International Journal of Engineering and Applied Sciences (IJEAS)
ISSN: 2394-3661, Volume-2, Issue-2, February 2015

Fourth ABC Index and Fifth GA Index of Certain
Special Molecular Graphs

Yun Gao, Li Liang, Wei Gao

Abstract— Several chemical indices have been introduced
in theoretical chemistry to measure the properties of molecular
structures, such as atom bond connectivity index and
geometric-arithmetic index. In this paper, we present the fourth
atom bond connectivity index and fifth geometric-arithmetic
index of fan molecular graph, wheel molecular graph, gear fan
molecular graph, gear wheel molecular graph, and their
r-corona molecular graphs.

Index Terms— fourth atom bond connectivity index, fifth
geometric-arithmetic index, r-corona molecular graph

I. INTRODUCTION

Atom bond connectivity index, geometric-arithmetic
index and other chemical indices are introduced to reflect
certain structural features of organic molecules (See Yan et
al., [1-2], Gao et al., [3-4], Gao and Shi [5], Gao and Wang [6],
Xi and Gao [7-8], Xi et al., [9], Gao et al., [10] for more
detail). The notation and terminology used but undefined in
this paper can be found in [11].

M. Ghorbani et al., introduced the fourth Atom-Bond

Connectivity index ABC,(G) [12] as

ABC,(G)= Y Sw+Sv) -2
uveE(G) S(M)S(V)
where S(v) = Z d(u) . More results on fourth ABC
uveE(G)

index can refer to [13-15].
Similarity, the fifth geometric-arithmetic index was
denoted by [16] as

2Sw)Sv)
GA,(G)= —_
AL uv;@) Sw)+Sv)

More conclusions on GAs can refer to [17-18].
We define the general fifth geometric-arithmetic index

k 24S@)Sv)
as GA: (G) =
@) WEZE;G>(S(M)+S(V))

Let P, and C, be path and cycle with n vertices. The
molecular graph F,={v} Vv P, is called a fan molecular graph
and the molecular graph W,={v} v C, is called a wheel
molecular graph. Molecular graph 7,(G) is called r- crown
molecular graph of G which splicing » hang edges for every
vertex in G. By adding one vertex in every two adjacent
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vertices of the fan path P, of fan molecular graph F,, the
resulting molecular graph is a subdivision molecular graph

called gear fan molecular graph, denote as 15” . By adding one

vertex in every two adjacent vertices of the wheel cycle C, of
wheel molecular graph W,,, The resulting molecular graph is a
subdivision molecular graph, called gear wheel molecular

graph, denoted as W, .
In this paper,
Connectivity index of I (F)) ,

we present the fourth Ato~m-Bond
I W), I (F,) and
I (Wn) Also, the fifth geometric-arithmetic index and its
general version of I (F)), I (W), Ir(E) and Ir(VV”)

are derived.

II FOURTH ATOM-BOND CONNECTIVITY INDEX
Theoreml.

ABC,(I,(F) =

~ dAn—DHD+r(n+22)
(n+rH((Bn—2)+r(n+1))

> 4n—D+r(n+4)
Bn—2)+r(n+1)(n+3r+3)

2[ (n+1)+r(n+5) +(,1_4)[ (4n+2)+r(n+5)
\(Gn=2+r(n+1)(n+4r+5) \(Gn=2)+r(n+1)(n+4r+6)

n-3 N2n+8r+10 +

n+4r+

2n+8r+9
(n+4r+5)(n+4r+6)

>, n+4r +3
(n+3r+3)2+7r)

oy n+5r+6 t(n n+5r+7
(n+4r+5@3+r)

( —4)r\/ :
(n+4r+6)(3+r)

Proof. Let P,=v,v,...v, and the r hanging vertices of v; be vl.l ,

vl.2 seers VI (1<i<n). Let v be a vertex in F), beside P,, and

the r hanging vertices of v be v, v2, ..., v\ . By the
definition of fourth atom-bond connectivity index, we have

S +SO) -2
ABC,(I (F = A
Coth ) Z\/ SISO
i ,S(v)+S(vl.)—2 S)+8(,)-2
:Z=1: SMSH,) Z NUANURY
. L S(vl.)+S(vij)—2 ~
-1 j=1 S(vi)S(Vij) )
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, dn-4+r(n+2)
(n+r)((Bn-2)+r(n+1)

2 4n—D+r(n+4)
(Bn—2)+r(n+D)(n+3r+3)

+2\/ An+D+r(n+5)
(Bn—2)+r(n+D)(n+4r+5)
+(n_4)\/ (4n+2)+r(n+5)
(Bn-2)+r(n+1)(n+4r+06)
[ 2n+48r49 2n+8r+10

\I(n+4r+5)(n+4r+6) e )\/(n+4r+6)(n+4r+6)

n+4r +3

+ (2r\/
(n+3r+3)(2+7r)

n+5r+6 n+5r+7
2r +(n—4r )
\/(n+4r+5)(3+r) \/(n+4r+6)(3+r)
.o
Corollaryl.
ABC,(F,) - 2 4l
Bn-2)(n+3)

+2\/ 4n+1 +(n_4)\/ 4n+2
(Bn—2)(n+5) (Bn-2)(n+6)

2n+9 n-3
2 + N2n+10.
\/(n+5)(n+6) "

n+6
Theorem 2.

ABC,(I.(W)) = r \/

r(n+2)+4n-2
(r(n+1)+3n)(n+r)
r(n+5+4n+4
\/(r(n +1D)+3n)(n+4r+6)

n+5r+7
n+4r+6)(r+3)

Proof. Let C,=v|v,...v, and vl.l, vl.z,..., vir be the r hanging

L\/2n+8r+10+nr\/(

n+4r+6

vertices of v; (1 <i<n). Let v be a vertex in W, beside C,, and

v , v , ..., V' be the r hanging vertices of v. According to
the definition of fourth atom-bond connectivity index, we get

S+ SO -2
ABC,(I (W = :
A0 ZJ SMSH)
SIS +S)-2 SW)+Swv,,)-2
Y |[————= + A
il SMS,) NUANURY

n S(v)H)+SHW/)H)—2
+ZZ_:\/ SvHSO)

, r(n+2)+4n—2
(r(n+D)+3n)(n+r)

r(n+5)+4n+4
(r(n+1D)+3n)(n+4r +6)

n+5r+7
(n+4r+6)(r+3)

2n+8r+10 r\/

n +n
\/(n+4r+6)(n+4r+6)

U
Corollary2.

ABC,W)=n |21F2_ . " a0
3n(n+6) n+6

Theorema3.

ABC,(I,(F,)) =
r\/ An—DH+r(n+2)

(n+r(Bn—2)+r(n+1))

5 An—2)+r(n+4)
Bn—2)+r(n+1)(n+3r+2)

+(n—2)\/ dn+r(n+5)

(Bn-2)+r(n+D))(n+4r+4)

2r\/ n+dr+2 +(n—2)r\/ n+5r+5 .\
(n+3r+2)2+r) (n+4r+4)(r+3)

71 +67r+5S

2\//(n + 37 +2)3Br +5)

n+7r+8 n+7r+7
+2(n-3) +
(n+4r+4)(3r+6) (n+4r+4)(3r+5)

+2r /Lﬂn—z)r\/L.
GBr+5(r+2) Br+6)(r+2)

Proof. Let P,=v\v,...v, and V,, , be the adding vertex

2 .
between v; and vi,. Let v;, v, ,..., v/ be the r hanging

2 V! .  be the r

G+l 20 Vi

vertices of v; (1<i<n). Let v

1,

i+l v

hanging vertices of v, .., (1<i<n-1). Let v be a vertex in F,

beside P,, and the r hanging vertices of v be vy’ e VL

By virtue of the definition of fourth atom-bond connectivity
index, we obtain

ABC,(I(F)) = XJS(V;(J;)SS((VV))_Z

i=l1

S SW+SM) -2 S(V,.)+S(vl.j)—2
Z\/ SW)S(v,) +ZZ\/ SOHSGY)

. "Z‘l S(Vi)+S(vi,i+1)_2 N nz_i S(Vi,i+l)+ Si,)—2
i1 NUANUAR. i=1 SOi)SWi)

L SV 0+ S(v,»jm )—2
5 ‘

1
1 j=1 S(Vi,i+1 )*SV(V,.J:,.+l )
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, An—4H+r(n+2)
n+rH(@Bn—-2)+r(n+1))

2 An—2)+r(n+4)
(Bn—2))+r(n+D)(n+3r+2)

+(n—2)\/ 4n+r(n+5) ) N
(Bn-2)+r(n+)(n+4r+4)

o n+4r+2 -2 n+5r+5
(n+3r+2)2+r)

(=2 \/(n+4r+4)(r+3)

71 +67+ S

(\/(n + 37 +2)(3Br +5)

- n+7r+8 . n+7r+7
(n+4r+4)(3r+6) (n+4r+4)(3r+5)

71 +67r+5

+(\/(n+3r+ 2337 +5)

n+7r+8 n+Tr+7
+(n-3) +
\/(n +4r+4)(3r+6) \/(n +4r+4)(3r+5)
] 4r+5 oy 4r+6
Br+5)(r+2) Gr+6)(r+2)"

Corollary3.

ABC,(F) - o |42
Bn-2)(n+2)

n+>5

+(n—2)\/ +2\/
Bn-— 2)(n+4) S5(n+2)

120 —3) n+8 n+7
\’ 6(n+4) \é 5(n—|—4)

Theoremd.

ABC,(I. W) = r \/

r(n+2)+4n-2
(r(n+D)+3n)(n+r)

r(n+5+4n+4
(rn+1D)+3n)(n+4r +6)

n+5r+7 n+7r+10
nr +2n +
(n+4r+6)(r+3) (n+4r+6)(3r+06)

, 4r+6
nr |——.
Br+6)(r+2)

Proof. Let C,=v\v,...v, and v be a vertex in W, beside C
[Ibe the adding vertex between v; and v;,;. Let V! v

ll+]

., V" be the r hanging vertices of v and vi , vi ,eees V! be

1

the r hanging vertices of v; (1<i<n). Let v

n,n+l

=V, and

1 2

vi,i+1 ’ vi,i+1 EAR u+1

(1<i<n). In view of the definition of fourth atom-bond
connectivity index, we deduce

be the r hanging vertices of v,
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LS +SOV) -2
Z,\/ SW)SK)
SOSW+HS) -2 ¢ SW)+Sw/)-2
Z1:\/ SMS,) Z‘,Z‘\/ NAN)
LS +S ) -2 & SGL)+S(v,) -2
ZJ SIS0, ZJ S0)S ()
S(v”+l)+S(v D=2

Vi1 )S(VU+ )

ABC,(I. W) =

+zz\/

, r(n+2)+4n—2
(r(n+1D)+3n)(n+r)

" r(n+5)+4n+4
+
(rn+1D)+3n)(n+4r +6)
n+5r+7 n+7r+10
nr +n
(n+4r+6)(r+3) (n+4r+6)(3r+6)

n+7r+10 4r+6
+n + nr .
(n+4r+6)(3r+6) QBr+6)(r+2)

Corollary4. ABC, (V‘N/n) = n ﬂ
3n(n+06)
o | +10 .
6(n+6)

Il GENERAL FIFTH GEOMETRIC-ARITHMETIC
INDEX

The terminologies for these special molecular graphs
similar as Theorem 1- Theorem 4.
TheoremS5.

GAL 1, (F,)) =
2+ Bn—2)+rn+1)
r(
An—-2)+r(n+2)
2J(Bn—2)+r(n+1))(n+3r+3) ,

) +

2(
An+D)+r(n+4)

" (2\/((3n—2)+r(n+1))(n+4r+5))k ) (2J((3n—2)+r(n+1))(n+4r+6) )
(4n+3)+r(n+5) (4n+4)+r(n+5)

2(2J(n+4r+5)(n+4r+6))k+(n_3)(2J(n+4r+6)(n+4r+6) .
2n+8r+11 2n+8r+12

. 2r(2\/(n—|—3r—|—3)(2—|—r) X

n+4r+5
+
2(n+4r+5)3+7) , 2(n+4r+6)3+7)

2r( ) +(n=4)r( )

n+5r+8 n+5r+9

Proof. By the definition of general fifth geometric-arithmetic
index, we have

www.ijeas.org
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z(24\/5(\/)S(v ))

GA UL ED) = SO +SO)
Z(ZJS(V)S(V . = 2a/S(v )S(VH1
Sv)y+Sw ) S(v)+S(vH1)

- 2SS S
S SN TR

S(v,)+ Sy

2J(n+r)(@Bn-2)+r(n+) ,
4n—-2)+r(n+2)

2(@Bn—2)+r(n+D)(n+3r+3)

An+DH)+r(n+4)

¥ +(n_4)(2.\/((371—2)+r(n+1))(n+4r+6))k)
@n+4)+r(n+5)

i=1 j=1

= r(

(2( )

2J(3n-2

)+r(n+1))(n+4r+5)

2 An+3)+r(n+5)

+

((

2|J(n+4r+5)(n+4r+6) 2|J(n+4r+6)(n+4r+6)
2n+8r+11 2n+8r+12

+(2r(2J(n+3r+3)(2+r) )
n+4r+5
+

2r(2 (n+4r+5)3+r) ) +(n_4)r(2\/(n+4r+6)(3+r))k)

n+5r+8 n+5r+9

U
Corollarys.

22 [Gn=2)(n+3) N

4n+1

22 /(3721 2);n+5 1y B =2(+6) 2, /(3n 2)(n+6
+

2(2 (4 t6) 3 ,/(n+6)(n+6))k_
2n+11 2n+12

Theoremé6. GASk W)

2J(r(n + D+ 3mnt )
r(n+2)+4n

2\(r(n+ D) +3n)(n+4r+6) ,

n( ) + n o+
r(n+5)+4n+6

2J(n+4r +6)(r +3)

) k
n+5r+9
Proof. By the definition of general fifth geometric-arithmetic

index, we have
Z:(ZJS(V)S(V )

) +(n=3)( ")

GAL(F,)

nr(

GA, (I, W) = S50 )
2JSMS () N SISV,
Z(S( )+ SO ) Z(S(V)+S(V,+l))

r 2./ S S v/

S (v )—l—S(v §)

2Jr(n+D+3n)(n+r)
r(
r(n+2)+4n
2\/(r(n +D+3m)(n+4r+6) ,
r(n+5)+4n+6
2(n+4r +6)(n+4r+6) X
2n+8r+12
2 J(n+4ar + 6)(r +3)
n+5r—+9

) +

n(

)k

+ nr(

0
Corollary 6. GASk W)= n(z—iz(f;_@)k +N
GAL (1 (F,))

Theorem 7.

2J(n+r)((Bn=2)+r(n+1) ,
r( ) +
(4n-2)+r(n+2)
2\/((311 2)+r(n+1D)(n+3r+2) v
dn+r(n+4)
2J(Bn=2)+r(n+D))(n+4r+4) .
An+2)+r(n+5)
2 +3r+2)(2+7r) N
n+4r +4
2(n+4r +D(r+3)
n+5Sr+7
2(n+3r+2)(3r+5) ,
( )
n+6r+7
2J(n+4r+4)(3r+6) ,
n+7r+10
2\/(n+4r+4)(3r+5) )
)
n+7r+9
2J(n+3r+2)3r+5) ,
)
n+6r+7
2/(n+4r +DHQBr+6) N
n+7r+10
2J(n+4r + DHQ3Br+5)
n+7r—+9
2(Br+5)(r+2) 2J(Br+6)(r+2)

Ay ) e )

Proof. By virtue of the definition of general fifth
geometric-arithmetic index, we get

Z:(2«/S(V)S(v )N

+(n—2)(

27r(

+(n—2)r( )

+(n=3)(

(

+(n—3)(

)~ +

+(

GA;(I(F)) = S0)+ S0 )
i 2JSWS) ZZ(%/S(V )S (v} ))
S +S(, ) T S)+S)

www.ijeas.org
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SO0

n-l ,fS(v INUARY -l
Z Z

= S()+Sv ,,+1) a S L) +SL)
>3 Zr: ( 2\/5 (vi’i"‘l )S(vz]1+1 ) k
i—1 =1 S(Vi,i+1 )+ S(ij,,-ﬂ ))

2Jn+r)(@Bn-2)+r(n+1) ,
Un—-2)+r(n+2)
2J(Bn—2)+r(n+1D))(n+3r+2) v
dn+r(n+4)
1-2) (2\/((3;1—2) +r(n+1))(n+4r+4)
(4n+2)+r(n+5)
2J(n+3r +2)(2+7r)
n+4r+4
2Jn+4r +D(r+3)
n+5r+7
2J(+3r+2)(3r+5)
n+6r—+7

= r(

(2(

)

27 )¢

+(n—2)r( )

(C )"

n _3)(24@ +4r+4)Gr+6) ¥ 4

2(n+4r+4)(3r+5)

n+7r+10 n+7r+9
2. J(n+3r+2)@r+5) ,
)
nn+6r—+7

+((C

2J(n+4r+HBr+6) 2(n+4r+H3Br+5)
)" +(
n+7r+10 n+7r+9

2. JBr +5)(r +2)
Ar +7
2Br+6)(r+2)
4r +8

+(n—3)(

27 (

+(rn—2)r( )

[
Corollary7.

2(2 (3n —4,21)(n+2) )

2,\/5(n+2) )
n+7

12(n— 3O ED
n

+10
(2«/5(n+2) -
n+7 .

TheoremS.

GA; (F,)

+(n_2)(2«}(3n—2)(n+4) X

4dn+2

2 [5(n+4) v

n+9

GA: (1, (W,))
2\/(r(n +1) +3n)(n+r) )
r(n+2)+4n
2\/(r(n +D+3n)(n+4r +6) X
r(n+5+4n+6
2J(n+4r +6)(r +3)
n+5r—+9

)k

nr(

)k

)k

)

)

10

+ 2n(

Proof.
geometric-arithmetic index, we deduce

ISSN: 2394-3661, Volume-2, Issue-2, February 2015

2/(n+4r +6)(3r +6)
n+7r+12
el [Gr+6)(r+2) o

4r +8

In view of the definition of general fifth

)k

ZJS(V)S(V ))

SW)+SH)

2{JS(v)S
ZZ( JSO) (V))

o= Se)+S))

2, /S(v IS, ) 2«/5 WS (V,H

S(v)+S(v”+1) S( ,,+1)+S(V,+1)

- 2\/5(1)““)5(\; )
ZZ S, D)+Sw )

2\/(r(n+1)+3n)(n+r) .
r(n+2)+4n
2J(r(n+1D+3n)(n+4r+6) Y
r(n+5+4n+6
2J(n+4r +6)(r +3)
n+5r+9 )
2\/(n +4r +OGr+6)
n+7r—+12
2\/(n+4r+6)(3r+6) h
n+7r+12
nr(Z,\/(3r+6)(r+2))k.[
4r+8
Corollarys8.

243n(n+6)

n kion
( 4dn+6 J

GAX(I,(W,)) Z(

Z(

2SMS,) ¥
SM+SE )

k

r(

n(

nr(

GAX(W,)
(z%w+®y

n+12

IV FIFTH GEOMETRIC-ARITHMETIC INDEX
By taking k=1 in Theorem 5-8, we get the following
conclusions on fifth geometric-arithmetic index.
Theorem9.

GA;(1,(F,))

2r(n+r)((3n-2)+r(n+1)
(4n-2)+r(n+2)
4(Bn—2)+ r(n+ D) +3r +3)

An+D+r(n+4)
W(Gn=2)+r(n+D)n+4r+5) | 2An=4(Gn=2)+r(n+D)(n+4r+6)

An+3)+r(n+5) @n+4)+r(n+5)
4 J(n+4Ar +5)(n+4r + 6)
2n+8r+11
L 20— 3)J(+4r +6)(n+4r +6)
2n+8r+12
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Ar\(n+3r+3)(2+r) drin+ar+5G+r 25 +2)
n+4r+5 n+5r+8 n+7
L n —4)ry(n+4r+6)3+r) L 2An —3)\/6(n+4) N 2\/5(n+4) 2.f5(n+2)
n+5r+9 . n+10 n+9 n+7
Corollary9. 2n—-3)./6 4 2./5 4
by A oRINO D | 2ot
GA,(F,) = n+10 n+9
4n+1 Theorem12.
4, f(3n -2)(n+5) 2(n—4){J(Bn-2)(n+6) ~ 2r\/(r(n +1)+3n)(n+r)
+ + GA(I,(W))
4n+3 4n+4 r(n+2)+4n
Wn+)n+6)  2n-3)n+6) 2n\J(r(n+1 +3n)(n+ 4r + 6)
2n+11 2n+12 r(n+5)+4n+6 *
Hheorem O wrfarariored) At 1016
2 )+3
GA;(1,(W,)) f(rn D+ 3n)n+ ) n+5r+9 ’ n+Tr+12
r(n+2)+4n
2nr\(3r +6)(r +2)
2nyJ(r(n+1) +3n)(n+4r +6) :
+ n + 4r +8
r(n+5)+4n+6

2nr\/(n +4r +6)(r+3)
71+ 5r +9 '

2 4/3 +6
Corollary 10. GA;(W,) = w +n
dn+6
Theorem 11.

) 2r(n+r)(Gn=2)+r(n+1)

GA(I(F)) = { (4n=2)+r(n+2)

4/(Bn=2)+ r(n+D)(n+3r +2)
An+r(n+4)

L 20=2(Bn=2) +r(n+D)(n+4r +4)

An+2)+r(n+5)
4r\/(n+3r+2)(2+r) +2(n—2)r (n+4r+4)(r+3)
n+4r+4 n+5r+7

2. /(71 +37r +2)3r +5)
1+ 67r + 7

L2 ~3)y/(n+4r+4)3r+6) .\ 2|(n+4r+4)(3r+5)
n+7r+10 n+7r+9
2. /(1 +37r +2)37r +5)
7. +~67r + 7

+

L2n ~3)yJ(n+4r+4)3r+6) .\ 2(n+4r+4)(3r+5)

n+7r+10 n+7r+9
. 4r4f(3r+5)(r+2) N 2(n—=2)r\|(3r+6)(r+2) .
4r+7 4r+8
Corollary11. GA; (ﬁ;l ) =
JGn-2)(n+2) L (n=2)JBn-2)(n+4)
n 2n+1

11

2n3n(n+6 2n.6(n+6
Corollary 12. GAS(V[/n) — ( ) n (n )
in+6 n+12
2 6(n+6

n+12

V. CONCLUSION
In this paper, we determine the fourth atom bond
connectivity index and fifth geometric-arithmetic index of fan
molecular graph, wheel molecular graph, gear fan molecular
graph, gear wheel molecular graph, and their r-corona
molecular graphs. Furthermore, the general version of fifth
geometric-arithmetic index is discussed.
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