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Abstract

In this paper, we consider a class of boundary value problems for nonlinear two-term fractional differen-

tial equations with integral boundary conditions involving two 1{-Caputo fractional derivative. With the help
of properties Green function, the fixed point theorems of Schauder and Banach, and the method of upper and
lower solutions, we derive the existence and uniqueness of positive solution of proposed problem. Finally, an
example is provided to illustrate the acquired results.
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1. Introduction

Fractional calculus can be thought of as a generalization of calculus with integer or-

der. Recently various definitions of derivatives and integrals of an arbitrary order have
appeared. Despite the fact that inside the start, fractional calculus had an advancement as
a simply purely mathematical idea, in current quite a while its utilization had moreover
unfurl into numerous fields such as physics, mechanics, chemistry, biology, engineering,
bioengineering and electrochemistry, e.g., [1, 2, 3, 4, 5, 6, 7, 8, 9] and the references
therein. So in the literature, several studies handled comparable topics to various opera-
tors, as an instance, Riemann-Liouville [10, 11], Caputo [12, 13], Erdelyi-Kober [14, 15],
generalized Caputo [16, 17], Hilfer [2], generalized Hilfer [18], Hadamard [19, 20], gen-
eralized Hadamard [21], Katugampola [22, 23], generalized Katugampola [24], Caputo-
Fabrizio [25], Atangana-Baleanu [26], etc.

In this paper, we concentrate on the positivity of the solutions for the following non-

linear fractional differential equations (FDEs) with integral boundary conditions

{ CoVu(t) +f(t,u(t) = CDPVg(tu(t), O<t<l, W

u(0) =0, u(1) =35 P¥g(1,u(1)),
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where @g ¥ is the generalized Caputo fractional derivative of order 6, 0 € {o, 3 : 1 < x <
2,0< B <a—1},f,g:[0,1] x RT — R™ are given continuous functions with f(t,u) and
g(t,u) are not required any monotone assumption, g(0,u(0)) =0, and

1
3PP ul1)) = o | I =0l (s uls))es

In the literature, nonlinear one-term FDEs of the form
D&u(t) = f(t,x(t)) and DIV u(t) = f(t, x(t))

have been considered by many authors (see [27, 28, 29, 30, 31]). More generally, we can
indicate to [32, 33, 34, 35, 36, 37] on the equations of kind

Dgu(t) = f(t,x(t), DFu(t)) and DY u(t) = f(t, x(t), DY u(t)).

Recently, the authors in [38] investigated the positivity results of the Caputo-type problem

{ Cogult) = f(t,ult)) + DT gt ult)), 0<t<T, (12)

u(0)=6;>0, W(0)=6,>0

by using the method of upper and lower solutions and some fixed point theorems.
Very recently, Xu and Han in [39] studied the positivity results of the following non-
linear two-term FDEs

Dgult) + f(t,u(t)) = D g(t, u(t)), 0<t<l,
u(0) =0,
W(1) = raigy Jo W' (s)(W(1) —(s)) % P1g(s, u(s))ds,

in the Riemann-Liouville derivatives sense. Also, the positivity of solutions for the follow-
ing nonlinear Hadamard-type FDEs

Dou(t) + f(t,ult)) =DPg(tult), 1<t<e,
u(l) =0,

u(e) = F((xlfﬁ) Jo (log §)o— Pt

gls,u(s)) s,
is another great study by Ardjouni in [40].

Over time, due to the operator’s reliance on the integration kernel, many types of new
fractional derivatives and integrals emerge to obtain a distinct kernel and this makes the
range of definitions wide-ranging, due to the evolution of these operators, we refer here
to some recent results that dealt with the existence of solution and positive solution to
various problems of FDEs [41, 42, 43, 44, 45, 46].

To the best of our knowledge, no article has studied the existence of positive solu-
tions for nonlinear FDEs with integral boundary conditions (1.1). This problem has two
nonlinear terms and includes two generalized fractional derivatives. Compared to many
two-term FDEs, the type of problem we considered is more general. To show the exis-

tence and uniqueness of the positive solution, we transform (1.1) into a fractional integral
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equation with the aid of the Green function, and then by the method of upper and lower
solutions and use Schauder and Banach fixed point theorems we obtain our results.

The organization of this paper as follows: the representation of the problem with
a brief survey for literature is presented in the introduction. In Section 2, we give the
preliminary facts and some useful lemmas that will be used throughout the paper. In
Section 3, we prove the existence and uniqueness of positive solutions to problem (1.1)
via some fixed point theorems. An illustrative example is reported to justify our findings
is presented in Section 4. Finally, the conclusions close the paper.

2. Preliminaries

Let Q = [0, 1] be a compact interval subset R. By X = C (Q,R) we indicate the Banach
space of all continuous functions from Q into R with the norm |[u|| = maxiecq u(t)].
Define the following space

e={ueX:u(t) >0 vte Q}lcX.
By a positive solution u € X, we mean a function u(t) > 0, for t € Q.

Definition 2.1. Let a,b € R™" such that b > a. For any u € [qa, b], we define respectively
the upper and lower contral functions as follows:

U(t,u) = sup f(t,v), and L(t,u)= inf f(t,v)

agv<u ugv<b

u*(t,u) = sup g(t,v), and L*(t,u)= inf g(t,v)

agvgu ugvgb

Certainly, the functions U(t,u), L(t,u), U*(t,u)and L*(t,u) are monotonous nondecreas-
ing with respect to u. Moreover, we have

L{t,u) < f(t,u) < Ut u),
L*(tu) < gt u) < U (L u).
We state some needful definitions and lemmas that will be used throughout this paper.

Definition 2.2. ([10]) Let « € R™, 1y € C"[a, b] an increasing function such that \(t) #
0, forall t € [a,b], and h: [a,b] — R an integrable function. The left-sided {-Riemann-
Liouville fractional integral and derivative of h of order « are given by

1

t
TEPR) = o | W90 0o This)ds,

and
DYV h(t) = D™ 31 Ph(t),

n
respectively, where D™V = (w,l( 3 %) ,n=I[a]+1,and I'(-) is a gamma funcion.
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Definition 2.3. [47]. Let « > 0, h,{ € C™[qa, b] two functions such that 1 is increasing
function such that {/(t) # 0, for all t € [a, b]. The left-sided {-Caputo fractional derivative
of h of order « is defined by

COYPR(t) = TN VYDV R(Y),
where n = [«] + 1 for « ¢ IN, and n = « for « € IN.
Lemma 2.4. [47]. Let « > 0. Then the following properties hold:

1. Ifh € Cl[a, b], then
COXPIYPR(t) = h(t).

2. If Y, h € C"[aq, b], then

h[k]
¢ () i),

n—1
g COFPR) =h() - 3
k=0

K
where hﬂ)d (t) = [ﬁ%} h(t) and n = [o + 1 for « ¢ N.

In particular, if 1 < « < 2, then
39 COYPR() = h(t) —h(a) —h, (Q) (W(t) —d(a)),

’ _ h'(t)
where h‘b (t) =V

Lemma 2.5. [41]. Let « > 0, h € C[a,b] and let \p € C'[a,b]. Then for all t € [a, b]
() 3% (-) is bounded from Cla,b] to Cla, bl.

(i) 7%"h(a) = tlirg+jg;¢h(t) =0.

Lemma 2.6. [16],[10]. Let «, 3 > 0and h: [a,b] — R. Then

1 3%%3P P R(t) = 35T PYR(t).

2. 35 () — ()P = 1By () — ()P
3. %Y [(t) —p(a)* =0, vk €{0,1,..,n—1}, n € N.

Now, we state some fixed point theorems that enable us to demonstrate the existence
and uniqueness of a positive solution of (1.1).

Definition 2.7. Let U be Banach space and ¢ : U — U. The operator ¢ is a contraction
operator if there is an A € (0,1) such that u,v € U imply

[bu—v]| <Afu—v] 2.1

Theorem 2.8. Let K be a nonempty closed convex subset of a Banach space Uand ¢ : K — K
be a contraction operator. Then there is a unique u € K with pu = u.

Theorem 2.9. Let K be a nonempty bounded, closed and convex subset of a Banach space U
and ¢ : K — K be a completely continuous operator. Then ¢ has a fixed point in K.



H.A. Wahash, S.K. Panchal /Positive solutions for \)-Caputo of two-term FDEs 51

3. Main results

In this section, we prove the existence and uniqueness results of (1.1) under Banach
fixed point theorem and Schaefer fixed point theorem. Before starting the proof we will
give the following fundamental lemma:

Lemma3.1. Let 1 < x <2, ue X, ), ufb e X'and f,g:[0,1] x R* — R+ are continuous
functions with g(0,u(0)) = 0. Then u is a solution of the boundary value problem (1.1) if
and only if

1
w(t) = jo Gup (&, ST ()5, u(s] s + Ew’(s)(w(t) —(s))% P (s, uls))ds.
(3.1
where

=1 _ a—1

mmYﬁh=%%th:wmfwmmmm%upﬂﬂi

Proof. From Lemma 2.4, applying 1-Reimann-Liouville fractional operator Jg ¥ on both
sides of (1.1), it follows that

u(t) = u(0) — 1, (0) () — (0]
= =35Vt u(t) + 35 CDf Vgt u(t))
= =3V u() + 35 PP (a5 g (t u(b)
(t,

= I8Vt u(t) + 3 PP (gt ult) — g(0,1(0)))
. ~ D ~ox—Rp g(O,u(O)) o x—f
= M) + 3P gt wlt) — Ty b —w (0P,

u’(

where u{p (0) = 11)’(?)%' Then, by the initial condition u(0) = 0, and fact that g(0, u(0) =0,
we get

u(t) = u, (0) W (t) —(0)] — IV F(t u(t)) + 35 PP glt, ult). (3.3)

By the boundary conditions u(1) = 38‘_6’”’9(1, u(1)), we obtain

/ _ 1 /-rCX.,'l])
uy, (0) = —[lb(l)—ll)(O)]JO f(1,u(1)). (3.9
Substituting (3.4) into (3.3), we get
T 1
u(t) = “)J P/(s) B (1) —p(s)] < £(s, u(s))ds
() Jo

—r(lodjgw'(s)(w(t)—w(s))“ (s, u(s))ds

t
+1)J V() (() —(s))* P g(s, uls))ds. (3.5)
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By the Green function,

1 t
w(t) = | Gyt (915, uls))ds + gy | WS —b(s)* P gls uls))es

For the converse, the equation (3.5) can be written as
u(t) = Y()IFP (L, u1) — 38 (L ut) + I8 PP gt ult).

Applying P-Caputo fractional operator C@S"w () on both sides of (3.5), and noting that

C C Cmap N T _ _ <
05T = D5 T = ey 06 B — (0 =0, for1 < <2
we obtain
“DFtult) = — “DFT It ult) + D5 I P gl u(y)

= —f(t,ut) + D gt u(b).
Taking the limits at t — 0, and t — 1 in equation (3.5) it follows that u(0) = 0, and u(1) =
Jg‘_ﬁ’wg(l,u(l)). We proved that proplem (1.1) is equivalent to equation (3.1). O
Lemma 3.2. The function Gydefined by (3.2) satisfies

1. Gy (t,s) >0fort,s e (0,1).
2. T(a) maxocic1 Gy (t,s) = [b(1) —p(s)1*", s € (0,1).

Proof. The proof of part 1 was done, see [48]. To prove the part 2, we have N(t) =

(1) —p(0)] and Y(t) == 3. For 0 < s <t < 1, we get

. T(t) x—1 1 x—1
Glp(t,s) = m (W (1) —(s)] —Wm)(t)_lb(s)]
Y(t) oa—1
m (W (1) —(s)]
(1) —p(s))* "
X F(O() ’
and for0 < t < s <1, we get
o Y(t) ox—1
Gylts) = o) (W(1) —(s)]
Y(S) x—1
o —P(s)* !
')
Therefore, )
(1) —(s)]
012&)(1 Gy (t,s) = o) , s€(0,1).
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Now we are able to prove more results there on existence and uniqueness of positive
solution to the problem (1.1).

To use the fixed point theorem, according to Lemma 3.1, we consider the operator
¢ : X — X such that ¢u = u, where

() (1) = J: Gu(t, 510 (5](5,u(s))ds + Ew’(s)w(t)—w(sn“—ﬁ Tg(s,uls))ds.
We need the following assumptions to establish our reselts. >o
(Hy) Letuw,u € ¢, suchthata<u<u<band
{ DEPU(L) + UL, T(t)) > DU (t,T(t)),
Do (t) + Lt ult)) < DFVL*(t,u(t)),

foranyt € QQ, where t and u are the upper and lower solutions for (1.1) respectively.

Theorem 3.3. Assum that (H,) is satisfied, then the FDE (1.1) has at least one positive
solution u € X satisfyingu < u <, t € Q.

Proof. Let P = {u e X:u(t) <u(t) <u(t),t € Q} with the norm |[u|| = maxoci< u(t)],
then we have ||u|| < b. Hence, P is a convex, bounded, and closed subset of the Banach
space X. Moreover, the continuity of g and f implies the continuity of the operator ¢
defined by (3.6) on P. Now, if u € P, there exist positive constants p¢ and p4 such that

max{f(t,u(t)):t € Q,u(t) < b} < py,

and
max{g(t,u(t)) :t € Q,u(t) < b} <py.
Then
1
(pu) (1) < JO G (t, s)'(s)f(s, uls))ds
o J W (s) (1) —b(s) =B g(s, u(s))ds
1
< Jo taé Gy (t, $)U'(s )f(s,u(s))ds+§8‘75’q’g(t,u(t))
1 . ox—f3
< | e e (s)ds + B e
Pt . x pi . x—f3
< D) IO+ P b — (o) P
Thus,
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Hence, ¢(P) is uniformly bounded. Next, we prove the equicontinuity of ¢(P). Let u € P,
then for any tq, t; € Q with t; < tp, we have

I(du) (t2) — (pu) (t1)]

1
JO (Gyltz,s) — Gyltr, ) W (s)f(s, uls))ds

+1j () ((t2) — (s)* P g(s, uls))ds

IMa—PB) Jo
S fl () ((t2) —b(s)) B g(s,uls))ds
Ma—B) Jo ! gLs,
1
< JO\Gw(tz,s)—G¢(t1,s)\w'(s)|f(s,u(s))|ds
1 h B a—p-1 B a—p—1Y .1/
) () =) 1) — (s P ) () s, uls)) ds
1 t2 it jeB=1) I£( d
i, (l) 0P W85 () .
We have
(Gulta )~ Gylta sl = |12 [W0(1) (61" = 4 Botea) — (s
T(t) o .
T [hb(l)—xb(s)] ~ g k) ()] }
< T T ) st
)

Hence
[(du) (t2) — (duw) (1) < pr

pi o x—p . x—p
e gy ([(02) = (01 —Rb(ta) — (0] *).

As t; — t, the right-hand side of the previous inequality is independent of u and tends to

zero. Therefore, (pu) is equicontinuous. The Arzela-Ascoli theorem shows that ¢ : X —
X is compact. To apply Theorem 2.9 it remains to prove that $pP C P. Let u € P. Then by
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assumption (H;) and Definition 2.1, we have

and

(du) (t)

N

N

N

WV

WV

>

1
Jo Gy (t, )W’ (s)f(s,uls))ds

+r(a1_ 3 L /() [ (1) —(s)1* P g(s,u(s))ds

Gy (t, )P (s)U(s,u(s))ds

o [y

1 ‘ / - ax—pR—1q*
g o VO 0w (s

1
J Gy (t, )P’ (s)U(s, u(s))ds

_l’_

P Jw'(s)w(t)—w(sn“ﬁ1u*(s,u(s))ds

1 t / o x—PB—1 71 %
T o W IO = (s L s )
)

u(t).

Hence, u < (du) (t) < uw, t € Q, thatis, $(P) C P. According to Theorem 2.9, the
operator ¢ has at least one fixed point u € P. Therefore, the problem (1.1) has at least
one positive solutionu € Xandu <u <, t € Q.

Next, we give further special cases of the preceding theorem.

Corollary 3.4. Suppose that there exist positive constants k1, kp, k3 and k4 such that

and

0<ki <Fflt,u(t) <k <oo, (t,u) € Q xR,

0<ks <g(tu(t) <ks<oo, (t,u) € QxRF,

O

3.7)

(3.8)
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Then the problem (1.1) has at least one positive solution u € P. Moreover,

1 t
uﬁ)ZﬂqJ;wabﬂwqﬂdS+r“f3)Lle)Hwﬁ)—dﬂﬂr“ﬁ_ld& 3.9)

1 t
w(t) ke | Gt sV [s)ds + ot | W9) b1 —p(s)* P s (310

Proof. Consider the following problems

COSVTE(t) + ko = CDPVKRy, 0<t <, "
w0) =0, w(1) = (33K, (1), .11
Cpoh _ Cpbw 1
{ Qou(g;(t); ]2(1) @(2“12,%0)?1; = (3.12)
u =y, u - 0 3 s
In view of Lemma 3.1, the problems (3.11) and (3.12) are equivalent to
1 k t
MU-—MLGMMW%MHWWime%HWM—wMWBlk,@B)
1 t
wlt) = k| Galt s (slds+ o | W) (0000 —(s)* P ds. 3.14)
0 ox«—PB) Jo

By the given assumption (3.8) and the definition of control function, we have
ki <L(t,y) <U(t,y) <k <oo,(t,y) € Qxlabl,
ks < L*(t,y) < U*(t,y) < k4 < 0, (t,y) € Q x [a,b],

where a, b are the minimum and maximum of y on Q. It follows that

1
mw<L&mﬁw%nmwm+

t

# / _ ax—pP—11*
g | 0 s (s as,

1 t
2(1) > | Gt 91 (91Uls,2)s + o | 19) (b0 = (s P U (s, 2)ds.

Obviously, (3.13) and (3.14) are the upper and lower solutions of the problem (1.1). An
application of Theorem 3.3 shows that (1.1) has at least one solution u € P and satisfies
2(t) < ult) < y(t). 0

Corollary 3.5. Suppose that
of < f(t,u(t)) <vyru(t)+ns <ocoforte Q,

og < g(t,u(t)) <vygu(t) +ng < oo fort € Q,

where o¢, 0, Y¢,Yg,Mf, Mg are positive constants with

— Yt 8% N
©:= <F(oc+ 1) + r(a_?5+1)> [b(1) —(0)]* < 1. (3.15)

. Then the problem (1.1) has at least a positive solution u € X.
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Proof. Consider the following problem
Do ut) + (yau(t) +n) =DFY (ygult) +1g), 0<t<1,
b (3.16)
u(0) =0,u(l) =35 " ((ygu(l) +ng))
Problem (3.16) is equivalent to fractional integral equation
1
wlth = | Gylts(s) (vru(s) +ne) ds
0
1 t / x—pB—1
T Jo W 000 = (5P ygu(s) ) ds,
Let @ be a positive real number such that O
>(1—<I>)1<r(nf + i >hN1%;¢wH“. (3.17)

a+1) T(e—p+1)

Then, the set B = {u € X : |Ju|| < @} is convex, closed, and bounded subset of X. The

operator F : B, — By defined by

1
(Fu)(t) = JO G (t, s1(s) (yruls) + ) ds

# ' / _ x—p—1
T o WO = (5P yguls) + g ) ds

is completely continuous in X as in the proof of Theorem 3.3. Moreover,

1

(Fu) (t) \J max Gy (t, s)U'(s) (yru(s) +n¢) ds + 35 P (yqu(t) +ng),

0 0<t<1

which gives

1
el < 1J A (1) — (0% P/ (s) (v huls)] +71¢) ds
() Jo
—I—j(L)X Blb(’thL(tN—{—ng)
i [[u] o )
< Mot 1) (L) = (O] + ot 1) (1) — ¥(0)]
el e
e p 1) W) b
ur - -
Ta—Br1) (a—p+1) [b(1) = (0)]
) <““+1 (o — ﬁ+1J”uH¢ﬂ»—wmn“
ng N
- r(x'i‘l O( [3—|-1)>N)(1) 11)(0)]
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If u € B, then it follows from (3.15) and (3.17) that

Yt Y «
R0 < (F+ ety ) b v e

Nt ng B N
i (r(cx+ U ra—p +1)) (1) —p(0)]

< P+ (1-0)o =m.

This shows that F : B, — By is a compact operator. Hence, the Theorem 2.9 ensures
that F has at least one fixed point in B, and then problem (3.16) has at least one positive
solution Tt(t), where 0 < t < 1. Therefore, if t € Q one can asserts that

1
wt) = L G (t, )0/ (s) (vruls) +1¢) ds

t
+1J W (8) (W) — W(s)I% P (ygu(s) +1g) ds

Mo—B) Jo
<1l)(t)—1|)(0)

1
— ny Gy (t, )W’ (s)u(s)ds + ki EVESTIO)

Mo+1)

1—x
) —1] () — p(0)]°

t
4 Yo Jw'(s) () — (s P t(s)ds

Moe—B) Jo
Mg _ x—B
+F(oc— B+ 1) [ (1) —(0)]

By the Definition 2.1, we obtain

1 t
() > L Gt 50 ($]Us Tl8)) s+ 7o L (5) (1) — ()% P~ U (5, T(s) )ds.

Then T is an upper positive solution of the problem (1.1). Similarly,

1 t
wt) = | Gult s (s)ords + ot | W) (b0 —w(s)™ P ogds

0 Ioe—B) Jo
= O JlG (t S)ll),(S)dS+ Gg Jtlb/(s) [(w(t)*w(S)]o‘_B_l ds
I IMae—B) Jo
_ of Pt —Pp(0) ' - N
Mo+ 1) <¢(1)—¢(0)) 1] () = p(0)]
L _ x—f
+r(“_[3+1) [(W(1) —(0)] ,

and by the Definition 2.1, we get

1 t
1 —B—17«
wlt) < | Gyl N (5ILs, wls))ds-+ s | 6) (6000 = b(s)* L (5 (o))
Thus, u is a lower positive solution of problem (1.1). By Theorem 3.3, the problem
(1.1) has at least one positive solution u € X, where u(t) < u(t) < u(t).
Our final result discusses the uniqueness of positive solution to (1.1) using Theorem
2.8.
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Theorem 3.6. Suppose that f,g: Q x R™ — R™ are continuous functions, and there exist
two constants My, My > 0 such that

{ If(t,u) — f(t,v)| < My lu—v],
lg(t,u) —g(t,v)I < Malu—v|,

fort € Q and u,v € R*. Then, if

X 067[5
. <M1 [b(1) = (0))* | M2 [b(1) —h(0) ) 1

Mo+1) MNMoa—p+1) (3.18)

then the problem (1.1) has a unique positive solution u € P.

Proof. In view of Theorem 3.3, the problem (1.1) has at least one positive solution in P.
Hence, we just prove that the operator defined by (3.6) is a contraction on P. Obviously,
if u € P, then ¢pu € P. Indeed, for any t € Q and u,v € R* we have

[ou—dv|| = max|(pu) (t) — (¢v) (t)]
teQ

1
< max (L Gup (t, )0 (5) [£(s, u(s)) — (s, v(s))| ds
+1Jttl)’(8)(ll)(t)—1b(8))“ﬁll (s,u(s)) —g(s V(S))Id8>
Fla—B) Jo gt I
1 1 x—1 (.7
< o JO A (1) — (0] ! (s)My [[u—v]| ds
1 t / o ax—pR—1 _
T o WS = ()P Iy [ v ds
_ (M) =) | Ma (1) — (0] v
S Ma+1) Ma—p+1)
— %fu—v].

As R < 1, the operator ¢ is a contraction mapping due to (3.18). So,Theorem 2.8 shows
that the problem (1.1) has a unique positiv solution u € P. O

4. An example

Consider the Boundary fractional differential equation

Crm b 1 tu(t) e Lo u(t)
o+ o () — o () teon @
w(0) =0, w(1) =33 (5}:(521)) (4.2)

By comparing with problem (1.1), we have: o« = %, B

H
K
)
Il
IS

:1,

1 tu
f(t'u)_ﬁl—i—t<4+(3+u)>'
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LW =50

Then, g(0,1(0)) = 0 and for any u,v € R™ and t € (0,1), we obtain

|f(t,u)—f(t,v)|:4_1'_t‘3Tu—3:\_}v g%m—wzmlm—w, and
lg(t,u) —g(t,v)| = e <1|u—v|:M2|u—v|.
5+4u 5+v 5
Take P (t) = e3, for all t € [0,1]. Since
5 (s i
Vel VeIt ot

o/ (Y

Thus by Theorem 3.6, the problem (4.1)-(4.2) has a unique positive solution.
Moreover, since f(t,u) and g(t,u) are nondecreasing on u,
lim g(t,u) =1, lim f(t,u) =1,
u—oo u—oo

and

4 1
7<ft/ gl’i
ssftuslg

for t € [1,0], and u € R*. Therefore, Corollary 3.4 holds with k; = %, ko =1,k3 = % an
k4 = 1. Hence, the problem (4.1)-(4.2) has a positive solution which verifies u(t) < u(t) <
u(t) where

<g(tu) <1,

o

w0 = ol [(S=S) o] o -vor
T 0 — (o)
- w5 B g -l
and
= (ﬁ?)jj((g%)l_“—li (1) — (0]
T (0 — o)
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5. Conclusions

In this paper, we have considered a class of boundary value problems for nonlinear
two-term fractional differential equations with integral boundary conditions involving
two p-Caputo fractional derivative. The studied problem has two nonlinear terms and
includes two generalized fractional derivatives. Compared to many two-term FDEs, the
type of problem we considered is more general. With the aid of the properties Green func-
tion, known fixed point theorems, and the method of upper and lower solutions, we have
established the existence and uniqueness of positive solutions for a proposed problem.
Finally, the main results are well illustrated with the help of an example. Many results of
problems that contain classical fractional operators are obtained as special cases of (1.1).
The reported results in this paper are novel and an important contribution to the existing
literature on the topic.
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