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Abstract
The analysis of known methods for solving the problem of forming a portfolio of securities in the face of uncertainty is car-

ried out. Traditionally, the problem is solved under the assumption that for each type of asset, the values of the main statistical charac-

teristics of the random value of their profitability (mathematical expectation and variance) are known. At the same time, the variance 
of portfolio returns, which is minimized, is used as a criterion for portfolio optimization. Two alternative approaches to solving the 
formulated problem are proposed. The first of them provides a decision on the criterion of the probability that the random total port-
folio return will not be lower than the given. It is assumed that the random return for each type of asset is distributed normally and 
the statistical characteristics of the respective densities are known. The original problem is reduced to the problem of maximizing 
the quadratic fractional criterion in the presence of linear constraints. To solve this non-standard optimization problem, a special 
iterative algorithm is proposed that implements the procedure for sequential improvement of the plan. The method converges and 
the computational procedure for obtaining a solution can be stopped by any of the standard criteria. The second approach considers 
the possibility of solving the problem under the assumption that the distribution densities of random asset returns are not known, 
however, based on the results of preliminary statistical processing of the initial data, estimates of the values of the main numerical 
characteristics for each of the assets are obtained. To solve the problem, a new mathematical apparatus is used – continuous linear 
programming, which is a generalization of ordinary linear programming to the case when the task variables are continuous. This 
method, in the considered problem, is based on solving an auxiliary problem: finding the worst-case distribution density of a random 
total portfolio return at which this total return does not reach an acceptable threshold with maximum probability. Now the main min-

imax problem is being solved: the formation of the best portfolio in the worst conditions. The resulting computational scheme leads 
to the problem of quadratic mathematical programming in the presence of linear constraints. Next, a method is proposed for solving 
the problem of forming a portfolio of securities, taking into account the real dynamics of the value of assets. The problem that arises 
in this case is formulated and solved in terms of the general theory of control, using the Riccati equation.

Keywords: formation of a portfolio of securities, worst-case density distribution of portfolio returns, fractional non-linear 
optimization problem, Riccati control.
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1. Introduction
The task of forming a portfolio of securities belongs to the widely represented class of 

tasks of rational distribution of resources [1–4]. The mathematical formulation of the problems 
of this class leads to a standard scheme: to find a set of variables defining the desired distribution 
of resources, delivering an extreme value, as a rule, to a nonlinear criterion and satisfying linear 
constraints. Problems of this type are solved by well-known mathematical programming meth-

ods [4–6]. An essential feature of resource allocation problems in the modern formulation is to 
take into account the uncertainty of the source data. Traditional approaches to the formulation 
and solution of such problems use a probabilistic interpretation of the uncertainty of the param-
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eters of the problem, which leads to stochastic programming models [7–11]. The principal draw-

back of these models is the lack of accuracy in the conditions of a small sample of initial data, 
when there is no possibility of an adequate description of the distribution densities of random 
parameters of the problem. In this case, it is natural to use methods that implement the minimax 
approach taking into account the “worst” distribution densities of random parameters [12, 13]. 
This approach provides an overly cautious, guaranteed solution, which is not always acceptable. 
An alternative approach can be based on the description of the uncertain parameters of the prob-

lem in terms of the theory of fuzzy sets [14–18].
The mathematical model of the problem of forming a portfolio of securities in a probabili-

ty-theoretical formulation has the following form [19].
Let there be an asset market and
Rj – random efficiency of the j-th type of assets (random profit from the sale of a portfolio 

entirely consisting of assets of the j-th type), ( )1, 2, ..., ;j n=
xj – the share of the j-th type of assets in the portfolio;

 =  j jm E R  − average value of the random investment efficiency in the j-th form of assets, 
[ ]Е •  − symbol of the operator of calculating the mathematical expectation, ( )1 2, ,..., .nM m m m=

Then

1

,
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= ∑  

is a random portfolio performance, and
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is its average efficiency (or average profit) corresponding to the plan ( )=
Т

1 2, ,..., nX x x x . 
The variance of portfolio performance (risk) is calculated as follows:

( ) ( ) ( )
= = = = =
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where 

( )( ) ,ij i i j jv M m R m R = − −   ( ).ijV v=

Moreover, if random efficiency values for assets of different types are not correlated, then 
,ij jv D=  1,2,..., .j n=
Now the portfolio optimization task is formulated as follows: to find a set ( )1 2, ,..., ,nX x x x=  

minimizing the variance of the risk of investing funds (1) and providing a given level givт  of av-

erage profit.
The mathematical model of the problem has the form: find a non-negative vector Х  that 

minimizes (1) and satisfies the constraints

                                                    
=

= =∑
1

,
n

j j giv
j

m x MX m  (2)

                                       
1

1,
n

j
j

x IX
=

= =∑  ( )1,1,...,1 ,I =  0.jx ≥  (3)

The resulting problem is a canonical quadratic programming problem. Its solution by the 
method of indefinite Lagrange multipliers leads to the following result
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Formula (4) defines the desired vector X , which determines the portfolio structure.
For many real optimization problems in which the numerical values of the criterion depend 

on random parameters, it is advisable to abandon optimization on average [19]. Moreover, in the 
task of forming a portfolio of securities, the corresponding mathematical model takes a different 
form. The statement of the problem: to find a distribution { },jx  satisfying (2), (3) and maximizing 
the probability that the random total profit from portfolio implementation will exceed a certain 
threshold – 0 .R  If, by virtue of the central limit theorem of probability theory, assume that the total 
profit is a normally distributed random variable , then this probability will be described by the ratio:

         ( ) ( )
0
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0 2
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exp d ,

22R
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∫  
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n

j j
j
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σ = σ∑  (5)

Now the task of forming the portfolio structure is as follows: find a vector X that maxi-
mizes (5) and satisfies (2), (3).

It is clear that maximization (6) is equivalent to the maximization problem

           ( ) ( ) ( )
= = = =

= = =σ =

     
− −     − µ     = = = =

σ σ σ σ

∑ ∑ ∑ ∑
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The obtained problem of fractional-quadratic programming with linear constraints is solved 
using the sequential plan improvement procedure [4].

In problems with a small sample of initial data, the assumption of the normality of their 
distribution is overly binding. In this situation, [12–14] proposed a minimax technology for solving 
such problems under the assumption of the “worst” distribution density of its random parameters. 
In accordance with this technology, the solution of the problem is implemented in two stages. First, 
for the observed set { },jx satisfying (2), (3), the “worst” distribution density of a random value of 
the total profit with known mathematical expectation and variance is found. In this case, the prob-

ability of not reaching a given threshold 0R
 
should be maximum. Then, taking into account the 

“worst” density, the problem of calculating the distribution of assets that minimizes the probability 
of not exceeding 0R  is solved. When finding the “worst” distribution density, the mathematical 
expectation 1µ

 
and variance 2µ

 
of a random profit are assumed to be known.

The problem of finding the “worst” distribution density is formulated as follows [12]: find 
the function ( )* ,x t

 
maximizing the functional

                                                     ( )( ) ( )
0

0

d ,

R

P x t x t t= ∫  (7)

and satisfying restrictions
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The resulting problem is the canonical problem of continuous linear programming. As 
shown in [12], the “worst” density ( )*x t  must be sought in the form of a weighted linear combina-

tion of delta functions, that is

                                                    
( ) ( )*

1

.
n

j j
j

x t x t t
=

= δ −∑  (9)
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In this case, the problem reduces to determining unknown values maximizing ( ), ,j jx t  

1,2,..., ,j n=  (7) and satisfying constraints (8), (9). The solution of the problem, as shown in [12], 
leads to the desired function

                   ( ) ( )  µ − µ µ − µ + µ − µ
= δ − + δ − µ − µ + µ − µ + µ − 

2 2 2
* 2 1 1 1 0 0 2 1 0

02 2
2 1 0 0 2 1 0 0 1 0

2
.

2 2

T T T
x t t T t

T T T T T
   (10)

Moreover, the maximum probability of a random variable falling into the interval [0, R
0
] is 

equal to
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The resulting ratio determines the objective function of the portfolio { }jx  formation task 
for the “worst” random profit distribution density. Thus, the problem is reduced to finding a distri-
bution that minimizes (11) and satisfies portfolio constraints.

A brief analysis of the known approaches to solving the problem of forming a portfolio 
of securities allows us to draw the following conclusions. The way to solve this problem and 
the methodology that implements it are determined by the nature of the uncertainty about 
the real value of the assets, as well as the level of confidence in the adequacy of its accepted 
analytical descriptions. Traditional approaches to solving the problem of forming a portfolio 
of securities use the technology of statistical analysis and rely on probability-theoretical tools. 
However, in conditions of high variability of the market situation, the analysis of the existing 
uncertainty is forced to be limited to small samples of the initial data, which leads to unsatis-

factory accuracy in calculating the statistical characteristics of the model. This circumstance 
makes it promising to solve the problem of taking into account the emerging real uncertainty 
using the least demanding mathematical tools to describe this model – the theory of fuzzy  
sets [14–20]. The corresponding approach was implemented in [19]. Moreover, the original 
problem is reduced to optimizing the quadratic-fractional functional on the set of solutions of 
a system of linear algebraic equations.

A common drawback of traditional methods for solving the problem of forming a portfolio 
of securities is the use of an unrealistic assumption about the static nature of the problem. The 
rejection of this hypothesis leads to the formulation of the original problem in terms of the general 
theory of control.

2. The dynamic task of forming a portfolio of securities
The investment portfolio control problem is a special case of the general problem of control 

theory, which is formulated as follows [21, 22]. Let’s introduce the phase space of states of the con-

trol object by the coordinate system ( )1 2, ,... ,T
nХ x x x=  which values in the portfolio formation task 

determine its structure by type of stock. The model of motion of an object in this phase space is 
traditionally defined by a vector-matrix system of differential equations

                                            
( ) ( ) ( ) ( ),Х t AX t BU t W t

•

= + +   (13)

where ( )X t
 
– the state vector of the system at time t, ( )dim 1,Х t n= ×

 
which determines the dis-

tribution of the number of shares by type; ( )U t – control vector at time t, ( )dim 1,U t n= ×  which 
defines the distribution of investments for the acquisition of shares by type; ( )W t  – noise vector 
that turns off errors in estimating the value of stocks, ( )dim 1;W t n= ×  A – a numerical matrix,

= ×dim ;A n n  B – a numerical matrix.
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Regarding noise, let’s assume that

( ){ } 0,E W t =  ( ) ( ){ } ( ).TE W t W t K t× =

The control problem is to find a control that minimizes the integral quadratic functional

                                    ( ) ( ) ( ) ( ) ( )( )= +∫  1
d

2

To
T T

o

J u X t QX t U t RU t t  (14)

on the set of solutions of the system of differential equations (1).
Here

( ) ( ) ( )0 ,Х t Х t Х t= −

where ( )0Х t  – the reference trajectory of the vector ( ),Х t
 
dynamics approximating the set of sam-

ples of the components of the optimal vectors ( )Х t  at the moments 1 2, ,...., ;kT T T
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0 n

q

q
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q

 
 
 =
 
  



is weight matrix reflecting the a priori view of the investor regarding the market value of  
assets;

1

2

0

0 n

r

r
R

r

 
 
 =
 
  



is control cost matrix.
The dynamic problem consists in finding the control ( ),U t  of minimizing functional (14) on 

the set of solutions of the system of differential equations (13).
The control of such a system, optimal on average, is determined by the relation [21]:

                                                                   
( ) ( ),U t CX t= − 

 
 (15)

where 

                                                          
1 ,TC R B S−=   (16)

S – a solution to the Riccati equation

1 .T TS SA A S SBR B S Q
•

−= − − + −  

As applied to the portfolio formation task, the matrices A  and B  are both diagonal and 
equal, i. e.
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Elements of this matrix determine the levels of income from the sale of assets of the corre-

sponding type.
Such a solution can be obtained if accept that all functional elements in the Riccati equation 

are constants. Moreover, as is known [21], there is a steady-state solution to this equation in which 
the elements of the matrix S  are also constants. Then

1 0,T TSA A S SBR B S Q−− − + − =
so
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The structure of matrix equation (17) allows one to obtain its solution by solving n indepen-

dent equations of the form

2

22 0,
j

j j j j

j

a
s a s q
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− + − = 

 
 1,2,..., ,j n=

2

2
2 0,

j j j
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r q r
s s

a a
− − =

whence, choosing a positive root, let’s obtain



Original Research Article:

full paper
(2019), «EUREKA: Physics and Engineering»

Number 6

79

Mathematical Sciences

                          

2

2 2
1 1 1 .

j j j j j j j j j

j

j j j j j j j j

r r q r r r q r q
s

a a a a a r a r

 
= + + = + + = + + 

 
  (18)

Let’s substitute (18) into (16). Wherein
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Substituting now (19) into (15), let’s obtain the desired expression for control:
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This implies independent relations for the components of the control vector:

( ) ( ) ( ) ( )( ) ( ) ( )( )
  

= − + + = − − + + = −  
   

 0 01 1 1 1 ,
jj

j j j j j jj
j j

qq
u t x t x t x t x t x t d

r r
 

                                             1 1 ,
j

j

j

q
d

r
= + +  1,2,..., .j n=  (20)

From (20) it follows that the sign of the control action for each component is determined by 
the sign of the current deviation of this state component from the reference value, and the control 
value is proportional to the deviation.

It should be noted that in the portfolio control task under consideration, the obtained con-

trol may turn out to be costly, that is, the total cost of acquiring the required types of assets in an 
amount determined by (20) can exceed the total profit from the assets sold. In this regard, let’s for-
mulate the problem of finding a cost-free control that minimally deviates from optimal.

Let’s introduce
( )jZ t  – adjusted control action on the j-th asset, 1,2,..., .j n=

Let’s pose the problem of finding a set ( ),jZ t  1,2,..., ,j n=  minimizing
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and providing zero costs for the implementation of control, that is, satisfying the restriction

                                                        ( )
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Let’s solve this problem by the method of indefinite Lagrange multipliers. Let’s introduce 
the Lagrange function
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Now, substituting (24) in (23), let’s obtain the expression for the adjusted control action:
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A direct verification shows that the set ( )jZ t  obtained in accordance with (23) satisfies (22).
Finally, using relation (25), let’s obtain the final expression for the adjusted control. Substi-

tuting (20) into (25)
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3. Research results of the problem of forming a portfolio of securities under uncertainty con-
ditions, taking into account the dynamics of assets

1. A method is proposed and justified for solving the problem of forming a portfolio of se-

curities under uncertainty conditions in the initial data by a probabilistic criterion. The problem is 
reduced to optimizing the quadratic fractional criterion.

2. A method is proposed and justified for solving the problem of forming a portfolio of se-

curities in the case when only the values of its statistical characteristics (mathematical expectation 
and variance) are known with respect to the distribution density of the random value of assets.

3. A method is proposed and justified for solving the dynamic problem of forming a portfo-

lio of securities when asset values change randomly in time. The problem is solved by the methods 
of the general theory of optimal control based on the solution of the Riccati equation.

4. Discussion of the results of solving the set of tasks of forming a portfolio of securities
The paper considers various models and methods for solving the problem of forming a portfolio 

of securities, depending on the level of awareness regarding the values of the statistical characteristics 
of random asset returns. In this case, the canonical problem of forming a portfolio of securities by the 
criterion of minimizing the risk of a portfolio at a given level of profitability is reduced to the problem 
of quadratic mathematical programming. It is shown that an adequate account of the real variances of 
assets makes it expedient to switch to another criterion: the probability of a random value exceeding the 
portfolio profitability of a given acceptable threshold. The advantages of this approach are determined 
by the important properties of the resulting solution: it is controlled by setting an acceptable level of 
profitability and is guaranteeing, minimizing the level of danger of random failure results.

In situations where the sample of initial data is small, it is proposed to solve the problem of 
forming a portfolio for the “worst” density distribution of portfolio profitability, for which the prob-

ability of not reaching an acceptable threshold is maximum. The problem is solved by the methods 
of the new mathematical apparatus of continuous linear programming.

The paper proposes a new approach to solving the problem of portfolio formation, an im-

portant advantage of which is to take into account the dynamics of the value of assets. The prob-

lem is solved in terms of a general control theory based on the solution of the Riccati equation. 
Moreover, the model of dynamics of a controlled system proposed in the work made it possible to 
overcome the well-known difficulties of solving differential equations of this type.

Reasonable directions for further research are related to the development of methods for 
solving the portfolio problem for insufficiently studied models of the uncertainty of the source data. 
Moreover, situations when this uncertainty is described in terms of fuzzy [18] or inaccurate [23] 
mathematics are the most interesting and important in theoretical and practical respects. Possible 
approaches to solving the problem in these cases are proposed in [24–26].

5. Conclusions
The analysis of traditional methods is done for solving the problem of forming a portfolio of 

securities by the criterion – the minimum variance of the random portfolio profitability.
A method for solving a portfolio problem for a situation where the variance of assets is large is 

developed. At the same time, another more adequate optimization criterion is used to solve the prob-

lem – the probability that the total portfolio return will take a value no lower than a given threshold.
A method has been developed for solving the portfolio formation problem when the distri-

bution density of assets’ return on assets is not known, but based on the results of statistical pro-

cessing of the source data, estimates of the main statistical characteristics of return on assets (mean 
and variance) are obtained. To solve the problem in this case, a minimax approach is used, based 
on finding the worst distribution density of the total portfolio return.

A distinctive feature of the problem posed and solved in the work is the rejection of its tradi-
tional static formulation and the transition to a dynamic description of the behavior of the financial 
environment, taking into account the realities of the market situation. In accordance with this, the 
task of forming a portfolio of securities is solved in terms of a general theory of control. The meth-

od is based on solving the Riccati equation.
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