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Application of the resolution of the characteristic-free
resolution of Weyl module to Lascoux resolution in
case (6,6,3)

Haytham R. Hassan, Mays M. Mohammed

Abstract— In this paper we study the relation between the
resolution of Weyl module Kz s =, F in characteristic-free mode

and in the Lascoux mode (characteristic zero), more precisely
we obtain the Lascoux resolution of K¢ 2,F in characteristic
zero as an application of the resolution of KjzzzF in
characteristic-free.

Index Terms— Resolution, weyl module, Lascoux module,
divided power, characteristic-free.

I. INTRODUCTION

Let R be commutative ring with 1 and F be free
R-module by D,,F we mean the divided power of degree n. we
used the resolution of the three-rowed skew-shape
(p+ty +tg+t,7)/(t,+1tt.0) ,and in our case
t; =t; = 0, namely , the shape represented by the diagram

r|L1 q|p
| —

In [7], the description of the characteristic zero skeleton by
Lascoux in the resolution of skew-shapes. Practically the
terms of Lascoux resolution can be recovered with in the
formula offered in [3] and [8]. Furthermore in [1], by using
letter-place methods and place polarization in a symmetric
way we get the application of the results mentioned above.
For the corresponding Weyl module to the partition
4 = (2,2.2) the relation between resolution of &z 3 7;(F) in the
characteristic-free module and in the Lascoux mode
(characteristic zero) are studied. By this comparison, the
characteristic-free boundary maps are modified to obtain the
obvious maps of the Lascoux case. One of the generalization
of the techniques used in [2] for the partition 1=(3,3,3) by
Hatham R. Hassan.

In section two, we review the terms of characteristic-free
resolution of Weyl module in the case of the partition (6,6,3).

In section three we apply this resolution to the Lascoux
resolution in the same case by using the way in [1] and [2]
with capelli identities [3].
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II.  CHARACTERISTIC-FREE RESOLUTION OF THE PARTITION
(6,6,3)

We will use the terms of the resolution for three —rowed
partition (p,q,r) to discuss our research.

The terms of the resolution are:

Res ([p,q;0)@ D &2 v Res ([p,g+I+1;1+1])

Res @D,y B E zone E;::_]? ¥Z2 V=
([p+l+1,g+i4+ 1,1 = L]D)E Depy openy
In particular, if we consider the case when p=g=6, r=2
from above we get

Res([6,6,0])& 0, B Epe E:- By

Res([6,6+/+151+11)@ Dyeyy BT, o, 25 Fpz s
Res([6+]:+1,641:+1,0; = L)) & Dampy oy, my

(3.1.1)

So

Res([6,6++1;1+11)® Daeyoy Tua 2oy
=z..vRes([6,7;1])® D. & 23y Res([6,8;2])® b, & 27y
Res([6,9;3])& L.

and

Trzaya, Eg':_:?-" :'::" -
Res([6+1.+1,6++1;1: = L.])&E Dy, oy, o

.= Res([7,7;0])®@ D, B 21y Z..= Res([7,8;1])@ D

is the bar complex

|t

£

=£:=}'£:

Where Zz5V
gy

0 —Zga¥y—— 32— 0

. 2
is the bar complex Z35°¥

8 _m, B
0 — ZggVenaV ——Z5; ¥ —Zyy — 0
is the bar complex Z. -',“1
zégj}sz:}
izégj}'izégj_’ﬂ 0 — 232V 25V 2a3) 2 2]
ZaVEGY

and £3,2 is the bar complex

aZ
0 —Zyz—Zy—10
Where x, y and z stand for the separator variables, and the
boundary map is &, + dy, + 2; .

Let again Bar(M,A;S) be the free bar module on the set
S={x,y,z} consisting of three separators x, y and z, where A is
the free associative (non-commutative) algebra generated by
Z.4,Z4; and Z5, and their divided powers with the following
relation:

(@) (B0 (B (@) (@) (BT ey

and 234723y =23y 85y 255785y = L34 L3y
and the module M is the direct sum of tensor products of
divided power module Jp, (& Dp (# Dp_ for suitable PR and
B, with the action of Z5;,Z;, and Z;, and their divided powers

Now, from all of the above, we can explicitly describe the

terms of the characteristic-free resolution (3.1.1), which are as
follows:
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o In dimension zero (M) we have D & D, & Dy,
o In dimension one (M) we have

° _zgff'xn,-,,,i, @ Dyg_p @ Dy with
Z;?}'DE'E' Derp @Dz p.

o In dimension two (M;) we have the sum of the following
terms:

° 25952 57xDg 4 15 ® Do jn) ® D ;
|b] = by+by= 2,3,4,5,6.

® ZoVZi%De,y @ Dy @ Dy with b=2,3,4,5,6,7.
0 ZvzlaD, ;@ De »® D, ; with b=3,4,5,67.8.
o Z59yZ YD @ Doy @ Da_jp 5 with =23,

o 2yzaD, s ® De y® Dy ; with h=4,5,6,7.8,9.
'Zé?}'zzlzﬂ?@'ﬂmaﬁ'ﬂz_a ; with b=1,2.

o In dimension three (M;) we have the sum of the following
terms:

b=1,2,3,45,6  and

with

i zéiﬂﬂéiﬂﬂéiﬂxﬂﬁﬂm # D g B D ; with
[bl = by + by +b;=3,4,5,6.
g zzz}féfﬂﬂéfﬂxﬂsﬂm @ Do & Dy ; with
bl = by + b=34,56,7.
i ZEEJ}'zéiﬂxzéfﬂxﬂﬁﬂm @Dy @Dy ; with
|b| = bj_+ b:=4,5,6,7,8.

]

® I VIgoVIi xDg, p @ Dy p @Dy ; with b=3,4,5,6,7.8.
o ZFVZIEINZ P aDg, 15 @ Doy ® Do ; with
Ib] = b, + by =5,6,7.,8.9.

® ZoaVinaViga VWD & Dy R Dy

° Zégj}’zz:}’fféz’x-ﬂma @ Dy @ Oy ; with b=4,5,6,7,8.9.
® ZoVZiVE 4Dgy @ Doy ® Dy ; with 5=4,5,6,7,8,9.
® Z3¥Z3y2Zi %D,y ® Dy @D, ; with
b=123.4.56.1.

o Z{3'¥ZayzZ{]xD;,, ®De_p ® Dy ; with

® D33V IzgVigy 2Dy 3@ D & Dy

o In dimension four (M,) we have the sum of the following
terms:

o 23 xZy Pz a2 1Dy 1oy  Deopy @ D
Bl = by + b+ by + b,=4,5,6.

o Z vzl xz(Mxz 3D, b @ Doy B D, ; with
bl =b,+ b, +5;=4,5,6,7 and b, = 2.

;. with

o zByz Bz By 7 Bdyp o @ De_jp @Dy ; with
|bl=b,+ b, +byand b, = 3.

0 ZyyZavZixzBdap, o @ Dy @D, . with
Ib] = b, + b,=4,5,6,7,8 and b, = 3.

o zPyz{0xziPxZ [ 1Dy, 5 @ Do-ipy @ Dy ; with
bl = by + by +b;=6,7,8,9 and b, = 4.

] 32:}’32:}’32:}"5’;?195@ Dy pi Dy ; with
b=4,5,6,7,8.9.

o ziByzyz Bz ®ep, . ® Doy @D, ; with
Ib] = b, + 5,=5,6,7,8,9 and b, = 4.

° Z!:}’Zégj}’véF‘IZ;EQIDEHH (o] D'?—IE'I @ Oy ; with
|b] = by + b;=5.,6,7,8,9 and b, = 4.
23925022005z xp 0 @Dy ® Dy ; with
b = b, + b,=2,3,4,5,6,7.

o z0yz, 270z, 1 @ Dg_p @ Dy ; with
bl = by + b;=3.45.6,7.8 and b, = 2.

® Z33¥Z3yVZ292Z% xD7,p @ Do p ® Dy ; with

b=2,3,45,6,7.8.
o In dimension five (Ms) we have the sum of the following
terms:
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o 2003z Paz (P52 (1952 ({7 xDg 11y ® Ds_ 1y ® D
[bl = by + by + by + by +b=5,6.

® ZapVZ4y XL VX 21 P12 1Dy ) @ Dy iy @ D
[bl =by+by+ by +b,=56,7 and by = 2.

® Z5yVIy aZyy xZ P Az 1D, 15y @ Do—jp B Dy
bl =by+ by +by+5,=6,7.8and b, = 3.

® ZoyZyZ i xz0xz B, 1 @D @D, with
bl = by + by +5,=5,6,7.8 and b, = 3.

o Z3VZIy AZiPxZi Va2 g, 5 @ Dot @ Do 5 with
bl = by + by + by +b,=7,89 and b, = 4.

i Z!:}’Zz:}’Z!:}’Zéiﬂﬂéiﬂxﬂmlbl & Dy p 29 Dy ; with
bl = by + b;=5,6,7.8,9 and b, = 4.

o Z vz Pz Pz B0, 1y @ Dsy @Dy 5 with
bl = by + by +5,=6,7.8,9 and b, = 4.

® ZoaV I3y VI3 X2y A2 1D ) @ Doy ® Do
|b] = by + by +b;=6,7.89 and b, = 4.

. Z!:}fZ!lzZéi‘:'xZéi‘:'xZéi’:'xﬂ___+|bl Dy @Dy ; with
|b] = by + by +5;=3,45,6,7.

® Z3VZa2Z i a2 2LV XDy 1y @ Doy @ Do
bl = by + by +b,=4,5,6,7.8 and b, = 2.

® Z43VZaqVZay2Z 0 xz 0D, 0 @ Dy @ Dy ; with
|b] = b, + b,=4,5,6,7.8 and b, = 2.

o In dimension six (M) we have the sum of the following
terms:

(B (B o (B2 (By) (B2 )
® ZagyZaMaZyy %25 X2 %2 WD ® Dy @ D2
with |b] = b, + by + by + by +b:=6,7 and b, = 2.
® Z33y Iy Ry AT P AE AT P aD g1y @ Daojp B Dy
with |B| = b, + by + by + by +b.=7,8 and b, = 3.
® 23V 23y 2y X E AT x Dy @ Doy @ Dy
with |B] = b, + by + by + 5,=6,7,8 and b, = 3.
® I3y Iy Ry PP AE AP aD g1y @ Daojp B Dy
with [b] = by + by + by + by +5:=89 and b, = 4.
® 239y ZapyZanyZ iV aZ [P xZ P D5, 5 ® Doy @ Dy ; with
|B] = b, + by +55=6,7,8,9 and b, = 4.
® I3V Iay Iy xZ AT T aD @ Doy @ Do
with |B] = b, + by + by + 5,=7,8,9 and b, = 4.
® ZapyIgvIi Iy P nZ  aDe sy @ Doojpy @ Dy
with |[B] = b, + by + by + 5,=7,8,9 and b, = 4.
® Z3yZyy 2zl xz Pz Bz Bxp. s @ D@Dy
with |b] = b, + b, + by + b,=4,5,67.

=21, = Sy R T g
® Z33'yZay2Z3{ 3 M X2 M2 VD 5 @ Do ® Do
with [b] = b, + by + by + 5,=5,67,8 and b, = 2.
® ZypyZayZayzZ YAz VA2 {0 5 @ De_jp @ Do ;
with [b] = b, + by + by + b,=4,5,67,8 and b, = 2.

o In dimension seven (M-) we have the sum of the followin,
g
terms:

By wr o

[ ] z!:}’zn'x&n:n,:ihziﬂnﬂnxﬂﬂ |E| DD'EI D:

; with

with

; with

with

with

-

r 2
® I VI aiyxd 1 X0y Xy x5y xDy . 0 Dy G Dy

- - (B = (B (B (B (B
LWl Wl T XL T A TR o T Xy -"55'5+|i:|'3' DB—IE:'I'E' Dl

s with |B] = by + by+ by + b, +bs=7.8 and b, = 3.

1. o)
3 VI gy XEqy XZ 5y XZy XE 5, X254 X045 @ Dy @ Dy

with |B] = b, + by + by + b,=7,8,9 and b, = 4.
[

2y ZayZ i xz [Pz [Pz [¥aZ [P xDg 1) ® Do) @ Dy

swith [B] = by + b+ by + b, +5:=89 and b, = 4.

® ZyWZgVZap¥ZlitxZ ez Pxz 2D, L 1 @ Do_ iy @ Dy
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°

ZagyZ i Dyz Bz By g Baag (Byz (Baep . 0 @ Do @ Dg

swith [b] = b, + by + by + by +5=8,9 and b, = 4.

[ ] anLLqIZA,:.EﬂIZIE \I.‘(’?Iﬂ \IIT.I.E")IZ.I.E wII.‘(’.[,-"_—._|_|E;.| = D;_ﬁ” = Dl

;with |B] = by + by + by + by, +5=5,6,7.

°

20y 2,22 00z B0z Bap Bz (Bep @ DB 15 ® Dy
swith |Bl = by + by + by +b, +5:=6,7,8 and b, =

) 4,-;-1.’4,-;-1.’4,-;124.1::'.‘(’2'ﬂ‘:l.‘('z.l.a \lIZ.I.EﬂID_—.Hm IEI DB—IE:'I IEI DL‘

swith |l = by + b+ by +5,=5,6,7.8 and b, = 2

o In dimension eight (M) we have the sum of the following

terms:

] ZELfZELfzél-xzuxzuxzuxzuxzuxﬂm|E| Dy i@ Iy

[ ]

zu:}rzu:__rzu:d_rzi;'_ﬂx?lﬂ \II?IE \IITIE“:IITI IDE\+|E‘| |E| Dg ||=|| |E|
Dy

swith [l = b, + b, +by + b, +b=89 and b, = 4.

° Z.',:ﬁvz,-,-Lré.'.f':m-lx.»,-lx.»,-lxmlx.»,nlxﬂm@ Dy @Dy

. zg:g.rz;;‘}zlf'xb.ixé.ixé.ixé.ixé.ixnis@ Dy ® Dy

.ZH}'ZHJJ' xZ ] el xZ ) X ol xZ el xD-_L, @D, B0,
w1th bl =5, + b +bu +1:|4 +b5+b5—67

| I }4 5.4:;' xZ; (k3) xZ b' x‘:fb IZ;: 2Dy g B D @D;.
w1th bl =B, + b + bq +b, + b5+b5—7 8and b, =

® I VI Vi, ,J;: xZ;:"xd Eal XZ] 2al XZ ] al Doy B Dy IE]D

; with |b] = b1+ bo+by+by + b5—6,7,8 and by = 2

o In dimension nine (M) we have the sum of the following

terms:

® ZooVIigVE

lu-

(4]
:}.{.ului Iﬁﬂixﬁﬂixﬁﬂixﬁﬂixﬁﬂixﬂls|E| DE‘ |E| DE‘

o z;:‘w,,lzzl1‘xmlxmlxmlxmlxmlxmlmlﬁ @D, @D,
0.4“_1.4,,_1.‘:,,54“ x‘:”- x.an x.au*’ x.an - x.D__ y D ED,
swith [b] = b, + by + by + by +b5+b5=7,8 and by =2

o In dimension ten (M,;) we have the sum of the following
terms:

o v vr oD o e em oo e s
.4::}"5::}‘4::5‘:”x‘:::x‘d::xﬁz:x-d::x“::x‘::x'nu@D:-'Z'D:-

III. LASCOUX RESOLUTION OF THE PARTITION (6,6,3)

The Lascoux resolution of the Weyl module associated to
the partition (6,6,3) looks like this

020,80, o.Eo0,&D,
= — = —D0,&0,80,—00—D0, 80, &0, —
0. &0.&0, o,ED0.&0,

where the position of the terms of the complex determined by
the length of the permutations to which they corresponds. The
correspondence between the terms of the resolution above
and permutations is as follows
D;F @ DgF (8 Do F « identity
DsF @ DoF (9 D, F « (12)
DsF @ DoF (D, F « (23)
D.F & D,F @ DgF « (123)
D,F @ D,F @ D,F «+(132)

Now, the terms can be presented as below, following
Buchsbaum method [1].

My =4,

My =4,D5
My=4;8B;
My = A; D By

. for j=4,5,6,7,8,9,10.M; = B
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Where the 4; are the sums of the lascoux terms, and the B, are
the sums of the others.
Now, we define the map &, from B; to 4, as follows

° zl:i:':r[r‘l n—}iz.lxﬂn{rj ; where
v € Dg & Dy & Ds
) 4,1\'1{1, | — ,Jz,-l:rﬁ'..l () ; where veEDg&D;& Dy
o z¥3w) :z.lxa.l (¥) ; where vE D,y ®D;® D
o zw) ;‘Z-lxﬁ'.'.f'[L | ; where veD;, ®D, @D,
o ZiPx(v)—ZZ,x85 (v) ; where vEDy ®Dy® D,
o ZZy(v)— SZaydy(v) ; where vED; @Dy @ D;

o Zv(w)— ZavBF(v) ; where vED,®Ds® Dy

We should point out that the map , satisfies the identity:

'5.11.1:.51. = '5313:. (3.1

AILAD: By

ANV

By

Where by &, s we mean the component of the boundary of
the fat complex which conveys 4, to 4.

We will use notation &,,,_a. 84, 5 etc. Then we can define
Bpidy = Apasdy =44 .

It is easy to show that &, which we defined above satisfies the
condition (3.1), for example:

. P 1
l8; 4,0 :r,] [Z;';xk::}_} =8;.a, (—2,

1

: ,xa;:h:-,-}J =2 (082000 = 82 () =y 1, (2600))
At this point we are in position to define
Bp:d;— A by dy =064 4 + 610, 5.
Proposition(3.1): The composition &, = d; = 0
Proof:[1],[2]
Bpody(m) =G, 4 =04 (M) +0,008, 5 (m))

= B4,8,° Oa,0,(M) + 8y 4 v 0y =0y 5 (M)
But 64 4 =@ =0z z . Then we get
By o dalm) = Gy g o 8q 4 (M) +35 5 0dy s (M)
Which equal to zero, because of the properties of the
boundary map & [1] , so we get that 8,8, = 0.0
Now, we have to define a map o;: B; — 4,
Such that
Og,a, tO1o05,5 = (0aa, + 01005 )00 (3.2)
We define this map as follows:

o 2 21 .TLHIII:'L j— 0 ;  where vED;®D;® Dy
° Z:L.'('z.,..j_ z{v)— 0 ; where vED; @Dy E Dy
° z.'.:_\':rmi:r[L J— 0 ;  where vED,,®D,H D,
° Z.'.;_ﬁxz.'.;_ﬁx{ﬂ — 0 ;  Wwhere vED,®D;® D,
. z-,_:r_f,..j_ () — 0 ;  where vED,,®D, D,
° Z.I.fl.t'z_,nli'l::'l. j— 0 ; where veD, @D, &D,
) .Z.'.:_\'xa..i wWy)—0 ; where veDy,; @D @D,
° Z.'.;_ﬁ:rz.'.;x{L j+— 0 ;  where wveED,®D ®D;
) z-LxL.L v — 0 ;  where veD, @D, &I,
o Zxz, (1) =0 ;  where vED;,&EDI,& Dy
o zWazByiyy s 0 ; where vED,;RD,®D;
o zxzMxiy =0 ;  where vE D@D, Dy
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oy -y | .
° L..LI\LHIII:LIHD ; where veED;,®D,® D,
‘,_:cz,.L :c[vu — El ;. where v €Dy, & Dy & Dy
® I 1..»,..1_ x[L = = .»,-,-1..»,..1_ Jxdy, (v) 5 where
vED,®D, ® D,
(4], o 1 R
® IgpvIjjx(v)e— oIy }.»,.L xﬂ.l () ; where
v E Dy R D5 ® D,
gt - T QU ., U -, J
® ZygVIyy x(v) s SZggVZzyxdy (v) ; where
veDy, @D, ® D,
o 7. vZ iy 27y Feal® ; where
ZagVigy (V) & Zgp Ity ’

veD, ®D, @D,
® Zo.y ':'_'jx[r“uH vz %8 vy ; where

“axkegy / ZypVigy oy (V)
v €Dy D, ® D,

e~ (2] i = (2] -
° .»,._',-: VI;7xv) e oI, .a,':,_'xﬂ-j_ﬂ-:-lil ) +2 23 VI35 x04(1)

; where v € Dy & D (@ D,y

(2] (8) 1 WY N S .

® Iy ix(v) e SIn vz alta,,(v) + = Zgy VI, %85, (V)
; where v E Dy, @D, & Dy

°
(2, = (B oy 1 = (2. 5T 1. (2 ()
Iy VIg (V) & o Zag VIl 8y (V) — C Zgp I %8 (V)

; where vE Dy, @D, ® Di

EA - -2 ) Lo
° Z.',:\'}.»,.'.?:'x[rn—;ED.»,E:L.»,l;xﬂ' Y831(v) — £ Zg VE3,2055 (1)
; where vE D, @D, & D,
°
(2, (7 . 1 (2 1.
Zé:\'iréé?x[rn—;ﬁé V25808, (1) —=ZgvZ 212050 (1)
where vED @D, &Iy
z) 1 2
° .',: }b.lx{m - Iéu.xrzllx'xﬂ's 8., (v) 5 where
veED,, @D, @ D,
,l_!jj4 Y] 1
® I VEq x(v) e .»,-,-L.»,,Lxﬁ'..l )
1 L T g Ty TP 1 {3 . .
— 2 ZagVZ5y %05, 83y (V) — 5 ZagVZay 28y, B30(V) ; where

v €Dy, @D, @ Do

oz lyzllx(e) v = 2.2 V%8 8 1] (v) — 2 2,092,028 B (v)

where v E Dy, (Z D, & DD
(3 0B

s

o VI, x(v) QD.»,.,-L.»,..I_ EJ..,_ E-'.,l 1

1 (4 2 =] .
_E -"-“"j_ Iﬁ|':|" Iﬁ' |:1- | —EZE:}'ZE,_ZEHE.L I:'I.. 5
where vE Dy, @Dy & Dy

(2 7 43

[ Jrity 1.4..1 (v~ m"""."""l xﬁ'..,_ Blqq B (17)

i 3] 1. ] - .
+=Z ‘1..»,.1_ xd, EJ.,,_ () — < a2V Z3,285, 87 (v)  ; where
vE Drl ®D; @ Dy

=}

L ¥IL xla

where veD, ®HD, @D,
; where v € Dy (8 Dy @ Dg

1 T ;‘I al Elw'lal :I
LV ()
; where v € D @ Dy &5 Dy
;where v E D, @ Dy & Dy
; where v € D &1 Dy & Dy
.:,-;LZI:L ] le.-q""rz.-qlzaqﬂlil- ] ;
vED; ®D; ® D,
It easy to show that & which is defined above satisfies the
condition (3.2), for example we chose one of them

o054, — 0ul55 ) ( VI x(w |] ;swhere v € Dy @ D, ® D,

= (Zéf_:'xﬂ!:[r]\] + 0y (.»,..1 8y, (17) ] — ZagydlP ()

I-*—z,,}z xﬁ‘ E: e —-z,,}z ,:ﬁ E‘,l"}

k)

;%.’I:L | =0
2oy ¥y = 0
Z V(v =0
where

1 (2 Tt (3] -
= Ezilxa:'j.' d3:(v) +;Z:1-'¥E":1 B33 (V) — Zgpy85, (v)

60

=§nlxa,"a£§3m—§ w58y 8oy (V) + 2Z30%8;, Bay (1) —
Zaayagy (v)
=§3:1xﬁ'!:ﬂ£?[“:‘+':3:Lx5:1 B3 (v) — Zgavyy (v)

and
['5.4;.11 - 51'5.1;31] (1

102 , L AEn
= 0y (S Z,) 185, 8,(1) +;.»,:1xﬂ!:ﬂn[1:,l — Za vy (1)

LoV ‘)""'1 :cﬂ- {E ] ]

1 v 1 R (@

= 2 g Xy O3 833 (V) + S 2320859 0y (V) — Zggy (1)

=2 7,,%80580, 85, (1) — 3 23,38y, 8y, (1) + S Z5y%8,, 85y (v) —

=g Lqa¥lap0y 0gy (V) — 2 Sy %05 0gy (V) + S 235005, 04 (V)
(2

Zy :}’aél' ()

= 3 2300833057 () +3 Z30x8;, 82y (v) — Zapydly (v)
Proposition(3.2): we have exactness at 4;

Proof: see[1] and [2].

Now by using &; we can also define

Oytdg — Ay by By =0, 4 + 0200, 5
Proposition(3.3): @383 =0

Proof: The same way used in proposition (3.1). 0
We need to define o;: B; — 4; which satisfying

bg,4, + 027055 = (B4, + 022045 = 0 (3.3)
As follows

® I WIpxIyx(v)—0 ; where vED;@D;E D,

° Z'lx'xZ ¥Znx(v)—0 ;  where veD,,®D;& D,

o I, ixb.'.lx'm-,_x[ru — 0 where vE D, @D, ® Dy

o = 13(54-13(54--1 x[vl — 0 ; where veD,,®D;® D

o Z{7xZxZyx(¥)— 0 ; where vED,, @D, ®D,

o ZiPxzBxzy x(v)— 0; where veED,, ®D, ®D,

o Z\ 77, xzPx(r)— 0; where veED,, ®D,®D,

o ZxZlxzPx(r) = 0; where veD,, @D, ®D,

° Zn:cz.'.ix'm-,_x[L j—0; where wvED,, @D ®D,

o I 1:::4-1:::4.1 ¥(¥) — 0 ; where veED;; @D @D,

o ZlPxZyxZyx(¥)— 0 ; where vED,, ®D,® Ds

o ZPxzlxz  x(v)— 0 ; where veED,, ®D,® Dy

o I xZyxZPx(v)— 0 ; where  vED,; ®D,® D,

o ZMxzlxz, x(v)— 0 ; where VED,; @D, ® D,

. z;;"le*“zzlfxu )— 0 ; where vED,,®D,® D,

o 2047, x7Fx(1) = 0 where VED,, B0, ® Dy

o ZyxZi xZx(r)— 0 where VED,; @D, ® D,

o Z,xZ;;xZi x(1) — 0 ; where veE D, @D, @ D0,

o ZxZxzl (1) =0 ; where v EDy;; ®Dy @ D,

o Z,xZ7xZx(v) — 0 where v EDy; @Dy @ Da

o ZivZlxZy x(v)— 0 ; where vED,®D,® D,

o I VZLixZy x(v) — 0 ; where vE Dy &D; @ D,

o IyVEI xZ P x(v) — 0 ;where v ED,,®D; ® D,

° ZEL'Z;;P:GZ-,_x[H] —0 ; where veED,;@D,® D

o Z1yvZi %z Px(r) — 0 ; where v eED,, ®D,® D,

o ZyyZixZ{Px(v) 0 ;where ve€Dy; ®D;® Dy

° z!:}'zé:f'xz-}xﬂ =0 ;where vED,@RD, @D,

o ZyyZiaZ'x(v) 0 ; where veD;; ®D, D,

o Zy VIS kI x(v) —0 ; where vE D, ®D, ® D,

o ZyyZaZ{Px(v) 0 ; where vE€D;; ®D;® D,

° z!:}'zé:f'xz-j,_xﬂ j=—0 ; where vED;; @D, D,

o ZyvZixzPx(r) — 0 ; where vED,; @D, @ D,
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P S .
ZgVE; xI x(v) — 0 ; where

; where
;. where

ZyyZi P2 %) = 0 ; where vE Dy @Dy @ D;
zByzBlxz, x(v) —0
(4] L (2) .
zByz®y7 xw) n—;;(z“}rzﬂzznxan {v]) . where
b L r arg:l T . h
a7 Y53 xE 7 x(Y) =3 ZaqVZgy2lqy 28,7 (1) ; Where

vE D 6Dy & Dy

i i
Zgz}zzl I\Z:L xI:L::I — 0 (H E-Dj_g EI'DDEIDE
3z ) VED,; @Dy @Dy
(), (4]

veED,, @D @Dy

o zEyzE 3

”Eﬂjﬂlﬁ'ﬂsﬁ'ﬂl

o ZVIxZyux(v) =0 ; where vED,®D,® D,
* Zggj}'zg_sz:riijx{”] "*%(Zaz}'zalzznxa;fj{r}) ; where

vED, @D, @D,

(2, @), (3] : (4] .
® I vI xE.x(r) HE(Zgz}fZglzZﬂxﬂn {v}) ; where

vE D B0 ® D
° Zéz'}'z.‘;j_'xzux[l,‘] —+ 0 ; where

2 )] iy |
o I vIjxEx(v)—0 ;  where

veED @D @Dy
VED @D @Dy

(2, -4, (3] E (4]
o Z oy, xi v HEZ“}nglzZuxﬂ.il- () . where
vE ?zlﬁg Elr'ﬁl Erls?j' 5 &)
® Iy yIjixlya(v) s -ZygVInzZpxdy(v) ; where
vED,, ®D, ®D,

Ay | 1 ()
® I WI xInyx(v) = —ZZyVIyzZ,xB7(v) ;  where
veD,, @D, @ D,
° Zggj}fzéiszéijx{r} — —%Zgz}'zglzznxzﬂj[rj ;  Wwhere
veED @D, &0,
d Zéij}'ziszﬁjx{”} = Zaz}’zalzzuxzéij[”} ; where

vE Dy, @Dy @ Dy
o I3 VI3 X x(r) 0

(2,3, -5
o I vIjxiixiv)—0

; where veD,,®DI,® D,

; where veED, @D, & Iy

1 3]
° Z!i::'}rzﬁ'xznx HE(Zgz}rZﬂzanE:;i' E'gl{v]l) ; where
vel;; @Dy @D
[
22 Pxzax(¥) = : .
;znyzz:lfzz:lxan&{:" (E} _:Znyzz:fzura;; az:(u}
; where v E Dy, & D; @ Dy
o ZHyzMyrBaiy) '_’i Z32¥ T332 ux0l .5;,&:}} ; where

vED,;, BD;, BD,

[ ]

Z;i:yZ;",:xZ“xliv} —

_z_]j 221}’22152'::1&1:::&2:(?}:}_i[znyzzlfzuxanaz:::(F}:}

; where v e Dy @D, & Dy

Hpzez(y)

& 1 by

(221}’21:521:-\731::: En&"}:}_iznyzz:fznxﬁ;? bz, (1)

; where v € Dyp 10, & D
)
2 yzxzx(:) —

1 %) z =
- I:Znyzz:lfzuxaff azl:l - I:EH_PZHEE“I&“ .y

; where v e Dyo @ D, & Dy

[ ]
Z;i:yzg'::xzul'(ﬂ} — i(znyzz:fznxaz::: ﬁn(b“}:}—

1 (=
;EH}PZ”EZ“IET":" By ()
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; where v €Dy, ® D, ® Dy

o
x4
-z

[ ]
2;'yzé",:xzf,:x(z:}l—:—Eznyzz,fznx&z:::ﬁ‘n(z:}—
Te e = _alf)
@ zzf“z:f-‘:z:x&“ By ()

; where v e Dy, = Dy @ Dy

Eyz ez Bx(v) — E ot e - Ll L)

wa @

Znyzz:lfznx&{:' &“I:i.-‘}

; where veED;, @D, ®D,
[ ]
ZEpz ez ¥ ()

= o . -
- P, Do o el (F}} - (EH}FZHEE“IEHE{I"}

; where v €Dy, @D, @D,

(23], (8 1 (&) .
® I vIyxlnxly) — —E(Zaz}'znzznxan 551[”]‘) ;

where v € Dy @ Dy & Dy
* Zé:j}'zé?ﬂéijx[”] == % (Zaz}’zaizznxa;fjag 1':15:') ;
where v € D, (@ Dy & Dy
® Zggj}'zéisz:riijx[”} == % (Zgz}’zalzzzlxaz[fjan[”:') ;

where v € Dy @ Dy & Dy

(2], (5] (4] = (E)
® Iy VIpy XZqy x(v) v — =233V 93225 X83," 034 (V) ;
where v € Dy @ Dy & Dy

=3 J - s 5 (7] .
Oy ¥IgyxIyy x(v) — _E(Zaz}'znzznxaaz By ':l‘:') ;
where v € D,z & Dy @ D,

® Z3VZyVZi %(¥) =0 ; where v €Dy ®Ds® D,

® ZayyZapyZiyx(v) —0 ; where  vED, @D, ®D,

° Zgz}rzgz}rzéif'x[r] — —ﬁ (z“}rznzznxaﬁ?'{r}) ;
where v e Dy, @D & Dy
i Zaz}'zaz}’zéijx':”:' == ﬁ (Zaz}’zslzznxaz[f':”]) ;
where v €Dy, B D, @ Dy
oZ“}rZ“}rZ;?x{r} —— ﬁ (Z;E}'Zglzzﬂxa;f'{v}) ;

where v Dy, @Dy & Dy
0Z3VZaVZi x(v) — 0 ; where v ED,, @D, ® D,

® T VIgaVIgv(v)—0 ; where wveED;®DI;E D

® Zgij}'zaz}'zéfx':”:' == § (Zgz}'Zg,_zanE;i:'E“[v}) ;
where v € Dy, @ Ds & Dy

[ ]

() (5] 1 (&
ng'}'zgz}fz:gi'x[r} |_:’E(Zgz}nglzZEIxaz'i-agz{r}) -
L (2
z (Zsz}'znzz: 1xd;) B 1':153')

; where v Dy, @D, @ Dy
[ ]

() (6 7 (2
a5 VEqgVZgy (V) +— — E[:Zgz}nglzZEIIaz'l- Egl{v}) -

1 (4)
T (Zaz}’za 122 %5 asz':l‘:')

; where v E Dy, @1 Dy & Dy
@ 5 L @) ,
® I3; ¥Zag¥Iy x(v) "*m(zaz}’znzznxan '521':‘5:') ;

where v € Dy; @D, & Dy
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12y x(1) l—}_(zgz‘- Za"j_xalsﬂ'll':r'] -

L (3!:1. lzéulxﬂlﬁx'ﬂ.,:[rj‘]

; where v e Dy, @D, @D,
(2, o
° z.','..'vb-,-v&.'.lx[rl — 0 ;

.y Y

1
® Ty vEyy I x(v) ——(.»,-,-L.»,-,lz.»,nlxﬂ.l Bgqlv l]

where v € Dy, @ D; & Dy
(2), L (5)_r - 1.
o T I v (v) — _E("‘E VZa12Z39%00 Bay (v l]

where v Dy, ® D, ® Dy

(2}, (&) 1 ied] 1
i3 VZgq x(V) — —E(.»,.,-v.»,.,,_zznxﬁ':;f6'31[1:;?] -

- - (4] oy
Ea-;-‘..agj_z.a:j_xan ﬁ'!:l:L _,|

; where v € Dy; @ D @ Dy

(e 1 (4) J)
;Zéj_'x[r,ll—}—q—s( ZagVZgy2Z5,%8,7 85, (1) ) —

; where v € Dy @D, & Oy
(2], (8) 1
® Zo,vZ 2 yz ) H——L(Z 5V 2y

VZayZZayx ﬂéi:'ﬂ!:[r]‘]
where v € Dy, @ Iy & Dy

where v E D, @D, @ Dy

(2] K- .
® IopVIgy VI x(v)—0 where v e Dy ® D@ Dy
@, 1 L
® 733y 3275 x(v) v S (2339 Z2y520y%85,(v))  ; where
vE D, ®Ds @ D,
(3] - 1 (20, )
L] ZE:}rZ!,_zZ.';;_'x{rJ H;(z!:}fznzznxﬂ.';l' [1:,!] ;  where
veE D@D, B0,
(41 - 1 P
° ZE:}rZ!,_zZ.';i'x{rJ HE(Z!:}'Z!,_ZZ:,_,':;E.';L' () ] ;  where
vED,, @D, cg:- D,
[ 1
° M-Lfmj_z.»,.;l'x{L | HE(Z 2VE. z/,..,_xﬂ.. (v |] ;  where
vED, @D, @D,
3] - 1 ] . .
® I VEg i x(r) HE(ZE:} 1ZZqgxdsy (v l] ;  where
veED @D, @®D;
- - 171 o L= (6] .
® DoV Igyzlgy x(v) v o | Z3pvEgy EZpyxd,, (v l] ;. where
vED, @D, @D,
°
712 "'['ll—} |: s I:'“|:|+
Lo} VE z.»,.lx t Logg) 12'/.,-:11: 3704 L)
L
g':zz:}énz-’f:j.xan':‘u')
; where v € Dy @ Dy & Dy
)
72 718 () —= |: i P ["|2|+
_{_,!: } LZ.:..ix v iy lzan;ti 2129 1-_,
1 . -
3 (32:}'321.3-’3:1.x5:'1' B32(17) ]
; where vED,,#® D& Dy
(z) ()¢ L 3] n
° Z.','..'}rzﬂzz.';:'x{r,I |—>U—DI(ZE:}onzZ:lxﬂ.';l'332[1:;] ;
where v e Dy @D, @ Dy
°
(2 . L 4 |
Z3 VIgzZx(v) — —E(Z!:}GHZZ- 18, e (V) ) —
. Oy
1—(/,-,-1“»,-,1_2‘»,-,_::;3-,-3.1 (v) )
; where v € Dy, @ D5 & Dy
62

() (8], (4] 3
® I3 VEg 2T,y x(v) HT(Z!:}rZ_lzanﬂél' 825(v)) ; where
v €Dy @D, @ Dy
°
- _—— .
Z32 ¥Z312Z3; X(V) '_‘_E(ZE:IZELZZ"HEEL 82, (1) | -
: i -
= (42:} 1225, x850 85 (v) )
;where v €Dy, @Dy @Dy
o) (2 1 (&) 2
° Zé: VZ32Z5, x(v) '_’-_,_( 732V Z312Z33%0;, 03 (v) | ;

where v € D, (2 Dy & Dy

®(Z3 VT vIgyx(v))— 0 ;wherev€D;® D @ Dy
Again we can show that #; which defined above satisfies the
condition (3.3), and here we chose one of them as an example
OIE +:r=|f|“,'I I.a,!}‘:”xd :| ; where welDy, B0, BD,
= f Hrxzl xﬁ‘.= x..,}}+:rz f.a“ XZ X0 0, | x..,}}+

o {z* A W N ,lv}}+ o |,{z~ i N ::}}+

=3 [5” x.ﬁ xﬁ‘,] u}} o {215.4,z }4” x'\.,}}

o [ﬁ;;}'ﬁ;;xﬁ‘u 3'}

?2.,}‘2:2:1'5‘:::3 )+ 2 797,,2080(0) +
Iy xa g, .3-~u~~}+ 23292 Pxh, 817 6, (1)

12 ,}'.4 xEl" E., ,]l+ z, E}A,,Jﬁu x.,}+:" ,}'Zgi:x3z::':ﬁz,':::}+
.z}.a!,xﬁ ﬁ.,x..,}+ .a.,j,.a”xﬁ‘ b8, ()

L S ”

= 2Ty Za s8] (0 + 12 yZ a8 8,, (0) + 22 y2 Px8 8, (v

.}}

0 '5:-1,:::' EZH}‘ZHEE”J:EE:::':L

and
I:E':" ada +

& |I_"5=:|x‘d ::xa: :ﬁ" -l "}} +iz:=}12§=:|:xaz::: E::':E}"'

fﬁ==}w;;xﬁ;;'ﬁ=:'~ﬂ—ﬂ=|I 2oy 28080 () J+ 22

o, L

= —.a .,}ﬁ.,;ﬁn*ku} +2 4.;_1,‘4 “*xﬁ 180 + z .,_1,.4” xﬁ T8, ()
So from all we have done above we the cornplex
2, g g,
0— A, A4, Ay Ap (3.4)
Where @; defined as followes:
0 3;(Z5,x(v)) = 8, (v) swith v ED;@D®D,
0 3;(Z5,1(v)) = 8, (V) s with v E DRD,@D,
°

=2}

&, (.»,-,-1..»,..1_ x(v l] —% Zqy ¥l Ogp (V) + Zqqxq, (v) —

ZgqV E'..i (v withy € Dg@ D20,

1 - (s
S Zagy Bz 0y (1) + 3:15'553"::'(1:,' -

D,®D,@D,

8 (Z32yZ302(v)) =

(e o
2Vl (v); withv e

]

and the map &5 defined as :
[ ]
a: I:Z!

-
z_,q-".-

das

5V Zqy 28, x (1) :I—

Z w8, (1) + Zag)

Z53 1Zay 285, (1) ; withv € D@D @D,

Proposition (3.4).
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a a, a
The complex 0—dy—— 4, _’AL_I}AD_’K(E_E_E:.

is exact
Proof: see [1] and [2].0
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