� R¶ULQOL� HNDQOLJLQL� NR¶UVDWLVK� NHUDN�� � ���� WHQJOLNQLQJ� FKDS� WRPRQLGDQ� XQLQJ� � R¶QJ��

tomonini keltirib chiqaramiz. Haqiqatan ham  

� �� �� � � �� �� � � � � �� �� �³ ��� �
Q

EDMPMEDEDP

T

dttpgftqqpgfqpuqpgfh ,,,, .  
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%X�WHQJOLNQLQJ�R¶QJ�TLVPLGD�IXQNVL\DODUQLQJ�\LJLQGLVL�YD�VRQJD�NR¶SD\WPDVL�WD¶ULILQL�WDWELT�

qilsak quyidagi tenglikni olamiz:  

� �� �� � � � � � � �� � � � � � � � � �� �³ ��� �
Q

EDMPMEDEDP

T

dttpgtpftqqpgqpfqpuqpgfh ,,,,,, .  

$JDU�EXQGD�LQWHJUDOODQXYFKL�IXQNVL\DODU�\LJ¶LQGLVLQLQJ�LQWHJUDOL�LQWHJUDOODU�\LJ¶LQGLVLJD�WHQJ�

HNQDOLJLQL�KLVREJD�ROVDN�YD��KRVLO�ER¶OJDQ�LIRGDGD�JXUXKODVKQL�WDWELT�TLOLE�TX\LGDJL�WHQJOLNND�

kelamiz:  

� �� �� � � � � � � � � � � � �
»
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º

«
«
¬

ª
� � ³

Q

MPMDEDP

T

dttpftqqpfqpuqpgfh ,,,,  

� � � � � � � � � � � �� � � �� �qpghqpfhdttpftqqpfqpu

T

,,,,, PP EDMPME
Q

� 
»
»
¼

º

«
«
¬

ª
�� ³ .  

Bu esa (1�� WHQJOLNQL�� \D¶QL� Ph  operatorning � �� �2

2

Q
TL  fazoda aniqlangan chiziqli operator 

ekanligini anglatadi.  

 Endi Ph  operatorning chegaralangan operatorlar sinfiga qarashli ekanligini 

WHNVKLUDPL]��2OGLQJL�EREGD�EHULOJDQ�WD¶ULIJD�NR¶UD�L[WL\RUL\� � �� �2

2

Q
TLf ��   uchun  

fCfh dP  

tengsizlikni qanoatlantiruvchi  chekli  musbat 0!C  KDTLTL\�VRQQLQJ�PDYMXGOLJLQL�NR¶UVDWLVK�

\HWDUOL�����������YD�QRUPDQLQJ�[RVVDVLGDQ�TX\LGDJL�WHQJVL]OLN�R¶Uinli  

VffhVffhfh PPP �d� 00
.    (4) 

Demak (2) formulalar bilan aniqlangan  0h  va V  operatorlarning chegaralangan ekanligini 

NR¶UVDWLVK� \HWDUOL� ER¶ODU� HNDQ�� 8ODUQLQJ� QRUPDODULQL� EDKROD\PL]�� � +DTLTDWDQ� KDm � �� �2

2

Q
TL  

fazoda  normaning aniqlanishidan � �� �2

2

Q
TLf ��  uchun quyidagiga egamiz:  

� �� �
� �
³ 

2

2

0

2

0 ,
QT

dpdqqpfhfh .  

Bunda 0h  opeUDWRU� WD¶VLU� LIRGDVL� XFKXQ� ���� IRUPXODQL� H¶WLERUJD� ROVDN� \XTRULGDJL� LIRGD�

qu\LGDJL�NR¶ULQLVKJD�HJD�ER¶ODGL�� 

� �
� �
³ 

2

222

0 ,),(
QT

dpdqqpfqpufh .  

Shartga asosan � ����,u  � �2Q
T  GD� DQLTODQJDQ� KDTLTL\� TL\PDWOL� � DQDOLWLN� IXQNVL\D� ER¶OJDQOLJL�

uchun u � �2Q
T  NRPSDNWGD�R¶]LQLQJ�HQJ�NDWWD qiymatiga erishadi. U holda yuqoridagi normani 

quyidagicha baholash mumkin:  

� �
� �

� �� �2

2

22222

0 ,,
2

Q

Q

TLffMdpdqqpfMfh

T

�� d ³ .  
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Demak � �� �2

2

Q
TLf ��  uchun  � �� �2

20 , Q
TLffMfh ��d  WHQJVL]OLN� � R¶ULQOL� ER¶OLE�� 0h   

FKHJDUDODQJDQ�RSHUDWRU�ER¶lar ekan.  

 Enda (2) ning ikkinchi formulasi bilan aniqlangan V operatorni chegaralanganlikka 

tekshiramiz.  Haqiqatan ham � �� �2

2

Q
TL  fazoda  normaning aniqlanishidan � �� �2

2

Q
TLf ��  uchun 

quyidagiga egamiz:  

� �� �
� �
³ 

2

22
,

QT

dpdqqpVfVf .  

Bunda V RSHUDWRU� WD¶VLU� LIRGDVi uchun (��� IRUPXODQL� H¶WLERUJD� ROVDN� \XTRULGDJL� LIRGD�

TX\LGDJL�NR¶ULQLVKJD�HJD�ER¶ODGL�� 

� � � � � �
� �
³ ³ 

2

2

2
),

Q Q

MM
T T

dpdqdttpftqVf .  

2¶QJ� WRPRQGDJL� LFKNL� LQWHJUDOJD� .RVKL-%XQ\DNRYVNL\� WHQJVL]OLJLQL� TR¶OODVDN� TX\LGDJL�

tengsizlikka kelamiz:  

� �
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°
¾
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°
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�d ³³³ dpdqdttpfdttqVf

TTT
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2222
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� �
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� �
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2

2
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, fdtdptpfdqq
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MM
QQ

 ¸
¸

¹

·

¨
¨

©

§
 ³³ .  

Bunda biz takroriy va karrali integrallarning tengligi haqidagi Fubini teoremasi (qarang [9]) 

WDVGLJ¶LGDQ�IR\GDODQGLN���6KXQGD\�TLOLE��EL]��V operator normasi uchun  

� �� �̀,
2

2

2 QM TLffVf ��d  

EDKRQLQJ�R¶ULQOLOLJLQL�ROGLN���%X�HVD��  V chegaralangan operator ekanligini bildiradi.  Natijada  

(4) ga asosan  Ph  operator normasi uchun  

� � � �� �2

2

2
, Q

P M TLffMfh ���d  

WHQJVL]OLN� EDMDULODGL�� %X� HVD� WD¶ULIJD� DVosan Ph  ning � �� �2

2

Q
TL  fazoda chegaralangan 

operatorlar oilasiga qarashli ekanligini anglatadi.  

 Endi 1-Lemmaninig isbotini yakunlash maqsadida  Ph  RSHUDWRUQLQJ� R¶]-R¶]LJD�

TR¶VKPD�RSHUDWRU�HNDQOLJLQL�NS¶UVDWLVK�ELODQ�VKXJ¶XOODQDPL]�� �%XQLQJ�XFKXQ�ROGLQJL�EREGD�

EHULOJDQ�WD¶ULIJD�ELQRDQ� � �� �2

2, Q
TLgf ��  elemaentlar uchun  

� � � �ghfgfh PP ,,   

tenglikning  bajarilishinL� NR¶UVDWLVK� \HWDUOL�� $JDU� �1) formulani hisobga olsak yuqoridagi 

tenglik chap qismi quyidagicha yoziladi:  

� � � � � �gVfgfhgfh ,,, 0 PP � .  
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Demak 0h  va V  RSHUDWRUODUQLQJ�R¶]-R¶]LJD� � TR¶VKPDOLJLQL� � NR¶UVDWLVK�\HWDUOL��'DVWODE� � � 0h  

RSHUDWRUQL�R¶]-R¶]LJD�TR¶VKPDOLNND� WHNVKLUDPL]�� � ,[WL\RUL\� � �� �2

2, Q
TLgf ��  uchun bu fazoda 

VNDO\DU�NR¶SD\WPDQLQJ�DQLTODQLVKLGDQ�TX\LGDJLJD�HJDPL]�� 

� � � �� � � �
� �
³ 

2

,,, 00

QT

dpdqqpgqpfhgfh .  

Bunda (2) formulani nazarga olsak, quyidagi tenglikka kelamiz:   

� � � � � � � �
� �
³ 

2

,,,,0

QT

dpdqqpgqpfqpugfh  

yoki 

� � � � � � � �
� �
³ 

2

,,,,0

Q
T

dpdqqpgqpuqpfgfh .  

Shartga asosan � ����,u  � �2Q
T  GD� DQLTODQJDQ� KDTLTL\� TL\PDWOL� � IXQNVL\D� ER¶OJDQOLJL� XFKXQ�

\XTRULGDJL�LIRGD�TX\LGDJLJD�WHQJ�NXFKOL�ER¶ODGL�� 

� � � � � � � �
� �

� �ghfdpdqqpgqpuqpfgfh

T

P
Q

,,,,,
2

0   ³ . 

Demak 0h  R¶]-R¶]LJD�TR¶VKPD�RSHUDWRU�HNDQ��(QGL�[XVXVL\��LQWHJUDOOL�V RSHUDWRUQL�R¶]-R¶]LJD�

TR¶VKPD�RSHUDWRU�ER¶OLVKOLNND�WHNVKLUDPL]��,[WL\RUL\� � �� �2

2, Q
TLgf ��  uchun bu fazoda skalyar 

NR¶SD\WPDQLQJ�DQLTODQLVKLGDQ�TX\LGDJLJD�HJDPL]:  

� � � �� � � �
� �
³ 

2

,,,
QT

dpdqqpgqpVfgVf .  

Bunda (2) formulani nazarga olsak, yuqoridagi ifodani quyidagicha yozishimiz mumkin 

ER¶ODGL���� 

� � � �
� �
³ ³ °¿

°
¾
½

°̄

°
®
­

 
2

,),()()(,
Q Q

MM
T T

dpdqqpgdttpftqgVf  

7DNURUL\� LQWHJUDOODUQLQJ� WHQJOLIL� KDTLGDJL�)XELQL� WHRUHPDVLQL� TR¶OODVDN�YD� )(�M ning haqiqiy 

TL\PDWOL�ILQNVL\D�HNDQOLJLQL�H¶WLERUJD�ROVDN�R[LUJL�LIRGD�TX\LGDJL�NR¶ULQLVKGD�WDVYLUODQDGL�� 

� � � �³ ³ °¿

°
¾
½

°̄

°
®
­

 
2)(

,)()(),(,
Q Q

MM
T T

dpdtdqqpgqttpfgVf . 

%X�LQWHJUDOODUGD��R¶]JDUXYFKLODUQL� qttq   :;:  kabi almashtirsak u quyidagicha yoziladi:  

� � � � � �VgfdpdqdttpgtqqpfgVf

T T

,,)()(),(,
2)(

 
°¿

°
¾
½

°̄

°
®
­

 ³ ³
Q Q

MM . 

Bu esa � �� � � �� �2

2

2

2: QQ
TLTLV o  RSHUDWRUQLQJ�YD�R¶]�QDYEDWLGD� Ph  operatorning � �� �2

2

Q
TL  fazoda 

DQLTODQJDQ�R¶]-R¶]LJD� TR¶VKPD� RSHUDWRUODU� RLODVLJD� TDUDVKOL� HNDQOLJLQL� DQJODWDGL�� 1-Lemma 

LVERW�ER¶OGL�� 
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 2-Lemma. (1) formula bilan berilgan Ph  operator  � �� �2

2

Q
TL  fazoda  Q

Tp�  R¶]JDUXYFKLQLQJ��

ixtiyoriy funksiyasi )( pw  IXQNVL\DJD� NR¶SD\WLULVK� RSHUDWRUL� � �� � � �� �2

2

2

2: QQ
TLTLW o   bilan  

R¶ULQ�DOPDVKWLUDGL�� 

(VODWPD�� <XTRULGDJL� WD¶NLGODQJDQ� WDVGLTODUJD� � YD� /HEHJQLQJ� \DTLQODVKLVK� KDTLGDJL�

WHRUHPDVLJD� NR¶UD (qarang [7],[8])  ixtiyoriy 0 � umz  uchun  � �z,�/  funksiyaning barcha 

ikkinchi tartibli  xususiy hosilalari � �4)2(
TC  ID]RQLQJ�HOHPHQWL�ER¶ODGL��� 
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