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On the Eigenvalue Problem of the Dirac

Hamiltonian in a Singular Spacetime Background
M. Martinis, N.Perkovic

Abstract— We studied the motion of a spin onehalf particle in
a singular spacetime metric of exponential type. This singular
spacetime metric is obtained from a particular interpretation of
the Newtonian gravitational force. For a given energy, the
motion of a particle is described by the eigenvalue modes of the
Dirac operator in a singular space time metric of exponential
type. In this paper only the first order solution is considered
leading to a cubic algebraic equation for energy eigenvalue. A
novel interpretation for a gravitational atom is obtained.

Index Terms— Eigenvalue Problem, Newtonian gravitational
force.

I. INTRODUCTION

The motion of a classical particle in a static, spherically
symmetric spacetime of the exponential type is described [1]
by the classical Hamiltonian

H=e"\pp'c+mic’

(1) where p' =e ™ p, =my',i =123 . The

compatability of the background spacetime metric with the
mass-energy relation of Einstein,

d(mc*)=v'dp, =v'Fdt = mc’du

2)

determines both the form of the function # = R/r, and the
form of the gravitational force, F, =—0,H , where R is

the gravitational radius of the source of spacetime metric.
The motion of a Dirac particle in this static, spherically
symmetric spacetime metric of the exponential type is
described by the corresponding wave equation

(~icha'e™ D, + fm,c’ )y = e"E
3

obtained by linearising the Hamiltonian (1) using Dirac’s (
a* ,f )-matrices. Here D, denotes the covariant

differential operator acting on the vector wave function ¥/,
according to

D" =0,y" +T y" v =0123.
“

where '/ is the Levy-Civita connection. After introducing

the metric depended V4 -matrices,
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V4 0 =e¢" B,y F=e™ po’ | satisfying the anti-commutation

relation
Hov VoM MY
vy vy =8
®)
with the following components of the metric tensor
3% 0 —2u

0 o kk 0k .
gig  =e",g" =", g =0, we can rewrite the

Dirac equation (3) in the covariant form [2]
(=ihy“D,+mc)y =0
(6)
where —ihDyy = —iho,y = Ey .
In the next Section, we shall try to solve (3) for discrete
energy levels.

II. EIGENVALUE PROBLEM

It is not difficult to see that the equation (3) can be put in the
standard form of two coupled first order differential

equations (Ai=c=1)

F'(r) +F111F(r) +e"? x F(r)=(e"m, —e™E)G(r),
r

G +T2G(r) - K7L G(r) = (' my + e EYF ()
r

®)
where K = j+1/2. In deriving the equations (7,8), we have
used the standard decomposition of the wave function

w' =(F Y;m ,iGY,, )/r with the following properties
j j
BEAL, + My = —xy,
* _ _yF
O-r)/j/mj - lemj

where IX =a X and O, =0 -F/r are operators and

acting only on the angular momentum parts of the wave
function. We note that isotropic spacetime metric has
modified mass and energy of the Dirac particles, making the
eigenvalue problem particularly difficult to solve.

The eigenvalue problem is then reduced to solving the two
algebraic equation for § and E as a function of the radial

quantum number 7 under condition that s > 0.
In a curved spacetime background is given by [2]

(—=iy" (X)D,, +mc)y(x) =0
(11)

In the equations (7) i (8), we expand exponential functions
into the power series of R/r keeping the same powers of
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1/r onboth sides of the equations. By neglecting all terms of By Comparing the coefficient for 1 = n' we get:
order higher then 1/r we obtain:
a’=m; - E’

. K R .
a(F(p)+ ; F(p))=(my—E+ a;(mo —2E)G(p) By equating the coefficients of p ~ and p "'

(12) we obtain the following system of two equations:

2
1
R(m} —4E2)—(s+5j +J?=0
. xK—1 R
alG(p)-""=G(p) = (my + E+a—(m, +2E) F(p)
p p
13 |
(13 R(m§—2E2)+a(s+n +5]:0
We assume that the regular solution at ¥ =0 and at
=« A‘Of_p (2,13), s _gf the  form By eliminating s from (15) and (16) and using (14)
F(p)=pe’”A(p)G(p)=p'e”B,(p) , where we obtain a two cubic equations in the variables & and f

p=ar and A, ,B, are two n-th order polynomials: 1 1
0{2=m§—E2 , P=s+—, f>—

A=) ap" ad B.=3 bp' 2 2

n

where a . #0,b. #0
4Rn'a3+(m§R2+J2—n'2)a2—2n'm§Ra—m3R2 =0 17)

2nvﬂ3 +(ng2 +J? +nv2)ﬂ2 +2n'(3m§R2 —JZ)ﬂ-I— (.’améR2 ~Jn’ —(méR2 -7’ =0

According to a Theorem [3] : The polynomial p has exactly m( <n) distinct zeroes, all of which are real, if and only if
6,(p)>0,6,(p)>0....., 5,, ,(p)>0

and 6,(p)=0,j>2m

where for p = a,z" +a,z"" +...+a, ,5,(p) is the j-th principal minor of the matrix:

na, (n-a, (n-1a, ... a,, 0 0 0

a, a, a, e Q. a, 0 0

0 na, (n-Da, ... 2a,, a, 0 0O

0 a, a, e Q, , a, 0 O

D, (p)=| 0 0 na, ... 3a,, 2a, , 0 0
0 0 a a, 3 a, 0 0

0 0 0 na, (n—-1aq, . 0

0 0 a, a, a,, a,

n=3 and m=1
f(2)=a,2’ +a,z" +a,z+a,
0 :
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D,(p) =

3a, 2a, a, O 0 0

a, a, a, a, 0

Q
S5}
Q
w2
S © O O

8,(p) =3a, > 0,8,(p) = a,ay,.... (p) = 2a,(a; —3a,a, ), 5(p) = discrim(p)

Discriminant of the equation (17) is equal to

A=4m R*[(J° +(BmiR> —2n*)J* + 3R my + 2R°n’my +n>)J> + R’m; (R*my —=3n* =74 R’n’m,)]

: 1
Incase n =0, J = — we have

A= i4(4R2m§ +1’ >0, mR>> %: 3 one real solution

Forn =1, J:%,m§R2>6,75,

1

A= T R’my (64R°mS —4688R*my +332R’m; +9)> 0

In interval (6.75,73,179) 3 3 real solutions. Out of interval exists only one solution.

Forn =2, J:%, myR* > 18,88

A= % R*mg (64(Rmy)° —18896(Rm,)* —1012(Rm,)” +225)> 0

In interval (18.88,2953) 3 3 real solutions. Out of interval exists only one solution.

III. CONCLUSION

In this paper we have studied the eigenvalue problem of the
Dirac Hamiltonian in a singular spacetime background. From
the mathematical point of view the problem is presently
unsolvable except in an approximate way when R <<r.In
this case the eigenvalue problem is reduced to solving the
bicubic algebraic equations in the energy variable. We have

found that bound states depend crucially on the Rmy,

product. We have also found the region where exists three
real solutions for the first bound state level for which we do
not have a clear physical interpretation.
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