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Abstract: 0DQ\�UHVHDUFKHV�UHYHDOHG�WKDW�PDQ\�VWXGHQWV�KDYH�GLI¿FXOWLHV�LQ�FRQVWUXFWLQJ�SURRIV��%DVHG�

RQ�RXU�HPSLULFDO�GDWD��ZH�GHYHORS�D�TXDGUDQW�PRGHO�WR�GHVFULEH�VWXGHQWV¶�FODVVL¿FDWLRQ�RI�SURRI�UHVXOW��

7KH�TXDGUDQW�PRGHO�FODVVL¿HV�D�VWXGHQWV¶�SURRI�FRQVWUXFWLRQ�EDVHG�RQ�WKH�UHVXOW�RI�PDWKHPDWLFDO�WKLQNLQJ��

The aim of this article is to describe a students’ comprehension of proof based on the quadrant model in 

order to give appropriate suggested learning. The research is an explorative research and was conducted 

RQ����VWXGHQWV�PDMRUHG�LQ�PDWKHPDWLFV�HGXFDWLRQ�LQ�SXEOLF�XQLYHUVLW\�LQ�%DQWHQ�SURYLQFH��,QGRQHVLD��

7KH�PDLQ�LQVWUXPHQW�LQ�H[SORUDWLYH�UHVHDUFK�ZDV�UHVHDUFKHU�LWVHOI��7KH�VXSSRUW�LQVWUXPHQWV�DUH�SURYLQJ�

task and interview guides. These instruments were validated from two lecturers in order to guarantee 

the quality of instruments.Based on the results, some appropriate learning activities should be designed 

WR�VXSSRUW�WKH�VWXGHQWV¶�FKDUDFWHULVWLFV�IURP�HDFK�TXDGUDQW��L�H��D�KHUPHQHXWLFV�DSSURDFK��XVLQJ�WKH�WZR�

FROXPQ�IRUP�PHWKRG��OHDUQLQJ�XVLQJ�ZRUNHG�H[DPSOH��RU�XVLQJ�VWUXFWXUDO�PHWKRG�

Keywords: proof, proving learning, undergraduate, quadrant model

MEMAHAMI STRATEGI PENGAJARAN PEMBUKTIAN MATEMATIS 

DI PERGURUAN TINGGI

Abstrak: Banyak peneliti pendidikan matematika menyatakan bahwa siswa mengalami kesulitan 

dalam mengonstruksi bukti. Berdasarkan kajian empiris, penulis membangun suatu model kuadran 

untuk mendeskripsikan kategori konstruksi bukti yang dibangun siswa. Model kuadran tersebut 

PHQJNODVL¿NDVLNDQ� NRQVWUXNVL� EXNWL� EHUGDVDUNDQ� FDUD� EHUSLNLU�PDWHPDWLV� VDLZD��$GDSXQ� WXMXDQ� GDUL�

artikel ini ialah mendeskripsikan pemahaman siswa dalam mengonstruksi bukti berdasarkan model 

kuadran serta memberikan saran strategi pembelajarannya. Penelitian ini merupakan penelitian eksploratif 

\DQJ�PHOLEDWNDQ� ���PDKDVLVZD� -XUXVDQ� 3HQGLGLNDQ�0DWHPDWLND� SDGD� XQLYHUVLWDV� QHJHUL� GL� 3URYLQVL�

Banten. Instrumen utama dalam penelitian eksploratif adalah peneliti sendiri. Instrumen pendukungnya 

ialah tugas pembuktian matematis dan panduan wawancara. Kedua instrumen pendukung tersebut telah 

divalidasi untuk menjamin kualitas instrumen yang digunakan. Hasil penelitian ini memberikan saran 

terkait aktivitas pembelajaran yang seharusnya dilakukan oleh pengajar agar sesuai dengan karakteristik 

EHUSLNLU� VLVZD� GDODP� PHQJRQVWUXNVL� EXNWL� SDGD� PDVLQJ�PDVLQJ� NXDGUDQ�� PLVDOQ\D� �� SHQGHNDWDQ�

KHXUPHQLVWLN��PHQJJXQDNDQ�PHWRGH�GXD�NRORP��SHPEHODMDUDQ�ZRUNHG�H[DPSOH�DWDXSXQ�PHQJJXQDNDQ�

metode terstruktur.

Kata Kunci: bukti, pengajaran bukti, mahasiswa, model kuadran

INTRODUCTION

Proof and proving in mathematics 

education are an important part of mathematics, 

as a pillar of the mathematics building. 

Therefore, mathematics education especially in 

mathematics learning in university emphasizes 

the constructing of mathematical proof. Students 

who enter college level should develop a formal 

mathematical knowledge. 

Many researchers have investigated about 

mathematical proving and its learning. Some 

researchers wrote about students’ proof schemes 

IRU�PDWKHPDWLFDO�SURYLQJ��,DQQRQH��,QJOLV��0HMtD�

5DPRV�� 6LPSVRQ�� 	�:HEHU�� ������ /HH�� ������

6\DPVXUL�	�6DQWRVD�� �������$QG� DQRWKHU� RQHV�

wrote about thinking process in proof production 

�:HEHU�	�$OFRFN��������6HDQ�/DUVHQ�	�=DQGLHK��

������6W\OLDQLGHV�	�6W\OLDQLGHV��������6\DPVXUL��

3XUZDQWR�� 6XEDQML�� 	� ,UDZDWL�� ������ DQG� LWV�
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PDWHULDO�OHDUQLQJ��)DGLOODK�	�-DPLODK���������,W�

is indicated that teaching mathematical proof is 

important in mathematics education.

Students are introduced to formal proof in 

the study of mathematics at university. Formal 

SURRI�DV�D�SURFHVV�EHJLQV�IURP�H[SOLFLW�TXDQWL¿HG�

GH¿QLWLRQV� DQG� GHGXFHV� WKDW� RWKHU� SURSHUWLHV�

KROG� DV� D� FRQVHTXHQFH� �7DOO� HW� DO��� �������

Learning how to construct formal proof is given 

WR� PDNH� VHQVH� D� IRUPDO� GH¿QLWLRQ� WKDW� FDQ� EH�

used in building the basis of deduction theorem. 

It is indicated that undergraduate students must 

develop their mathematics knowledge formally. 

A formal proof is based on rigorous logic and 

can be communicated like a discussion of 

PDWKHPDWLFLDQV� RQ� VFLHQWL¿F� IRUXP��7KHUHIRUH��

undergraduate students need proving exercises 

so that they will able to understand a formal 

mathematics structure.

The process of proving a mathematical 

proposition is a sequence of mental and physical 

actions, such as writing, thinking tobegin the 

SURRI�� GUDZ� GLDJUDPV�� WR� UHÀHFW� RQ� SUHYLRXV�

actions or trying to remember the example. The 

process of proof formation of a theorem of or 

statement is more complex than the proof itself 

�6HOGHQ�	�6HOGHQ���������7KHUHIRUH�� WHDFKHU� LV�

needed for facilitating in learning mathematics 

thus facilitate students in mathematical proofs. 

In mathematics, one of the teachers’aid to help 

the students in order to make it easy to perform 

mathematical proofs is to make it into a tangible 

SURRI� �6RZGHU� 	� +DUHO�� ������� 6R�� WHDFKLQJ�

assistance on mathematical proof to the students 

can be done gradually and trying to create proof 

into something tangible.

Many researches revealed that many 

VWXGHQWV�KDYH�GLI¿FXOWLHV�LQ�FRQVWUXFWLQJ�SURRIV�

�0RRUH��������%DNHU�	�&DPSEHOO��������:HEHU��

�������0RRUH�VWDWHG�WKDW�WKHUH�DUH���GLI¿FXOWLHV�

LQ�PDWKHPDWLFDO�SURYLQJ��L�H���WKH�VWXGHQWV�����GLG�

QRW�NQRZ�WKH�GH¿QLWLRQV������KDG�OLWWOH�LQWXLWLYH�

XQGHUVWDQGLQJ�RI�WKH�FRQFHSWV������KDG�LQDGHTXDWH�

FRQFHSW� LPDJHV� IRU� GRLQJ� WKH� SURRIV�� ����ZHUH�

unable, or unwilling, to generate and use their 

RZQ� H[DPSOHV�� ���� ZHUH� XQDEOH� WR� XQGHUVWDQG�

DQG�XVH�PDWKHPDWLFDO�ODQJXDJH�DQG�QRWDWLRQ������

GLG� QRW� NQRZ� KRZ� WR� XVH� GH¿QLWLRQV� WR� REWDLQ�

WKH� RYHUDOO� VWUXFWXUH� RI� SURRIV�� DQG� ���� GLG� QRW�

know how to begin proofs. Meanwhile, Baker 

DQG� &DPSEHOO� ������� H[SODLQHG� WKDW� VWXGHQWV¶�

GLI¿FXOWLHV� LQ� SURYLQJ� ZHUH� FDXVHG� E\� VRPH�

IDFWRUV�� L�H��� ����XQGHUVWDQGLQJ�RI� WKH� UXOHV� DQG�

QDWXUH� RI� SURRI�� ���� FRQFHSWXDO� XQGHUVWDQGLQJ��

���� SURRI� WHFKQLTXHV� DQG� VWUDWHJLHV�� DQG� ����

FRJQLWLYH� ORDG�� ,Q� DGGLWLRQ�� :HEHU� �������

DVVHUWHG� WKDW�� ���� VWXGHQWV¶� GLI¿FXOWLHV� LQFOXGHG�

their misunderstanding of a theorem or a concept 

DQG� PLVDSSO\LQJ� LW�� ���� VWXGHQWV¶� LQDGHTXDWH�

conception knowledge about mathematical 

SURRI��DQG�����VWXGHQWV¶�LQDGHTXDF\�LQ�GHYHORSLQJ�

VWUDWHJLHV�IRU�SURRI��7KHUHIRUH��WKH�GLI¿FXOWLHV�WKDW�

students face consist of uncompleted conceptual 

understanding and incorrect proving strategy.

Another research was revealed a proof 

assessment instruments. Andrew created 

7KH� 3URRI� (UURU� (YDOXDWLRQ� 7RROV� �3((7�� WR�

assess a students’ proof. A PEET consists of 

proof structure and conceptual understanding 

�$QGUHZ�� �������$QG� DOVR��0HMLD�5DPRV� HW� DO��

�������GHYHORSHG�DQ�DVVHVVPHQW�PRGHO�IRU�SURRI�

comprehension in undergraduate mathematics. 

They stated that the model described ways to 

assess students’ understanding of seven different 

DVSHFWV�RI�D�SURRI��7KHVH�W\SHV�RI�DVVHVVPHQW�DUH��

����0HDQLQJ�RI�WHUPV�DQG�VWDWHPHQWV������/RJLFDO�

VWDWXV� RI� VWDWHPHQWV� DQG� SURRI� IUDPHZRUN�� ����

-XVWL¿FDWLRQ� RI� FODLPV�� ���� 6XPPDUL]LQJ� YLD�

KLJK�OHYHO� LGHDV�� ���� ,GHQWLI\LQJ� WKH� PRGXODU�

VWUXFWXUH�� ����7UDQVIHUULQJ� WKH� JHQHUDO� LGHDV� RU�

PHWKRGV�WR�DQRWKHU�FRQWH[W��DQG�����,OOXVWUDWLQJ�

with examples. Therefore, the assessment 

consists of conceptual understanding and 

proving strategy. Based on our empirical data, we 

develop a quadrant model to describe students’ 

FODVVL¿FDWLRQ� RI� SURRI� SURGXFWLRQ�� )LJXUH� ��

describes the quadrant model.

7KH� TXDGUDQW� PRGHO� FODVVL¿HV� D�

students’ proof construction based on result of 

mathematical thinking. Therefore, investigation 

of thinking process or outcome of thinking 

process is necessary for selecting an appropriate 

learning strategies. Many prior researches 

revealed outcome thinking process about proof 

construction. For instance, a students have 

GLI¿FXOWLHV�LQ�SURRI�FRQVWUXFWLRQ��0RRUH��������

*LEVRQ��������%DNHU�	�&DPSEHOO��������:HEHU��

������ DQG� VR� VWXGHQWV� PDGH� HUURUV� LQ� SURRI�

FRQVWUXFWLRQ� �6HOGHQ� 	� 6HOGHQ�� ������ 6RZGHU�

	� +DUHO�� ������� 1HYHUWKHOHVV�� UHVHDUFKHV�

which reveal mental structures and mental 

mechanisms are rarely found. Whereas knowing 

students’ thinking process that consisting of 

both mental structures and mental mechanisms 
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can help teachers or lecturers in order to give an 

appropriate learning assistance. Some suitable 

learning activities should be designed to support 

the construction of this thinking process. In 

addition, if students’ thinking process is incorrect, 

WKHQ�UH¿QHPHQW�WKLQNLQJ�SURFHVV�FDQ�EH�HDV\�LQ�

order to it does not occur in next learning.

In this article, we will describe a students’ 

comprehension of proof based on quadrant 

model in Figure 1. 

RESEARCH METHOD

Participants

7KH�UHVHDUFK�ZDV�FRQGXFWHG�RQ����VWXGHQWV�

majored in mathematics education in public 

university  at Banten province, Indonesia. The 

consideration of that was because the students 

were able to think a formal proof in mathematics. 

And also, the students are more easily managed 

by the researcher to follow the procedures 

empirically planned, so that the data obtained is 

D�VWXGHQWV¶�DFWXDO�RI�UHÀHFWLRQ�WKLQNLQJ�*LYLQJ�D�

SURYLQJ�TXHVWLRQ�LQ�WKH�EHJLQQLQJ��DLP�WR�VHOHFW�

students who will be the subjects, which further 

deepened with the interview. The diagram of 

VHOHFWLQJ�UHVHDUFK�VXEMHFW�LV�)LJXUH���

Instruments

The main instrument in explorative 

research was researcher itself. The support 

LQVWUXPHQWV� DUH� SURYLQJ�WDVN� DQG� LQWHUYLHZ�

guides. These instruments were evaluated and 

validated from two lecturers in order to guarantee 

the quality of instruments. The interview is open 

and it’s needed to reveal students’ response about 

proof comprehension. Procedures to obtain data 

DUH����VXEMHFW�LV�JLYHQ�WKH�WDVN�SURYLQJ�DQG�DVNHG�

KLP�KHU� WR�DFFRPSOLVK� WKH� WDVN�E\� WKLQN�DORXG��

$QG� WKHQ� ��� VXEMHFW� LV� LQWHUYLHZHG� EDVHG� RQ�

WKH�WDVN��7KHUHIRUH�� WKH� VFUDWFK�RI�SURYLQJ�WDVN�

and transcript of the interview is obtained. The 

SURYLQJ�WDVN�LV�LQ�WKH�IROORZLQJ�

3URYH��)RU�DQ\�SRVLWLYH�LQWHJHU�m&n, if m� 

and n��DUH�GLYLVLEOH�E\���� WKHQ�m+n is divisible 

E\���

We used this task because some methods 

FDQ� EH� XVHG� IRU� VROYLQJ�� L�H��� GLUHFW� SURRI��

contradiction, and contrapositive. Besides, we 

would like to test students’ comprehension about 

mathematical induction method, because some 

students have an opinion that using mathematical 

induction to prove a number which is “divisible 

E\��´�

The interview guides is created for 

FRQ¿UPDWLRQ� DQG� FODUL¿FDWLRQ� DERXW� VWXGHQWV¶�

SURRI� FRPSUHKHQVLRQ�� $FFRUGLQJ� WR� 0HMLD�

5DPRV� HW� DO�� �������ZH� FRPSLOH� WKH� LQWHUYLHZ�

TXHVWLRQV��L�H�������:KDW�PDWKHPDWLFDO�FRQFHSWV�

WKDW� DUH� XVHG� LQ� WKH� SURYLQJ� WDVN"�([SODLQ�� ����

+RZ� GR� \RX� DFFRPSOLVK� WKH� WDVN"� ���� :K\�

GR�\RX�DUJXH�ZLWK� WKLV�VWHS"�� ����:KDW� � � LV� WKH�

ELJ� LGHD� LQ� \RXU� SURRI� FRQVWUXFWLRQ"�� ����:KDW��

mathematical proposition that supports your 

SURRI�FRQVWUXFWLRQ"������:RXOG�\RX�OLNH�WR�JLYH�

DQ�H[DPSOH�RI� WKH� WDVN"��DQG����� ,Q� WKH� WDVN�� LI�

QXPEHU� ³�´� LV� UHSODFHG� E\� ³�´�� ZKDW� LV� \RXU�

opinion?

Figure 1. Quadrant model of students formal-proof construction 
(Syamsuri, Purwanto, Subanji, & Irawati, 2016)
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Figure 2 - Process of selecting subject

RESULTS AND ANALYSIS

Results

The following  are the description of the 

data of the failures experienced by students. The 

tool used in the evaluation of the proofs was the 

(UURU�3URRI�(YDOXDWLRQ�7RROV��3((7��GHYHORSHG�

E\�$QGUHZ��������

The most frequent errors were an error 

in claiming a statement, the error in making a 

statement, and one in choosing a proof type. 

Errors in claims occurred at the beginning of 

proof by stating n�� ���a��, with a is an integer. 

The error in choosing a proof type was by 

choosing an incorrect method.

Based on PEET results, students’ response 

FDQ� EH� IXUWKHU� FODVVL¿HG� LQWR� WKUHH� FDWHJRULHV��

First, there are 6 students who are wrong in 

extracting a concept so become wrong in 

H[SUHVVLQJ�IRUPDO�SURRI��FRUUHVSRQGLQJ�WR�8����

DQG�8����RQ�7DEOH���DQG�����6HFRQGO\��DV�PDQ\�DV�

10 students less likely to complete in deepening 

the concept, so there is a missing piece of concept 

�FRUUHVSRQGLQJ�WR�6���6���8�����8����DQG�8����

RQ�7DEOH���DQG�����)LQDOO\�� WKHUH�DUH���VWXGHQWV��

who committed errors in selecting methods of 

SURRI� LQ� WKH� LQLWLDO� VWDJH� RI� ORJLF� YHUL¿FDWLRQ�

�FRUUHVSRQGLQJ� WR�6�����6���DQG�6����RQ�7DEOH�

�� DQG� ���� 7KHUHIRUH�� RI� WKH� ��� VWXGHQWV� ZKR�

were given the task of mathematical proof, there 

ZHUH� �� VWXGHQWV�� �� VWXGHQWV�� ��� VWXGHQWV� DQG� ��

students in Quadrant I, Quadrant II, Quadrant III 

and Quadrant IV, respectively. We will describe 

FKDUDFWHULVWLFV�RI�SURRI�FRPSUHKHQVLRQ�RI�6���6���

6���DQG�6��DV�VXEMHFWV�LQ�4XDGUDQW�,��4XDGUDQW�

II, Quadrant III and Quadrant IV, respectively. 

The students’ proof construction is below.

Understanding on Strategies of Teaching Mathematical Proof for Undergraduate Students
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Students’ proof construction depends 

on their understanding about the proving task. 

A different proof construction among students  

indicated that the understanding of proof is 

different too. Subject S1 knew how to begin the 

proof. And also, he could connect to appropriate 

PDWKHPDWLFDO� FRQFHSWV� ZHOO�� 6XEMHFW� 6�� NQHZ�

how to begin the proof, but he  fails in connecting 

PDWKHPDWLFDO� FRQFHSW�� 6XEMHFW� 6�� GLGQ¶W� NQRZ�

how to begin the proof, and so she solves the 

proving task using inductive reasoning. Subject 

6��GLGQ¶W�NQRZ�KRZ�WR�EHJLQ�WKH�SURRI��DQG�VR�VKH��

fails in beginning a proof. Therefore, we suggest 

that the proof comprehension of these students 

Table 1. Students’ error on proof-structure (S) in constructing formal proof

No
Element of Proof 

Structure
Component Descriptions

Number of Students 

who made error

1 Proof setup
6���,QWURGXFHG�YDULDEOHV�ZLWKRXW�GH¿QLQJ�WKHP�RU�SHUIRUPHG�RSHUDWLRQV�

WKDW�ZHUH�XQGH¿QHG�

�

S1. The approach taken in proving a statement will not work. 10

6���7KH�SURRI�ZDV�WR�EH�FRPSOHWHG�XVLQJ�D�VSHFL¿F�PHWKRG��EXW�WKLV�

method was not used.

10

� Assumption 6���0DGH�D�IDOVH�DVVXPSWLRQ�VRPHZKHUH�LQ�WKH�SURRI� ��

� Linear/sequential 

order

6���'LGQ¶W�SURFHHG�WKURXJK�WKH�SURRI�LQ�D�OLQHDU�IDVKLRQ��DQG�LGHDV�

were not in logical order.

10

� Stray details/ 

conciseness

6���7KH�SURRI�FRQWDLQHG�H[WUDQHRXV�GHWDLOV�RU�VWHSV�WKDW�GLG�QRW�UHDOO\�

contribute to the proof.

6

6���7KH�OHQJWK�RI�WKH�SURRI�ZDV�XQQHFHVVDULO\�ORQJ�DQG�WKXV�H[WUHPHO\�

GLI¿FXOW�WR�IROORZ�

�

� Neat presentation 6���7KH�ZULWH�XS�ZDV� LOOHJLEOH� DW� WLPHV��PDNLQJ� LW� GLI¿FXOW� WR� UHDG�

and/or understand.

0

6 Technology’s place 6���5HOLHG�WRR�PXFK�RQ�FDOFXODWRU�RU�FRPSXWHU�JHQHUDWHG�LQIRUPDWLRQ�

in one step of the proof.

0

7 Proof type S7. Needed to show p Æ�T�EXW�GLG�QRW�VKRZ�GLUHFWO\��RU�E\��T�Æ�S��

or by contradiction

��

S7. Only gave an example to establish the truth of a mathematical 

statement.

10

� Correct use of 

symbols/notation

6���8VHG�QRQVWDQGDUG�RU�FRQIXVLQJ�QRWDWLRQ�
0

Table 2. Students’ error on conceptual-understanding (U) in constructing formal proof

No

Element of 

Mathematical 

Concept

Component Descriptions
Number of Students 

who made error

1 6XI¿FLHQW�GHWDLOV 8���:URWH�D�VWDWHPHQW�WKDW�ZDV�QRW�MXVWL¿HG��H[SODLQHG��RU�YHUL¿HG� 10

� Clarity 8���:URWH�D�VWDWHPHQW�RU�SDUDJUDSK�WKDW�ZDV�DPELJXRXV��FRQIXVLQJ��

and/or unnecessarily complex.

�

� Pictures in the proof 8���)DLOHG�WR�LQFOXGH�DQ�LOOXVWUDWLYH�SLFWXUH�WKDW�ZRXOG�PDNH�WKH�

proof easier to understand.

0

8���5HOLHG�WRR�PXFK�RQ�D�SLFWXUH�WR�SURYH�VRPHWKLQJ�ZDV�WUXH� 0

� Crucial step/main 

idea

8���'LG�QRW�VXI¿FLHQWO\�MXVWLI\�D�FUXFLDO�VWHS�LQ�WKH�SURRI� ��

8���$Q�HUURU�FDXVHG�LPSRUWDQW�SDUWV�RI�WKH�SURRI�WR�EH�OHIW�

unaddressed.
10

� Correct implications 

and statements

8���0DGH�D�IDOVH�VWDWHPHQW�RU�LQFRUUHFW�FRPSXWDWLRQ�LQ�WKH�SURRI� ��

8���,QFRUUHFWO\�FODLPHG�WKDW�RQH�VWDWHPHQW�LPSOLHG�RU�HTXDOHG�

another statement.
��

6 All cases present 8���,QFOXGHG�VRPH�FDVHV�EXW�QRW�RWKHUV��ZKLFK�ZHUH�QRW�WULYLDO�� 1
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Table 3. Students’ proof comprehension

No.

Component 

of Proof 

Comprehension 

Subject S1 6XEMHFW�6� 6XEMHFW�6� 6XEMHFW�6�

1 Logical status of 

statements and 

proof framework

Direct proof 

Using congruent 

modulo number

Direct proof 

Using congruent 

modulo number

Inductive reasoning Direct proof

Failure in beginning 

a proof

� -XVWL¿FDWLRQ�RI�

claims

&UHDWH���FRUUHFW�

claims

Create a correct claim 

and an incorrect 

claim

&UHDWH�RQO\�D�FODUL¿HG�

claim 

Create an incorrect 

claim in beginning 

proof

� Meaning of terms 

and statements

Integer��

quadratic number��

number that ��

GLYLVLEOH�E\���

congruent modulo ��

number

integer��

quadratic number��

number that ��

GLYLVLEOH�E\���

congruent modulo ��

number

integer��

number that ��

GLYLVLEOH�E\���

simple description ��

of concepts

integer��

number that ��

GLYLVLEOH�E\���

adequacy of ��

concept image

� Summarizing via 

KLJK�OHYHO�LGHDV

Showed that if ��

both m� and n� are 

GLYLVLEOH�E\���WKHQ�

m��n� is divisible 

E\��

Showed that if �� m��

n��LV�GLYLVLEOH�E\���

then (m+n��m�n��LV�

GLYLVLEOH�E\��

Showed that if ��

(m+n��m�n��LV�

GLYLVLEOH�E\���WKHQ�

m+n is divisible 

E\��

Showed that if ��

both m� and n� are 

GLYLVLEOH�E\���WKHQ�

m��n� is divisible 

E\��

Showed that if �� m��

n��LV�GLYLVLEOH�E\���

then (m+n��m�n��LV�

GLYLVLEOH�E\��

��

��

��

��

Not appeared��

��

��

��

��

��

��

��

��

��

��

��

��

'H¿QH�WKDW���� m �a

'H¿QH�WKDW���� n �a

9HUL¿HG�WKDW��� m� is 

GLYLVLEOH�E\��

9HUL¿HG�WKDW��� n� is 

GLYLVLEOH�E\��

9HUL¿HG�WKDW��� m+n 

LV�GLYLVLEOH�E\��

��

��

��

��

��

� Identifying the 

modular structure

There are some 

theorems

If a|b and a|c then ��

D_E�F��D_E�F

If c|ab then c|a or ��

c|b

Not appeared��

��

��

��

��

Not appeared Not appeared��

��

��

��

��

6 Illustrating with 

examples
Give an example ��

that  m� �� and 

n� ��

��

Failure in giving ��

DQ�H[DPSOH��m ��

and n ���EHFDXVH�

he believe that 

the proposition is 

incorrect

m��  ��DQG�n ���EXW�

she determined m 

and n before m� 

and n�.

��

She stated that ��

the proposition is 

incorrect because 

not all of  m� and n� 

LV�GLYLVLEOH�E\����

7 Transferring the 

general ideas 

or methods to 

another context

%HIRUH�UHÀHFWLYH�

thinking, he stated 

that “If both m� and n� 

DUH�GLYLVLEOH�E\���WKHQ�

m+n�LV�GLYLVLEOH�E\��´�

is correct proposition, 

nevertheless when 

asked to give an 

example, he gave

m ��DQG�n ��WKDW�LV�

D�FRXQWHU�H[DPSOH�

of the proposition. 

Immediately, S1 

aware a failure 

and stated that 

the proposition is 

incorrect

6��VWDWHG�WKDW�³,I�

both m� and n� are 

GLYLVLEOH�E\���WKHQ�

m+n is divisible 

E\��´�LV�LQFRUUHFW�

proposition, because 

the before proposition 

is incorrect. In 

DGGLWLRQ��6��WULHG�

m ��DQG�n ��WKDW�LV�

D�FRXQWHU�H[DPSOH�RI�

the proposition.

6��VWDWHG�WKDW�³,I�

both m� and n� are 

GLYLVLEOH�E\���WKHQ�

m+n�LV�GLYLVLEOH�E\��´�

is correct proposition. 

She argued using 

several example.

6��VWDWHG�WKDW�³,I�ERWK�

m� and n� are divisible 

E\���WKHQ�m+n is 

GLYLVLEOH�E\��´�LV�

incorrect proposition. 

She argued using 

incorrect reason. 

Understanding on Strategies of Teaching Mathematical Proof for Undergraduate Students



���

Cakrawala Pendidikan, Juni 2018, Th. XXXVII, No. 2

is different. Furthermore, the different proof 

FRPSUHKHQVLRQ� LQÀXHQFHV� D� OHDUQLQJ� VWUDWHJ\�

for students in order to afford a mathematics 

proving.

Characteristics of Proof Comprehension and 

Appropriate Learning in Quadrant I

Subject S1  has solved the proving task. 

He knew how to begin the proof. And also, he 

could connect it to appropriate mathematical 

FRQFHSWV�ZHOO��$FFRUGLQJ�WR�7DEOH����6XEMHFW�6��

FRXOG� FRQVWUXFW� D� SURRI� LQ� WKRXJKW�H[SHULPHQW�

OHYHO� �%DODFKHII�� �����9DUJKHVH�� ������ DQG�

WKRXJKW�OHYHO����9DQ�'RUPROHQ���������7KLV�OHYHO�

encouraged student to construct a proof using 

GH¿QLWLRQ�DQG�ULJRURXV�ORJLFV��:HEHU���������DQG�

also using deductive reasoning and symbolic. 

Therefore, according to the three worlds, the 

WKLQNLQJ�SURFHVV�RI�6��LV�LQ�D[LRPDWLF�V\PEROLF�

GHYHORSPHQW��7DOO��������

According to Table 1 above, characteristics 

of proof comprehension is a complete 

comprehension. It indicated that both a local 

SURRI� FRPSUHKHQVLRQ� �FRPSRQHQW� ����� DQG� D�

KROLVWLF� SURRI� FRPSUHKHQVLRQ� �FRPSRQHQW� ������

are complete. Therefore, Subject S1 was able 

to construct proof correctly. According to Polya 

�0HHO��������� WKLV�VWXGHQW¶V�XQGHUVWDQGLQJ�LV�DW�

intuitive level. It showed that in his mind, there 

are three worlds of knowledge in mathematical 

XQGHUVWDQGLQJ��L�H���DSSOLFDWLRQV��PHDQLQJV��DQG�

ORJLFDO�UHODWLRQVKLS��/HKPDQ���������0HDQZKLOH��

following Skemp’s understanding, Subject S1  

has a relational understanding. And so, type 

of understanding of the subject is inventing 

OD\HU� �3LULH�	�.LHUHQ�� ������� 7KHUHIRUH�� SURRI�

comprehension in this subject is called completed 

comprehension.

According to students’ characteristics in 

this quadrant, we suggest that all learning strategy 

is appropriate for students in the quadrant. 

Mathematics is not only a subject to be learned 

and taught, but it is to be produced. However, 

with hermeneutics, it would be easy to develop 

our own idea and produce mathematics. Thus, 

some appropriate learning strategies for students 

in this quadrant are hermeneutics approach. This 

was the best opportunity for students to learn 

from the pioneers how to develop a new idea and 

create something new. Only with hermeneutics, 

teaching and learning mathematics and also 

UHVHDUFK�LQ�PDWKHPDWLFV�FRXOG�EH�ÀRXULVKLQJ�DQG�

IUXLWIXO��'MDXKDUL��������

Characteristics of Proof Comprehension and 

Appropriate Learning in Quadrant II

6XEMHFW�6��NQHZ�KRZ�WR�EHJLQ�WKH�SURRI��

but he failed in connecting mathematical concept. 

$FFRUGLQJ�WR�7DEOH����6XEMHFW�6��FRXOG�FRQVWUXFW�

D�SURRI�LQ�WKRXJKW�H[SHULPHQW�OHYHO��%DODFKHII��

�����9DUJKHVH��������DQG�WKRXJKW�OHYHO����9DQ�

'RUPROHQ���������7KLV�OHYHO�HQFRXUDJHG�VWXGHQW�

WR�FRQVWUXFW�D�SURRI�XVLQJ�GH¿QLWLRQ�DQG�ULJRURXV�

logics and also using deductive reasoning and 

symbolic. 

$FFRUGLQJ� WR� 0RRUH�� 6XEMHFW� 6�� KDV�

GLI¿FXOW\� LQ� XQGHUVWDQGLQJ� D� FRQFHSW�� VR� KLV�

concept image is not enough for constructing 

D� SURRI� �0RRUH�� ������� )ROORZLQJ� *LEVRQ¶V�

VXJJHVWLRQ��6XEMHFW�6��KDV�VRPH��GLI¿FXOWLHV�LQ�

conceptual understanding, proof techniques and 

VWUDWHJLHV��$FFRUGLQJ�WR�:HEHU��������RSLQLRQ¶V��

6�¶V�GLI¿FXOWLHV�LQFOXGHG�WKHLU�PLVXQGHUVWDQGLQJ�

of a theorem or a concept and misapplying it 

and his inadequate conception knowledge about 

PDWKHPDWLFDO�SURRI��7KXV��6XEMHFW�6�¶V�IDXOW� LV�

in connecting mathematical concept.

According to Table 1 above, characteristics 

of proof comprehension is an uncompleted 

comprehension. It indicated that both a local 

SURRI� FRPSUHKHQVLRQ� �FRPSRQHQW� ����� DQG� D�

KROLVWLF� SURRI� FRPSUHKHQVLRQ� �FRPSRQHQW� ������

DUH�LQFRPSOHWH��$FFRUGLQJ�WR�3RO\D��0HHO���������

this student’s understanding is at rational level. 

Meanwhile, following Skemp’s understanding, 

W\SH�RI�XQGHUVWDQGLQJ�RI�6XEMHFW�6��LV�D�UHODWLRQDO�

XQGHUVWDQGLQJ��6NHPS���������:KHUHDV��DQRWKHU�

suggestion stated that type of understanding of 

the subject is layer observing (Pirie & Kieren, 

������� 7KHUHIRUH�� SURRI� FRPSUHKHQVLRQ� LQ� WKLV�

subject is called uncompleted comprehension.

We suggest that one of appropriate leaning 

IRU� WKLV�TXDGUDQW� LV�XVLQJ�WKH�WZR�FROXPQ�IRUP�

method. This method can play a dual role, so 

student can connect some mathematical concept 

easily. While in many cases teachers do use 

the form in a way that limits students ability to 

WKLQN�ÀH[LEO\�ZKHQ�IRUPXODWLQJ�DQ�DUJXPHQW��LQ�

other cases teachers can use the form in a way 

WKDW�HQDEOHV�JUHDWHU�ÀH[LELOLW\� LQ�UHDVRQLQJ�DQG�

SURYLQJ��:HLVV��+HUEVW��	�&KHQ��������

Besides, students’ characteristic is 

weak validation skill. It indicated that proof 

comprehension component of “transferring the 

general ideas or methods to another context” 

is a wrong validation. Finally, the students 



���

may not be able to distinguish proofs from 

supplementary or explanatory and so may not be 

able to distinguish proofs from supplementary 

or explanatory comments. It might be good 

to present material in a way that makes these 

comments. For example, explanations of 

GH¿QLWLRQV�� LOOXVWUDWLRQV� RI� UHOHYDQW� FRQFHSWV��

cautionary remarks, and even remarks of proofs, 

except those needed to organize their linear 

presentation and help readers with validation, 

might best be treated as annotations. This might 

simultaneously provide prototypical examples 

for enhancing students’ conceptions of proof and 

also encourage them to validate proofs carefully 

�6HOGHQ�	�6HOGHQ��������

Characteristics of Proof Comprehension and 

Appropriate Learning in Quadrant III

6XEMHFW� 6�� GLGQ¶W� NQRZ� KRZ� WR� EHJLQ�

WKH� SURRI�� $FFRUGLQJ� WR� 7DEOH� ��� 6XEMHFW� 6��

FRXOG� FRQVWUXFW� D� SURRI� LQ� QDwYH�HPSLULVP�

OHYHO� �%DODFKHII�� �����9DUJKHVH�� ������ DQG�

JURXQG�OHYHO��9DQ�'RUPROHQ���������7KLV� OHYHO�

encourage student to construct a proof using 

inductive reasoning. Therefore, according to 

7DOO��WKH��WKLQNLQJ�SURFHVV�RI�6��LV�LQ�HPERGLPHQW�

ZRUOG��7DOO���������

$FFRUGLQJ� WR� 0RRUH�� 6XEMHFW� 6�� KDV�

GLI¿FXOW\� LQ� XQGHUVWDQGLQJ� D� FRQFHSW�� VR� KLV�

concept image is not enough for constructing 

D� SURRI�� 6XEMHFW� 6�� KDV� D� � PLVXQGHUVWDQGLQJ��

a theorem or a concept and misapplying it 

�0RRUH�� ������� 6XEMHFW� 6�� KDV� D� GLI¿FXOW\� WR�

think deductive reasoning (Recio & Godino, 

�������$QG� VR�� WKHVH�GLI¿FXOWLHV� HQFRXUDJH�KHU�

to construct a proof using inductive reasoning.

According to Table 1 above, characteristics 

of proof comprehension is uncompleted 

comprehension. It indicated that both a local 

SURRI� FRPSUHKHQVLRQ� �FRPSRQHQW� ����� DQG� D�

KROLVWLF� SURRI� FRPSUHKHQVLRQ� �FRPSRQHQW� �����

are incomplete. According to Polya (Meel, 

�������WKLV�VWXGHQW¶V�XQGHUVWDQGLQJ�LV�DW�LQGXFWLYH�

level. Meanwhile, following Skemp’s term, type 

of understanding of Subject S1 is instrumental 

XQGHUVWDQGLQJ��6NHPS���������:KHUHDV��DQRWKHU�

suggestion stated that type of understanding of 

the subject is layer image having (Pirie & Kieren, 

��������7KHUHIRUH��WKH�SURRI�FRPSUHKHQVLRQ�LQ�WKLV�

subject is called uncompleted comprehension.

The students’ characteristics have no 

SURRI�VWUXFWXUH��DQG�DOVR�KDYH�D�OLWWOH�FRQFHSWXDO�

understanding. One of learning strategies for 

this quadrant is asking a generate example. 

Many mathematics education researchers have 

suggested that asking learners to generate 

examples of mathematical concepts is an 

effective way of learning about novel concept 

�,DQQRQH�HW�DO���������

Of course, the students need assistance 

WR� UH¿QH� D� SURRI�VWUXFWXUH� DQG� FRQFHSWXDO�

understanding about proposition. Another 

PHWKRG� LV� OHDUQLQJ� XVLQJ� ZRUNHG�H[DPSOH��

�5HWQRZDWL��$\UHV��	�6ZHOOHU��������0DUJXOLHX[�

	� &DWUDPERQH�� ������ 0F/DUHQ�� 9DQ� *RJ��

*DQRH�� .DUDELQRV�� 	� <DURQ�� �����DQG� ZKDW�

NLQG�RI�DVVLVWDQFH�WR�SURYLGH��LV�D�PXFK�GHEDWHG�

problem in research on learning and instruction. 

7KLV�VWXG\�SUHVHQWV�WZR�PXOWL�VHVVLRQ�FODVVURRP�

experiments in the domain of chemistry, 

FRPSDULQJ� WKH� HIIHFWLYHQHVV� DQG� HI¿FLHQF\�

RI� WKUHH� KLJK�DVVLVWDQFH� �ZRUNHG� H[DPSOHV��

tutored problems, and erroneous examples. 

Weber stated that proving is a problem solving 

DFWLYLW\��:HEHU���������$FFRUGLQJ�WR�5HWQRZDWL�

et al. that students could understand the material 

more easily using worked examples than when 

solving problems. And also, Margulieux and 

&DWUDPERQH� VWDWHG� WKDW� ZRUNHG�H[DPSOH� DV�

guided instruction is important for novices 

because it helps them to organize and use new 

information more effectively. The students who 

are unable to construct a formal proof are novice 

VWXGHQWV�� :RUNHG�H[DPSOH� LV� H[DPSOH� KRZ� WR�

proving a proposition, and involved arguments in 

HYHU\�VWHS��:RUNHG�H[DPSOH�FDQ�UH¿QH�VWXGHQWV¶�

NQRZOHGJH�����KRZ�WR�EHJLQ�D�SURRI�����KRZ�WR�

XQGHUVWDQG� DERXW� HQG�RI�SURRI�� ��� KRZ� WR�JLYH�

DUJXPHQWDWLRQ�IRU�HDFK�VWHS��DQG����KRZ�WR�VHOHFW�

PDWKHPDWLFDO�FRQFHSW� �QHHGHG��3RLQW����DQG����

UHODWHG� WR� UH¿QH� SURRI�VWUXFWXUH�� LQ� DGGLWLRQ�

SRLQW� ��� DQG� ��� UHODWHG� WR� UH¿QH� D� FRQFHSWXDO�

understanding. Therefore, we suggest that the 

proving process will be generated through this 

method. 

Characteristics of Proof Comprehension and 

Appropriate Learning in Quadrant IV

6XEMHFW� 6�� GLGQ¶W� NQRZ� KRZ� WR� EHJLQ�

the proof, so she failed  in beginning a proof. 

$FFRUGLQJ�WR�7DEOH����6XEMHFW�6��FRXOG�FRQVWUXFW�

D�SURRI�LQ�WKRXJKW�H[SHULPHQW�OHYHO��%DODFKHII��

�����9DUJKHVH��������DQG�WKRXJKW�OHYHO����9DQ�

'RUPROHQ���������7KLV� OHYHO�HQFRXUDJH�VWXGHQW�

Understanding on Strategies of Teaching Mathematical Proof for Undergraduate Students
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WR� FRQVWUXFW� D� SURRI� XVLQJ� GH¿QLWLRQ� DQG� DOVR�

using deductive reasoning. Therefore, according 

WR�7DOO��WKH�WKLQNLQJ�SURFHVV�RI�6��LV�LQ�D[LRPDWLF�

V\PEROLF�GHYHORSPHQW��7DOO��������

$FFRUGLQJ� WR�0RRUH��6XEMHFW�6��GLG�QRW�

NQRZ�KRZ�WR�XVH�GH¿QLWLRQV�WR�REWDLQ�WKH�RYHUDOO�

VWUXFWXUH� RI� SURRIV� �0RRUH�� ������� )ROORZLQJ�

*LEVRQ¶V�VXJJHVWLRQ��6XEMHFW�6��KDV�GLI¿FXOWLHV�

in conceptual understanding and proof techniques 

DQG� VWUDWHJLHV�� $FFRUGLQJ� WR� �:HEHU�� ������

:HEHU¶V� RSLQLRQ��6�¶�GLI¿FXOWLHV� LQFOXGHG� WKHLU�

misunderstanding of a theorem or a concept and 

misapplying it and his inadequate conception 

knowledge about mathematical proof. Therefore, 

6XEMHFW�6��IDLOHG��LQ�EHJLQQLQJ�D�SURRI�

According to Table 1 above, characteristics 

of proof comprehension is uncompleted 

comprehension. It indicated that both a local 

SURRI� FRPSUHKHQVLRQ� �FRPSRQHQW� ����� DQG�

a holistic proof comprehension (component 

������DUH�LQFRPSOHWH��$FFRUGLQJ�WR�3RO\D�0HHO��

������� VWXGHQW¶V� XQGHUVWDQGLQJ� LV� DW� UDWLRQDO�

level. Meanwhile, following Skemp’s term, 

type of understanding of Subject S1 is relational 

understanding. Whereas, following other 

theory about understanding stated that type 

of understanding of the subject is formalizing 

OD\HU� �3LULH� 	� .LHUHQ�� ������� 7KHUHIRUH��

proof comprehension in this subject is called 

uncompleted comprehension.

7KH�VWXGHQWV¶�FKDUDFWHULVWLFV�KDYH�QR�SURRI�

structure, so that she/he failed  in beginning a 

proof. One of learning strategies for this quadrant 

is structural method. Among attempts to improve 

students’ proof comprehension  in constructing a 

SURRI��RQH�FDQ�GLVWLQJXLVK�WZR�EURDG�DSSURDFKHV��

�D�� FKDQJLQJ� WKH� SUHVHQWDWLRQ� RI� WKH� SURRI� DQG�

�E�� FKDQJLQJ� WKH� ZD\� D� VWXGHQW� HQJDJHV� ZLWK�

LW� �/HURQ�� ������� 7KH� DLP� RI� FKDQJLQJ� WKH�

presentation is to make it easier in understanding 

SURRI�VWUXFWXUH��$�VWUXFWXUHG�SURRI�LV�DUUDQJHG�LQ�

levels, with the main ideas and approach given 

at the top level and subsequent levels giving 

GHWDLOV�DQG�MXVWL¿FDWLRQV�RI�HDFK�RI�WKH�VWHSV�LQ�

the preceding levels.

When the presentation is changed, 

explanations  must be provided by the instructor. 

The explanations can help students who construct 

LQFRUUHFW�SURRI� WR�XQGHUVWDQG�KRZ�FRQVWUXFWLQJ�

FRUUHFW�SURRI�� ,Q� WHUPV�RI�0HMtD�5DPRV�HW�DO�¶V�

framework, a structured proof is designed to 

IDFLOLWDWH� XQGHUVWDQGLQJ� KLJKHU�OHYHO� LGHDV� DQG�

identifying modular structure, though it does so 

at the expense of separating some claims from 

their supporting data and warrant. These changes 

DUH�UHÀHFWHG�LQ�HPSLULFDO�UHVHDUFK�RQ�WKH�HI¿FDF\�

of structured proofs. Fuller et al. found that, 

compared to those who read a traditional proof, 

students who read structured proofs were more 

successful at summarizing the key ideas of the 

SURRI� �)XOOHU�HW�DO����������7KHVH�ZD\�FDQ�KHOS�

VWXGHQWV�ZKR�DUH�LQ�4XDGUDQW�,9�

CONCLUSION

We develop a quadrant model to describe 

VWXGHQWV¶� FODVVL¿FDWLRQ� RI� SURRI� SURGXFWLRQ��

Characteristics of students’ proof comprehension 

LQ�¿UVW�TXDGUDQW�DUH�FRPSOHWHG�FRPSUHKHQVLRQ��

According to students’ characteristics in this 

quadrant, we suggest that all learning strategies 

are  appropriate for students in the quadrant. 

Nevertheless, we suggest that appropriate 

learning strategy  for students in this quadrant 

is a hermeneutics approach. Characteristics 

of students’ proof comprehension in second 

quadrant are uncompleted comprehension, 

especially in connecting mathematical concepts 

and validation skill. We suggest that one  

appropriate leaning for second quadrant is using 

WKH�WZR�FROXPQ�IRUP�PHWKRG��7KLV�PHWKRG�FDQ�

play a dual role, so a student can enable greater 

ÀH[LELOLW\�LQ�UHDVRQLQJ�DQG�SURYLQJ��

Characteristics of students’ proof 

comprehension in third quadrant are uncompleted 

FRPSUHKHQVLRQ�� HVSHFLDOO\� WKH� GLI¿FXOW\� WR�

generate deductive reasoning. The students’ 

FKDUDFWHULVWLFV� KDYH� QR� SURRI�VWUXFWXUH�� DQG�

also have a little conceptual understanding. 

One of learning strategies for this quadrant 

is asking to generate example and learning 

XVLQJ� ZRUNHG�H[DPSOH�� 0DQ\� PDWKHPDWLFV�

education researchers have suggested that asking 

learners to generate examples of mathematical 

concepts is an effective way of learning about 

novel concept. Characteristics of students’ 

proof comprehension in fourth quadrant are 

uncompleted comprehension, especially in 

beginning a proof. The students’ characteristics 

KDYH�QR�SURRI�VWUXFWXUH��VR�WKDW�VKH�KH�IDLOHG�LQ�

beginning a proof. One of learning strategies for 

this quadrant is structural method.
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