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Abstract— A new model called exponentiated new weighted
Weibull distribution has been defined and studied. Some
mathematical properties of the proposed model including
moments, hazard rate, quantile, Order Statistics and moment
generating function are derived. Also, numerical illusteratan to
follow the behaviours of estimators are applied. Parameters
estimation using maximum likelihood and it’s variance
covariance matrix are obtained.

Index Terms— New weighted Weibull distribution, hazard
rate, quantile, order statistics, moment generating function, and
maximum likelihood estimation.

I. INTRODUCTION

In recent time, numerous researchers had used Weibull
distribution as an alternative to some distribution such as
gamma and log-normal distribution in reliability engineering
and life testing. However, researchers continue to develop
different generalizations of the Weibull distribution to
increase its flexibility in modeling lifetime data. The Weibull
distribution is a well-known common distribution and has
been a powerful probability distribution in reliability analysis,
while weighted distributions are used to adjust the
probabilities of the events as observed and recorded. The
weighted exponential distribution being a competitor to the
Weibull, gamma and generalized exponential distributions
has received appreciable usage in the fields of engineering
and medicine. Distribution and demonstrated its application
using lifetime data.. Mahdy (2013) applied Azzalini’s method
to the Weibull distribution that produced a new class of
weighted Weibull distribution as

ww (ﬂ,a,ﬂ ) distribution with an additional parameter

called “Sensitive Skewnes Parameter” and the sensitive
skewness parameter governs essentially the shape of the

probability density function of WW (ﬁ, a, ) distribution.

Recently, many authors have studied the properties of
exponentiated distributions. For instance, Gupta et al (2001)
for exponential pareto, Nadarajah and Gupta (2007) for
exponential gamma distribution, Mudholkar, G. S,
Srivastava, D. K. & Friemer, M. (1995) the exponentiated
Weibull family: Are analysis of the bus-motor-failure data.
Salem and Abo-Kasem (2011) based their research on
estimation for the parameters of the exponentiated Weibull
distribution. Gupta and Kundu ( 2001) exponentiated
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exponential family an alternative to gamma and Weibull
distributions. Azzalini (1985) first proposed a method of
obtaining weighted and the method has been used extensively
for several symmetric and non-symmetric distributions. The
rest of this article, is organized as follows, the new weighted
Weibull distribution is defined in section 2, exponentiated
new weighted Weibull distribution is defined in section 3, the
basic statistical properties of the new model are derived in
section 4, the parameters estimation using maximum
likelihood are derived In section 5, the model is applied to
four real life data sets to assess its flexibility followed by a
concluding remark in section 6.

II. NEW WEIGHTED WEIBULL DISTRIBUTION

In this section, the density of the new weighted Weibull
distribution has been derived based on the definition given in
(1).A new weighted Weibull distribution has been defined
and studied by Nasiru (2015).Some mathematical properties
of the distribution have been studied and the method of
maximum likelihood was proposed for estimating the
parameters of the distribution. The usefulness of the new
distribution was demonstrated by applying it to a real lifetime
dataset. Badmus, N. Idowu n & Bamiduro, T. Adebayo
(2014) had presented an exponentiated weighted Weibull
model which is established with a view to obtaining a model
that is better than both weighted Weibull and Weibull
distribution in terms of the estimate of their characteristics.

Ifg (x ) is probability density function (pdf) and G(x) is the
corresponding survival function such that the cumulative
distribution function (cdf), (x), exist;

Then the new weighted distribution is defined as:
dix:;e.8.4)=K g(x) G(ix) (1)

Where K is a normalizing constant.
Consider a two parameter Weibull
given by:

distribution with pdf

—ax”

f 5=l .
glx)=abx"e x=0,0>0,6>0 (2)
where ¢ is a scale parameter , & is a shape parameter.
The cdf is given by:

G(x)=1-e . x>0,a>0.6>0 (3)

The survival function is given by:

G(x)=S(x)=e . x20.¢>0.8>0 (4)

Using equations (1), (2) and (4) the pdf of the new weighted
Weibull distribution is defined as:
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- o f n &% a-1 '—G:"—.—G'l.z:.:l:.'
ki J;a'ﬁ;x,lzll_1+x, __Ia'é?:u: € oy (e ®salin)f)

k(x;0.6.4) [._1 +f‘.5_‘] cbx e

x>0,0>0.6>04>0 (5) ) = a8 )

The corresponding cdf of the new  weighted Weibull
distribution is given by: (8]

KI-IELI_Q:P.}:I—EI_:! ) 10

x»0,0>08>0 A0 (6)

taa
=

It can be deduced immediately from (6) that,
ImK((x)=11lm Kx)=0,0<K((x)<1

X —00

hiz)

Where ¢ is a scale parameter , & and A are
shape parameters.

Figure 1 and 2illustrates possible shapes of the pdf
and the cdf of the new weighted Weibull distribution for

some selected values of the parameters ¢ , & and A4
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Figure 3: Hazard function of new weighted Weibull
distribution

3- The Exponentiated New Weighted Weibull
Distribution

The pdf of the exponentiated new weighted
Weibull distribution (ENWW) is derived using (5), (6) to
give (9).

podi”

flx. G pL)l=PRix. 6.0~

Where [3 is a shape parameter

The corresponding cdf of the exponentiated new weighted

) . ] . . Weibull distribution (ENWW) is givenby:
Figure 1: Probability density function of new weighted

Weibull distribution Flx: a, @, ﬁ:/’-_']=[f<f (x: e, 6.5 /'-_']]'E

— . =5
—lxX "+ LX) |

=/1-e |

/ x 30,650,650, 4>0,60 (10

It can be deduced immediately from (10) that
| limF(x)=1,lim F(x)=0,0< F(x)<1

X—>0

a na N nz 5

Figure 2: Cumulative distribution function of new weighted
Weibull distribution

(B

The survival function is given by:

| =X T+ x0T

Six;e 8. A)=1-K(x;0. 6, 1)=e

x>0.¢>08>04>0 (7) ' ' i
o Figure 4: Probability density function of exponentiated new

And the hazard function is: weighted Weibull distribution
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- . =5

' ' S,(x;8.f.2) =1-F (x:.6.8.2) =11 | |

x20,020,620.420,6-0 (11)

4-Special Cases:

There are several sub models from ENWW
distribution such as exponentiated New weighted
exponential distribution(ENWE), New weighted Weibull
distribution (NWW), New weighted exponential
distribution (NWE), exponentiated Weibull distribution
(EW), exponentiated exponential distribution(EE), Weibull
distribution(W), exponential distribution(E).
TABLE:Some sub models from the exponentiated New
4 weighted exponential distribution (ENWE).

where @ is a scale parameter and, @, # and A are shape

Figure 5: Cumulative distribution function of exponentiated

new weighted Weibull distribution parameters.
The survival function is given by:
a IB 2] A Dist n References
1 — 1 — - NWW Nasiru (2015)
2 —_ 1 — 0 w Azzalini s (1985)
3 — — 1 —_ ENWE
4 — 1 1 — NWE Oguntunde, P.E. Owoloko E.A. and
5 — 1 1 0 E Balogun O.S.(2016)
6 — — — 0 EwW Saralees Nadarajah gauss M.
— Cordeiro and Edwin.M.M ortego
7 — 1 0 EE Saralees Nadarajah (2011)

5-Statistical Properties
In this section, the statistical properties of the exponentiated new weighted Weibull distribution (ENWW) are
studied. hazard rate ,quantile, mode, moment, moment generating function have been derived and skewness, kurtosis.
5.1-Hazard function

0 0-1 —(ax€+a(/1x)9) ‘: —(ax9+a(/1x)9):lﬁ_l
(1+2°) a0 I
g(x;a,e,ﬂ,ﬂ) :ﬂ( + )Of X" e e .

2(x;0£,6’,ﬂ,l) 1_|:1_e—(ax€+a(lx)0)jlﬁ ’

h,(x) =

Where & is a scale parameter, &, ,3 and A are shape parameters.
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Figure 6: Hazard function of exponentiated new weighted Weibull distribution
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5.2- Quantile function and median.

Let (w), 0 < u < 1 denote the quantile function for the (ENWW). Then Q (u)is given by:
Q(u)=F"(u)
F(x):u = sz’l(u)
submi from (10)

F(x)= [1—6(“”+a(w)r

! 6+(Z Xg
In| 1-u” =1n(e(‘” (“)j & In| | axfae %)

S

| w|—

u
all+A

In[ !
0u)= (11;

Where, U has the uniform U (0, 1) distribution. The median is obtained directly by substituting
u = 0.5 in (13). Therefore, the median is given by (14):

Z
. 1—(0.5)?
Median =

a(1+4%) ’ (14)

To simulate from the (ENWW) is straight forward. Let u be a uniform variate on the unit interval (0, 1) . Thus by means of the

inverse transformation method, we consider the random variable X given by (15):

_ -1
1 4
In T
1-u’
X =| = 15
a(1+47) (13)

5.3 -Mode
alnf(x;a,ﬁ,ﬁ,}t)

Consider the density of the ENWW given in (9) The mode is obtained by solving 3
X

=0 for

X Therefore the mode at X = X,,is given by :

44 www.ijeas.org



International Journal of Engineering and Applied Sciences (LJEAS)
ISSN: 2394-3661, Volume-4, Issue-10, October 2017

f(x;0.60,.2) =k (x;0.0,5,2).[K (x; &, 6.5, )]

ax?+a(ix )0

O va(ax)’ A
= p(1+27)a0x e | ).[1—e‘(“ v ))} x >0,a>0,0>0,450,850 (9)

let c=a(1+/19)

f (x:0,6,8,2)= B.C.Ox f’*le*CX”.[l—e*ng}ﬂ_l

using In f (x;,0, 8, 4)

In f (x:0.0,8,2) =In(B.C.0)+In(x*")+In (e )+(B—1)In[1-e " |
Differentiation both sides with repect to x ,and let A= In(3.C.0)

. o— l —cx?
6lnf(x,a,6’,,8,;t): @-1 x4 (f— 1)C¢9x : O
Ox x —e
This equation can be solved numerically by using iteration methods.
5.4 -Moment and Moment Generating Function
In this section, the 7" non central moment and the moment generating function have been derived.

Theorem 1. If a random variable X has the exponentiated new weighted Weibull distribution, then the " non central
moment is given by the following:

1 & iy 1 (r )
a(1+/19) 120( )(j )(j+1)‘9+l 1) ( )
Proof.
=[x f (x.@,0,2, B)dx
0
This implies

= Tx " |:ﬁ(l + /”Lg)aﬁx e o)) [1—6 (axg(]M”))jﬂl :|dx . (17)

1
6
let y:ax‘9(l+}u9) dy =a¢9(l+ﬂa)x dx ,and X:[mj

1 g T %*y -y 5!
:{m} .ﬂ.-([y e [l—e ] dy

If 'b'is a positive real non-integer and | z |,we consider the power series expansion ;

et (12" =3, 27 W, =) () and (1= ) =31y (2

“ ( —wﬁ)} PR (1) v ey (19)

+1 szliy (‘] —|—1)j|§e_(j+l)ydy (J +1)

let ]Byée gy = -
0 (] +1)§ 0

Qly

O SN ()L LA
“"_[Q(HAH)J ,3;( ' (4 )(jﬂ);ﬂr[g 1) 0
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This complete the proof.

putr =1, 2,3, 4 we obtained
1

w=E (X)=LmJg ﬁg(—l)j ('f_])(_;ulr[éﬂj

1 % & J o p-1 1 2
a(1+i‘9) ﬁ;(_l) (j )( p F(5+1j

There fore the variance is given by:

Var ( ) [E ]

Theorem 2. Let X have the exponentiated new weighted Weibull distribution. The moment generating function of X
denoted by M , (t) is given by:

i

Mx(t)_it{a(“ﬂaﬂﬂi ( ) li F(%Hj (19)

=g j (j+1)

Proof .
By definition

M (t)=E (e”‘):Te”‘f (x,0,0,2, B)dx

0
Using Taylor series

This completes the proof.

5.5-Skewness and Kurtosis
In this study, the moment about zero based measures of skewness and kurtosis.
Skewness
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2

Y7,
ﬂ1:_33

Hy
Hy = 1= 3 +2(11)’
' 12
Hy = 1y, — (/ul )

Kurtosis
A _Ha
D)
H,

py = = 4apt] + 645 (1) =3(4)’
=ty _(ﬂ;)z

5.6-Order Statistics
Let X, denote the smallest of { X, X,,...,X )}, X, denote the second smallest of {X,,X,,...,X )}and similarly

X, denote the k™ smallest of {X,.X,,....X )} Then the random variables X ,X,.,...,X, called the order statistics of the

sample X,,X,,...,X  , has probability density function of the k ™ order statistic, X (k)» S

8rn(x)= W O[F ()] [1-F@)], for k=1,23,..n (20)
The pdf of the k " order statistic is defined as: »
L [T Laeln (Lt
. 1_[1_e-(ax9+a(ﬂx)y)r " ’ 1)
The pdf of the largest order statistic X is therefore:
n-1
8n(X)= nﬂ-(1+lg)a9x H_Ie(axgmw)g).[l—e(axgm(lx)g)r_l [1_6(”9%(”)")} ; (22)

And the pdf of the smallest order statistic X (118 given by:

f-1 n-1

H+a X ¢ —] ax€+a X ¢ —] a.xf9+a X ¢ ﬁ
glm(x):nﬁ.(1+/1")aex"-le’(“" (“).[1—6( (“)} I—I:l—e( (“q . (23)

5.7-Maximum Likelihood Estimation.
In this section, the method of maximum likelihood was considered for the estimation of the parameters of the
exponentiated new weighted Weibull distribution (ENWW).

Consider a random sample of size n, consisting of value {Xl,Xz,...,Xn)} from the exponentiated new weighted
Weibull distribution (ENWW).

B
—(ax (Ax) ~(axb+a(ax)’
f (3 B.0.0,0) = B(1+2)alx e 1 )[1—(3 (o +a )} , ©)
For the four parameter ENWW distribution the likelihood function of the above density is given by:
p

L p0.a ) =] If (x:B.0.0. )

p-1

= ﬁﬂ(l#—ﬂ‘g)agx 0—1e(ax"+a(ﬁx)”)|:1_ —{ax +a(,1x)
i=l

=p" (1+/19)n a"0" (ﬁxg"j(ﬁe v ](H[ e WW))T ] (24)

i=l i=1 i=l

47 www.ijeas.org



On the Exponentiated New Weighted Weibull Distribution

Where X={X,X,,...,X, )} .Taking the logarithm, (24)becomes.

InL(x;B.0.c.2)=nlnf+nin(1+A°)+nna+nln@+(0-1 Zlnx —a(1+/15)2x

ﬂ 121n[1 e e e }, )

Differentiate (25) with respect to the unknown parameters and equating to zero.
Let

0=2"mAV =2"(Ini) R, =x/Inx, D,=x/(Inx,) .0 =ax/(1+4") .B=6A""

(25)

oInL _ nO 7 s e alox!+(1+2°)R, ]|
iy =7 —+Zlnx —a[O Zx +(1+19)ZR _+(ﬂ_1)[; (1—e’Q") =0,

ol _n_p, 1‘9)2)6 L5 1)2( @) [(1+27)x!]

A

o L« i=l (1_67@)

—%(1+/19)ixf+(ﬂ1)(1+Z‘9)2x;{(1(ieglg)l J =0,
Olnl _n, lel ( )

op
dlnl _ nB . n (efQ").[axfB]
o2 EE I T ) (1-¢)
nB ()
aBZx +(B- laBZx =0,

(1+29)

(1)

~°InL _ —[(1+19).nV ]+[n02]
aéz - (1+16)2
_(1—e’Qf ).(e’Qf ).a{Ri O +x +(1+/1‘9)Di +Rl..0}+

(03— {a(O.xf’+(1+ﬂ")R,){(eQ').[a(O.xf’+(1+/19)R,)}} } ~0
_ —{(e—Qf),[a(O.xf+(1+/19)Ri (e @) [e(0x! +(1+27)R, )}} |

Fml_n {(ﬂ—l)iw.(l—eﬁ)e& [_xf(1+/1“’)]}
—{e‘Q" .e_Q".[(1+/”t‘9)xf]}

+—+a[0 D R, +Zx'9V +(1+27). ZD +OZR }

=0,
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{ixi@[(leegé J.(ﬂl)(@l)a@i“] =0,

olnL _ n eiQ". a((1+/19)R +xi9.0)

=0,
0400 o (1-e)

olnL e, axf’B_O

opos = (1-e?)

oL & e ? .xig(1+/16) 0
opoa = (1=¢) ’
Ol __ 1 | [(1+27)v, |- [n0 B] |- [v Zx +BZR}

0002 (1+2%) _
a(0x9+ 1+/19 )J
)

( ')a{v x/+BR} (

HpNY (1) {le )} [-ecrB]} ] =0
i=1 [1—e ™™
N e ot e )
OlnL =—[(1 A)Y R, +ixfo}+(ﬂ—1)z L
000 i=1 i=1 =1 (1—e*Qi)
(1—e’Q" ) .(e’Q" ).(Oxf +(1+/19)R,. )+a{0.xf +(1+29)Ri }
. =0,
(e_Q" ).((1+ ﬂg)xig)—((e_Q" ).a (O.xf + (1+ A° )Ri ).(e_Q" ).((1+ A° )xig ))
olnL SNy < 1
=-B : -1
dadi e )‘;(1“"’le I
(1=e @) (e ) B (14.27)x7 (e ) (e ) = {(e @ ). (14 4)x ! (e )-(aBx?) ]} | =0
Application
In this section, the application of the exponentiated data using a three-parameter Weibull distribution. In this
new weighted Weibull distribution is demonstrated using the study, the weighted Weibull distribution is fitted to this data
lifetime data of 20 electronic components (see Murthy et al., and the results compared to that of Teimouri and Gupta

2004, pp. 83,100). Teimouri and Gupta (2013) studied this (2013). The data is shown in Table 1. From Table 2.
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Tablel: Lifetimes of 20 electronic components

0.03 0.22 0.73 1.25 1.52 1.8 2.38 2.87 3.14 4.72
0.12 0.35 0.79 1.41 1.79 1.94 2.4 2.99 3.17 5.09
Tabel2: Estimates (*denotes standard errors),D(bdenotes P values),AIC,BIC,CAICand HQIC
MLEs
Models 1 ﬁ 0 a D AIC BIC CAIC HQIC
ENWW 0.336 0.398 2.221 0.064 0.103 71.387 75.37 74.054 72.165
21.663* 0.08* 0.398* 0.315* 0.984°
NWW 0.495 —_ 1.596 0.201 0.163 74.292 77.28 75.28 74.876
2.128" 0.296" 0.314* 0.661°
EE — 0.05 2.5% 0.997 146.974 148.965 147.68 147.363
0.011* — 1074 0.0°
2.565*
107-4°
EwW 0.078 2.01 0.025 0.99 100.48 103.367 101.98 101.063
_ 0.018* 0.446" 0.025* 0.0°
E - R — 2.205* 0.989 377.828 378.824 378.05 378.022
107-3 0.0°
0.011%

III. CONCLUSION

We investigated on the statistical properties of the proposed
distribution e.g moments, moment generating function,
estimation of parameters using (MathCAD2014) for data
analysis presented in this article. We also upgraded with an
additional parameter to the existingfour parameters in the
exponentiated new weighted Weibull distribution results from
the estimated parameters show that the exponentiated new
Weighted Weibull distribution has a better representation of
data than new weighted weibull distribution.
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