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Abstract. The linear delay ordinary differential equation

Y’ () +a(x)y () +bx)y' (x =)+ c(x) y(x) +d(x) y(x —7) = g(x)

is studied, where the coefficients a(x),b(x),c(x) and d(x) and function g(x) are arbitrary. In this manuscript,
group analysis is applied to find equivalent symmetries of the equation.

1 Introduction

Let us consider a linear second-order delay ordinary differential equation
¥ (x)+a(x)y’ (x) +b(x)y’ (x—=7) +c(x) y(x) + d (x) y(x = 7) = g (). ey

For brevity, the symbol y_ will be used to denote y(x—7), y to denote y(x) and y’,y,’ will mean the first
derivatives of y at point X and x-r, respectively. Then equation (1) can be simply written as

y'+a(x)y’ +b(x)y, +c(x)y+d(x)y, = g(x). @)

Here it is assumed that b* +c¢* #0. Application of this equation can be found in biology, physics and
engineering, where it is used to model natural phenomena.

2 Lie Group of Transformations

In [6], a definition of admitted Lie group of transformations for delay differential equations was developed. A
theory of equivalence Lie groups can be considered similar to that of admitted Lie groups. Here this analysis is
developed.

Let ¢:QxA — Q be a transformation, where Q is a set of variables (x, y,¢),¢ = (a,b,c,d,g) and ACR isa
symmetric interval with respect to zero. The variable ¢ € A is considered as a parameter of the transformation
@ . This transform maps the variables (x,y,¢) to variables (x,Y, ¢7 ). Let ¢(x,y,4;6) be denoted by
@,(x,y,4) . The set of functions @, forms a one-parameter transformation Lie group of the space € if it

contains the identity transformation as well as inverse of its elements and their composition [4,5,6].
Alternatively, the notation X =¢"(x,y,4;6),y =" (x,y,6:6),6 =@’ (x,y,4;¢) is used instead of

0. =(,Y, ) . The transformed variable y with delay term, it’s derivatives and it’s derivatives with delay term

are defined by y_ =y(x-7), ¥y’ = @y and y ' = ﬂ(f— 7) , respectively.
dx dx

Let us consider a delay differential equation

F(-xaysyr’y”yr’ay”,¢):0. (3)
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A Lie group of transformations is called admitted if each transformation maps a solution of the differential
equation to a solution of the same equation. Such transformation are called symmetries. For this reason,
equations for defining symmetries were constructed under the assumption that a Lie group of transformations
maps a solution of a delay differential equation into a solution of the same equation. This assumption leads to

OF (X,3,5 .7, V.Y &)
o¢

|g:o:)?F(x9ynyTa y’a )’,’ay”,¢) |!],2) =0. (4)

Here, the operator X is defined by

X =(-y&0,+(1,—y )0, +170, +7"0, +n"0,. +( 4,60, +¢"0, .
where

&(x, y,0) = Op (x,5,4;0), n(x,y,4)= Op

2 );07
P ag(xwf )

o¢’
é/(-x9y9¢) :a_(x’y’¢;0)’ é:r(xa y!¢) = f(x—z’,y,,@),

&
n =D.(-y&, 1 =D.m"),

’71—(-x9 y5¢) = U(X—T, y1—9¢1—)5 77/‘}’ = Dx(nr _yr’é:r)’ é/(ﬁ‘ = D)-(é/_¢x§)5

D, =0, +y0,+y"0, +..4 5,0,

+(¢x+¢yy')a¢+(¢n+¢xyy,)6%9
D =0,+¢,0, +¢wa¢x +...

The operator X is called a canonical Lie-B d cklund infinitesimal operator of a symmetry. Lie’s theory [4,5,6]
shows that there is a one-to-one correspondence between generators and symmetries. This operator is also
equivalent to an infinitesimal generator [6]

X =&0,+no, +¢0,.
Equation (4) gives a definition of an action of the infinitesimal generator of a Lie group onto a delay differential
equation.

1. Determining Equations

Definition 1. A Lie group of transformations is called admitted if it satisfies the equation

XF(X, 9,555, 2Y":#) |oyy =0 )
for any solution of (3).

Equation (5) is called a determining equation. For solving the determining equation one can use the theory of
existence of a solution of an initial value problem for delay equation (2) [1]. This problem is formulated as
follows. Let a function y(x),x € (x,—7,x,) be given. Find a solution y(x),x €[x,,x,+&) which satisfies the

condition
y(x) = x(x), x € (X, — 7, %))

Because the initial values are arbitrary, the variables y,y, and their derivatives can be considered as arbitrary

elements. Thus, if the determining equation (5) is written as a polynomial of of variables and their derivatives,
the coefficients of these variables in the equations must vanish. The method for obtaining the overdetermined
system of equations is called splitting the determining equation. This gives an overdetermined system of partial
differential equations for the coefficients of the infinitesimal generator. The unknown functions &,7 and ¢ can

be found by solving this system.
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2. Equivalence Problem

The problem of finding all equations, which are equivalent to a given equation is called an equivalence problem.
If the given equation is a linear equation, then the equivalence problem is called a linearization problem. In this
section the importance of an equivalence Lie group of transformations is shown. Consider a linear second order
ordinary differential equation

y'+a(x)y’ +c(x)y = g(x). (6)

A Lie group of transformations of the independent variables, dependent variables and coefficients, which
conserves the differential structure of the equation is called an equivalent Lie group. This group allows
simplifying the coefficients of equations. For example, S. Lie showed that any linear second order ordinary
differential equation (6) is equivalent to the equation

v =0. )
Equation (7) admits the eight-dimensional Lie algebra spanned by the generators

0 0 0 0 0
X] :a—x,)(2 :a—y,)(3 :Xa—,X4 :ya—x,XS zxa—y

X

>

0 0 0 0 0
Xq = ya—,X7 :x23+xy;,xg =xy§+ yza—~

y x y X y
If one tries to find an admitted Lie group for equation (6), then the system of determining equations consists of

four second-order ordinary differential equations. In general, this system cannot be solved. The purpose of this
manuscript is to do group classification of equation (2).

3 Equivalence Symmetries of (2)

Let y, be a particular solution of equation (2). Considering the change X=x,y=y-y,, equation (2) is
reduced to the equation
Y +ax)y +b(x)y, +c(x)y+d(x)y, =0.

Similar to a second-order ordinary differential equation the coefficient a(x) can be reduced by change
y=v(x)g(x) with ¢ satisfying the equation 2¢g’+ag=0. We will consider equivalence symmetries of
equation

Y 4+b(x)y, +c(x)y+d(x)y, =0. (8)

instead of (2). Letting F' = y” +b(x)y’, +c(x)y+d(x)y,, then equation (5) becomes

X(y”+b(x)y, +c(x)y+d(x)y, )]s, =0. )

Splitting this equation with respecttoy’,y.’,y’,,,b”,¢”,d”, b’,c’,d’ and later with respect to y,y, , one finds

=& =an=Py+r.¢" =b(-a'+p-p),
=B -2ca, (! =-bB’ -2dad’ +da—da,,

where a(x), f(x) are arbitrary periodic functions with period 7z, and y(x) is an arbitrary solution of (3). Thus

the equivalence symmetry is
x=a(x),y=px)y+y). (10)
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4 Group Classification of Equation (3)

A Lie group of transformations admitted by equation (3) has to satisfy the following determining equation [3]

Y(y” +b(x)y, +c(x)y+d(x)y,) |5, =0. an

Here, the operator Y is defined by

= (n-v€)o, + (n. -v.&)o, +n'0, +n"d, +n"0,.
where
4 a ¥y
§(xny) =7~ (%3:0). n(xy)= ;’g (x ¥ 0),
& (xy) = (x ©.y.), m(xny)=n(x-7.y)
7" =D,(n-y¢), " =D.(n -y.&), n" =D(n"),
D, =0, +y'0, +y"0, + -~ +y0, +y[0 .

Splitting this equation with respect to y', y/, y;_ and later with respect to y, y_, one finds

=&, n=py+y, (12)

$o =20, =& -2¢8,, (13)
=-by, -cy—dy,, (14)
b(f-B.)=bs+&b, (15)
d(B-B.)=d'E+bp +254. (16)

By integrating (13), one finds f =¢ /2 + C,, where C, is an arbitrary constant. Since & = £, it implies
B = .. Hence, integrating equation (15) one has

be =C,, (17)
C, is an arbitrary constant. Equation (16) is written as

d'E +26d = gg (18)

1. Case b#0,d #0

Substituting £ into the second equation (13), one gets

2
§§m—%+2c§2 =G, (19)
C, is an arbitrary constant. If C, # 0, then from equations (17), (18) and (19), one obtains
C, C,
=—, —2+C, |+7,
¢= PRy y
:l C.h* —é(b—) b ,d —b—+C b,
2 2°b 2%

where C, is an arbitrary constants, C; = C,/C,, and y(x) is an arbltrary solution of (3). Since £ =¢_, the the

coefficient b has to satisfy the same property b = b,. The infinitesimal generator obtained is
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X =Cyo, +C, +90,. (20)

lax +l(lj’av
b~ 2\b) "

If C,=0,then £=0,7=C,y+y and all coefficients are arbitrary. The infinitesimal generator is
X =(Cy+y)o,. 21

2. Case b#0,d=0

Solving  equations (16), (17), (18) and the second equation of (13), one obtains
B.=C,,bé =C,,&=C,x+Cy,c&* =C,, where C,,C,,C,,C, are arbitrary constants. Since &=¢,, then
C,=0.If C; #0, then

C C
c=—,b=—">. (22)
C8 C8
The infinitesimal generator of the admitted Lie group is
X =G0, +(Coy+7y)0,. (23)

If C;=0,then £=0,7=C,y+y, b and ¢ are arbitrary, y(x) is an arbitrary solution of (8). The infinitesimal
generator is
X =(Cey+7)0,.

1. Case b=0,d #0
From equation (18) one finds d&° = C,,, where C,, is an arbitrary constant. Hence,

1/2 '
C C, d
g;[%) ’n:_{%FjLC‘ y+7y. (24)
If C,, # 0, then from equation (19) one finds
_1L &d+d—+l(d—2)2 . (25)
2|C, 2d 8 d
The infinitesimal generator obtained is
C C1/2 !
X :dl—l/ozax +(——2';3/2 +C +y |0,. (26)

If C,,=0, then £=0,8=C,,n=C,y+y and the coefficients ¢ and d are arbitrary functions. Hence, the

infinitesimal generator is
X =(Cy+y)o,. 27

5 Conclusion

The linear second-order delay ordinary differential equation is classified into three cases as the followings:

. b#0 and d # 0. The infinitesimal generator admitted by the equation of this case is (20)

. b#0 and d =0. The infinitesimal generator admitted by the equation of this case is (23)

. b=0 and d # 0. The infinitesimal generator admitted by the equation of this case is (26).
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